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Chapter 1

Introduction

Let I" be a discrete countable group and let X be a compact abelian group.
An algebraic I'-action on X is a homomorphism

a:'— Aut(X)

of T" into the group Aut(X) of continuous automorphisms of X.

In this thesis, two important notions in the theory of algebraic I'-action
play a central role:

The notion of expansiveness is a dynamical property of the action o. The
action « is called expansive if there exists an open neighbourhood U of the
identity such that

(W) =o0.

~yel'

The second important notion is the notion of entropy which should be thought
of a measure of the chaos of the action a. The topological entropy h(a) €
[0, 00] of the action @ on X can be defined under the assumption that the
group I' be finitely generated, discrete and amenable.

In [Den06],[DS07], the entropy of expansive actions has been studied for
the following algebraic I'-actions:

Let f € M.(ZT') be an r x r-matrix with entries in the group ring ZI'.
The quotient (ZI")"/(ZI')" f is a discrete abelian group with left I'-action by
multiplication. The Pontrjagin dual

—

Xy = (Z0) /(ZD)" f = Homgon ((ZT)" /(ZT)" f,T)

is a compact abelian group with a left I'-action by continuous group auto-
morphisms. Here, T denotes the 1-dimensional torus T := {z € C : |z| = 1}.
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For example, if r = 1 and f = ) a,y € ZI', then Xy can be identified
with the set of all sequences (z.,/) € (R/Z)" which satisfy the equation

Z Tyy-1, =0in R/Z for all y € T" .

y'ell

The left I'-action on X is given by y(z,) = (2y-1).

Recall that a countable group I' is residually finite if there exists a se-
quence I, of normal subgroups with finite index whose intersection is trivial.
We will write I',, — e for such a sequence.

The main result in [DS07] is:

Theorem 1.1 ([DS07], Theorem 1.1). LetI' be a countable discrete amenable
and residually finite group and f an element of ZI'. Then the action of T’
on Xy is expansive if and only if f is a unit in L'(T,R). In this case the
entropy h(Xy) of Xy is given by

h(Xy) = logdetpyrf.

Let us explain Theorem 1.1. Firstly, the dynamical property of the usual
I'-action on Xy to be expansive is translated into the algebraic property of
the element f to be invertible in the convolution algebra L'(T', R) of infinite
formal sums »°_ .,y with real numbers z, such that > [z, < oo.
Secondly, it expresses the entropy h(Xy) as the logarithm of the Fuglede-
Kadison determinant detyrf of f. The Fuglede-Kadison determinant is a
homomorphism

det/\/r‘ : (NP)* - R>0

from the units of the von Neumann algebra NT D LY(T',R) D ZT into the
positive real numbers.

The proof of this theorem involves on the one hand a description of the
entropy of Xy as a renormalized logarithmic growth rate of the number of
I',,-fixed points, i.e. one has

(1.1) W(X5) = hper(Xy) := lim log [Fixr, (X)]
independently of the choice of a sequence I',, — e. On the other hand, one
has to show that detyrf is the limit of certain finite dimensional determi-

nants and that the values of these finite dimensional determinants are given
by |FiXpn (Xf) |(F:F") .

Formula (1.1) motivates the following definition of what we call periodic
p-adic entropy:



Let I be a countable discrete residually finite group acting on a set X.
Let log, : Q) — Z, be the branch of the p-adic logarithm normalized by
log,(p) = 0. Then by definition we say that the p-adic entropy of the I'-
action on X with respect to the sequence I',, — e exists if the limit

(1.2) hyr, = lim

1 :
P ST log,, |Fixr, (X)]

exists, where Fixr, (X) denotes the set of points in X which are fixed by I',,.
Changing slightly the terminology used in [Den09], we say that the periodic
p-adic entropy hy, per(X) of the I'-action exists, if the limit in (1.2) exists
independently of the sequence I',, — e and always has the same value.

The main result in [Den09] is the following

Theorem 1.2 ([Den09], Theorem 2). Assume that the residually finite group
I' is elementary amenable and torsion-free. Let f be an element of ZI' which
is a unit in co(I'). Then the periodic p-adic entropy hy, yer(X¢) of the T'-action
on Xy exists and we have

hpper (X5) = log,, detr f.

Let us point out the analogies to Theorem 1.1. In the p-adic case,
the convolution algebra L!(T',R) is replaced by the p-adic Banach algebra
o) ={z=>3 2,72, €Qlr,lp = 0asy — occinl}, ie ¢(l') con-
sists of all formal series over I" whose coefficients in @, converge to 0. The
algebraic property f € co(I')* guarantees that the periodic p-adic entropy
hyper (X5) exists. Its value is given by the value of f under the so-called
p-adic Fuglede-Kadison determinant

log, detr : ¢o(I')" — Q,
which serves as a p-adic replacement of the homomorphism

logdetyr : LY, R)* € (NT)* — R.

Theorem 1.2 provides an answer to a question which is motivated from the
theory of expansive Z%actions:

Let f € Z[t{', ..., t5'] =t Ry If we look at the topological entropy h(X )
of the I'-action on X then it is known that h(X) is given by the logarithmic
Mahler measure m(f) of f

bXp) = mif) = [ 1ol (:)ldu(2)
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Here 1 is the normalised Haar measure on the d-torus T?. The Z%action on
X is expansive if and only if f does not vanish in any point of T¢ which is
exactly the case if f is a unit in L'(Z4,R).

In analogy to this situation one has the notion of the p-adic Mahler
measure m,(f). The p-adic Mahler measure of the Laurent polynomial
f is only defined if f does not vanish in any point of the p-adic d-torus
T¢ = {z € C¢: |z, = 1}. Then m,(f) € Q, is defined by the convergent
Shnirelman integral

) = [ Jos 0T = lim 15 3 lows(0)

N — o0,

(N,p)=1 cepds

It was asked in [BD99] if m,(f) has an interpretation as a p-adically valued
entropy. The answer is the following variant of Theorem 1.2 for the case
I =7

Theorem 1.3 ([Den09], Theorem 1). Assume that f € Ry does not vanish in
any point of the p-adic d-torus. Then the periodic p-adic entropy hyper(Xy)
of the Z%-action on X; exists and we have

hpper(Xp) = myp(f)-

Three main open problems concerning dynamical systems and the notion
of periodic p-adic entropy were formulated in [Den09]:

(1) Is there a notion of p-adic expansiveness for I'-actions on compact
spaces X which for dynamical systems X with f € M, (ZI") is equiva-
lent to the condition f € GL,(co(I"))?

(2) Is it then possible to define a notion of p-adic entropy for all p-adically
expansive dynamical systems which coincides with the periodic p-adic
entropy of dynamical systems Xy, f € M, (ZI') N GL,(co(I"))?

(3) Is there a dynamical criterion for the existence of the limit defining
periodic p-adic entropy?

In this thesis, we give an answer to questions (1) and (2) for algebraic
Z%actions. We also point out some problems that occur when one tries to
solve problem (3).

We choose an algebraic approach to problems (1) and (2). Via Pontrjagin
duality, algebraic Z%actions correspond to modules over the ring R; and
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dynamical properties of the Z%action are reflected in algebraic properties of
the dual module.

There are several reasons that suggest this approach. As stated in Theo-
rem 1.2, given f € Ry, we already have an algebraic criterion for the existence
of the periodic p-adic entropy of X;. As important, in order to define the
p-adic Fuglede-Kadison determinant

log, detr : co(I')" — Q,,
Deninger constructs a homomorphism
(1.3) log,detr : Ky(co(T',Zy)) — Q,

defined for a certain class of groups I' including the groups Z%,d > 1. Here,
co(I,Z,) = {z € c(I") : maxyer|z,|, < 1} and Ki(co(I',Z,)) is the first
algebraic K-group of ¢o(I',Z,). We will use the homomorphism (1.3) to
define a notion of p-adic entropy.

Let us give an overview of the main results. Let o be an algebraic Z9-
action on the compact abelian group X. We denote by M~ the corresponding
Pontrjagin dual Rgz-module. Let S, be the multiplicative set S, = R4 N
co(Z%)*. We define the algebraic Z%-action a to be p-adically expansive if its
dual module M¥ belongs to the category M s,(Rq) of finitely generated Ry-
modules which are S,-torsion. Using the localisation sequence of algebraic
K-theory

Ki(Rq) — Kl(Rd[SfD — Ko(Ms,(Rq)) — Ko(Rq) — Ko(Rd[Sgl]) — 0,
we attach to every p-adically expansive Z?-action on X an element
cly(X) € Ki(Ra[S, "))/ Ry
We prove:

Theorem 1.4. There is a homomorphism
log,detza : Ki(R4[S, /R — Qp

which 1s given by the bottom row of the following commutative diagram:

Ki(co(Z4,Z,)) ] Ry, Qyp

l det

Ky(RalS; )/ Ry —— K (co(Z%) /Ry — 2 o (2)" | B 2% @,




This enables us to define the p-adic entropy h,(X) of a p-adically expan-
sive Z%-action on X as log,detza(cl,(X)). We then show:

Theorem 1.5. Let f € M,(Rq) N GL,(co(Z%)). Then the usual Z3-action on
Xy is p-adically expansive and we have

hy(Xy) = log,detza(f).

In particular, the periodic p-adic entropy of X coincides with the p-adic
entropy of Xy:
hp(Xf) = hp,per(Xf)

In Section 5 we apply this K-theoretic approach to the theory of expansive
algebraic Z4-action.

Let S, be the multiplicative set S,, = Ry N L*(Z% R)* and let Ms._(Ry)
be the category of finitely generated Rj;-modules which are S, -torsion. We
show the following characterization of expansiveness:

Theorem 1.6 (Algebraic criterion of expansiveness). Let a be an algebraic
Z%-action on a compact abelian group X. Then « is expansive if and only if

M* € Mg (Ry).
For an expansive Z%-action on X we then define an element
Cloo(X) € K1(Ra[S])/ Ry = SKi(Ra[SL]) @ (RalS]) /Ry
Using the Fuglede-Kadison determinant we define a homomorphism
log detza : Ki(Ra[SL'])/ Ry — R.
Then we show:

Theorem 1.7. Let a be an expansive algebraic Z%-action on a compact
abelian group X . Then the topological entropy of the action o on X is given
by

h(X) = logdetyza(cloo(X)).

The K-theoretic approach to expansive Z?-actions leads naturally to the
study of the group SK;(Ry[S:!]). We show that the Fuglede-Kadison deter-
minant vanishes on SK;(R4[S.!]). But in Section 5.2, we show the following
result using topological K-theory:

Theorem 1.8. Let d > 5. Then SKi(R4[S.}]) # 0.
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Using this result one can show that there exist expansive Z-actions on
X such that the SK;-component of ¢l (X) is non-trivial.

Let us give an overview of the individual chapters of the thesis.

Chapter 2 consists of a short review of the papers [DS07] and [Den09].
Here, we introduce the algebraic dynamical systems of type X; and give
a short treatment of entropy. We define the group von-Neumann algebra
NT and introduce the Fuglede-Kadison determinant. We state the main re-
sults expressing the entropy h(Xy) of Xy in the expansive case as the value
logdetarf. The last part of Chapter 2 is concerned with the periodic p-adic
entropy and the p-adic Fuglede-Kadison determinant.

In Chapter 3 we discuss algebraic Z9actions. In this case, there is a
great interplay between dynamics and commutative algebra which gives us a
deeper understanding of these actions. Via Pontrjagin duality, algebraic Z9-
actions and modules over the ring R, correspond to each other and dynamical
properties of a dynamical system X can translated into algebraic properties
of its dual module M*. This provides a number of examples of algebraic
Z%-action with specified properties. We discuss the structure of expansive Z-
actions on compact connected abelian groups and also algebraic Z9-actions
which come from rings Rg of S-integers of algebraic number fields. The last
part of Chapter 3 is concerned with the entropy of algebraic Z%-actions and
its connection with the Mahler measure.

Chapter 4 and Chapter 5 contain the main results of this thesis. First,
we provide some background material on algebraic K-theory. We introduce
the notion p-adic expansiveness (Section 4.2) and define p-adic entropy for
p-adically expansive Z%-actions (Section 4.3). In Section 4.4 we apply the
theory developed in 4.2 and 4.3 to p-adically expansive Z-actions on compact
connected abelian groups and to the Z%actions coming from rings Rg of S-
integers of algebraic number fields as introduced in Section 3.3.

Section 5.1 contains the proofs of Theorem 1.6 and Theorem 1.7. In Sec-
tion 5.2, we prove Theorem 1.8 using topological K-theory.

In Chapter 6 we determine the periodic p-adic entropy of the action
of the discrete Heisenberg group I' on X for a certain class of elements

f € ZD N eo(D)".

In Chapter 7 we discuss some open questions and problems. In particular,
we provide a short discussion of our solution of Questions (1) and (2) as well
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as some comments on Question (3). We give an example to illustrate that
there are Z%actions where the periodic p-adic entropy does not exist but
which can be treated with our method. Moreover, we give an example of an
algebraic Z-action where the periodic p-adic entropy exists for trivial reasons
but which is not p-adically expansive in our sense.

Finally, we discuss some properties of the p-adic Banach algebra cy(T).

An dieser Stelle mochte ich zuerst Prof. Dr. Christopher Deninger fiir die
Betreuung meiner Promotion danken. Es ist seiner mathematischen Intu-
ition zu verdanken, dass das Thema der periodischen p-adischen Entropie
zu so zahlreichen interessanten Fragen gefithrt hat. Ich bedanke mich bei
Prof. Dr. Klaus Schmidt fiir die Erlaubnis, seine Berechnungen von Fixpunk-
ten in Kapitel 6 verwenden zu diirfen. Ich danke meinen Kollegen Christian
Serpé, Jakob Scholbach, Malte Roer und Deepam Patel fiir hilfreiche Diskus-
sionen und Anregungen. Ich danke Gabi Dierkes fiir ihre Hilfe. Fiir die
finanzielle Unterstiitzung bedanke ich mich bei der Deutschen Forschungsge-
meinschaft.

Ich danke meinen Freunden Prince, Vincent und Johann und dem UFC
Miinster.

Ich mochte mich bei meiner Schwester Lynn, Dieter und Thomas und
bei meinen Grofleltern Paul und Edith Goertz und Giinter Bréauer fiir ihre
Unterstiitzung bedanken.

Ganz besonders mochte ich den folgenden Personen danken: Gereon, fiir
seine Anleitung als Doktorand, seine Unterstiitzung und die gemeinsame
Zeit in Miinster. Benimangani, der mich auf seine unnachahmliche Weise
motiviert hat und fiir meine Ausgeglichenheit gesorgt hat. Meinem Bruder
Yannick, fiir die Freiheit, die er mir verschafft hat und die Zeit, die wir
gemeinsam verbracht haben. Zuletzt meiner Mutter Sabine. Fiir Deine un-
schéatzbare Hilfe.
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Chapter 2

Algebraic I'-actions, entropy
and periodic p-adic entropy

In Section 2.1 we introduce the notions of algebraic ['-actions, expansiveness
and entropy. To elements f € M, (ZI') in the ring of r X r-matrices with
coefficients in the integral group ring ZI" we attach a compact abelian group
denoted by Xy which carries a natural algebraic I'-action. The algebraic I'-
actions of type Xy and their dynamical properties are the central subject of
Chapter 2.

In Section 2.2 we introduce the Fuglede-Kadison determinant and explain
its connection to the topological entropy of expansive I'-actions on Xjy.

In Section 2.3 we define periodic p-adic entropy and review the construc-
tion of the p-adic Fuglede-Kadison determinant. It is shown in [Den09] that
for a certain class of algebraic I'-actions of type X the periodic p-adic en-
tropy exists. We state the main results how periodic p-adic entropy is related
to the p-adic Fuglede-Kadison determinant.

2.1 Algebraic ['-actions and expansiveness

Definition 2.1. Let I' be a countable discrete group and let X be a compact
abelian group. An algebraic I'-action on X is a homomorphism o : v +—
from T into the group Aut(X) of continuous automorphisms of X.

Definition 2.2. An algebraic I'-action on a compact abelian group X is
expansive if there an expansive neighborhood U of the identity in X, i.e. if
there exists an open neighborhood U of the identity with

ﬂ a’(U) =0.

vyel
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Remark 2.3. In general, a [-action by homeomorphisms on a compact
metrizable space X is called expansive if there exists a metric d defining
the topology and an € > 0 such that for all x # y € X we have d(yz,vy) > ¢
for some v € I". For algebraic I'-actions, this is equivalent to the existence
of an expansive neighborhood U of the identity.

Let I" be a countable discrete group and let ZI" be the integral group ring
of I' consisting of all finite formal sums f = >___a,vy with coefficients in Z.
There are the following operations on ZI™:

For an element f € ZI' we denote by Ly (resp. Ry) the left (resp. right)
multiplication with f. Furthermore, the ring ZI' is equipped with an anti-
involution

(2.1) x: 2 — 7T, Zayfy — Z Uy-17Y.

yel’ vyel

~yel

Anti-involution means that we have (f*)* = f and (fg)* = g* f*.

If we replace more generally the ring ZI" by the ring M, (ZI'), r > 1, of
r X r-matrices with entries in ZI', matrix multiplication from the right with
f € M,.(ZI') defines on operation, also denoted by Ry,

(2.2) Ry : (ZT)" — (ZI)", g — gf.

Using the anti-involution defined on ZI' we define an anti-involution * on
M,.(ZT) by

(2.3) ¥ 1 Mu(ZT) — M.(ZT), f = (fijsh<ij<r = "= (fjii<ij<r-

Identifying M, (ZI') with the ring M, (Z)[I'] of finite formal sums over I" with
coefficients in M, (Z) and (ZI')" with Z"[I'], the operations Ry and * take the
following form: For f =" _a.,y € M, (Z)[I'] it is

(2.4) Ry Z'[] = Z'[T], > by Y < > bw/aw,lv) v,
~vel ~yel' Ny'el
and
(2.5) #: My (Z)[T] = MA(Z)T), [ fr =) aiy,
vyel

where a = a, is the transpose of the matrix a., € M,(Z).

Let us now introduce an important class of algebraic I'-actions. Let
I' be a countable discrete group and consider the compact abelian group

14



Map(T', (R/Z)") consisting of all maps from I' to (R/Z)" with point-wise addi-
tion. We write elements x € Map(I', (R/Z)") as ¢ = (z,), where z, € (R/Z)"
denotes the value of x at v € I'. There are natural left and right ['-shift ac-
tions A and p on Map([', (R/Z)") given by

(2.6) Nz)y =241y and  (p'2)y =2y, vET,

respectively. If we identify Map(T", (R/Z)") with the group (R/Z)"[[T']] of in-
finite formal sums with coefficients in (R/Z)" the actions A and p correspond
to left multiplication with v € I respectively right multplication with =1

@n » ( 2 f”v’”’) =D e, 0 ( > l“w’) => /7

~v'el’ v el y'el’ y'el

The compact abelian group Map(I', (R/Z)") with the left action A is our first
basic example of an algebraic I'-action.

In order to describe more general algebraic I'-actions, we make use of
duality theory of locally compact abelian groups: We view (ZI')" as discrete
abelian group. Then the Pontrjagin dual group

—

(ZI)7 = Homeow ('), R/2)

is a compact abelian group. Thus, evaluation gives a natural pairing, the
so-called Pontrjagin pairing,

—

() (Z0)" x (Z)" = R/Z, (a,x) = {a, x) = x(a).

The general Pontrjagin Duality Theorem says that for an abelian locally
compact group G the homomorphism

G—>@, aw—{a,-),

is an isomorphism of topological groups. In particular, we deduce that for

an exact sequence
0—-G35G5G —0

of locally compact abelian groups the sequence

—~ A o~

0-G"5GSG —0
is exact, i.e.
(2.8) ker(ng”) ~ coker (C/l\” — @) and Coker(/G’\—> G) ~ ker(G — G).
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See [RV99], Chapter 3, for more details.
Under the identifications (ZI')" = Z"[I'] and (ZT")" = (R/Z)"[[I']], it is for
Zwer ayy € Z'[I'] and Z«,er z,y € (R/Z)"[T7]

(2.9) <Zayy, nyy> = Z Ay iTqy; € R/Z.
vyel’ vyel’ v,1<i<r

We also have a right multiplication with elements f = >
on (R/Z)"[[T]}:

ayy € MA(Z)[T]

yerl’

(2.10) Ry : (R/Z)([[T)) — (R/Z)'[[T]], D @y ) (Z %’avw%-

~yel ~yel' M4'el

We define

(2.11) pr =Ry (R/Z)[[T]] — (R/Z)"[[T]}.

Then p; is just the linear extension of the I'-action p on (R/Z)"[[I'] to el-
ements f € M, (Z)[I']. The following formula holds for all a« € Z"[I'], f €
M,(Z)[I'] and = € (R/Z)"[[T]].

(2.12) (af x) = (a,zf").

To prove equation (2.12), it suffices to check it on elements of the form
a=-e, f=-ejy and x =+, where v,7',7" € I, e; € Z" the i-th canonical
basisvector and e, € M, (Z) the matrix with zero entries everywhere except
an 1 in the jk-th entry.

According to equation (2.12) the Pontrjagin dual of right multiplication
with f on Z"[I'] is right multiplication with f* on (R/Z)"[[T']]. Hence by
equation (2.8) we have

Zr[T]/(Z[T)) f = ker (ps : (R/Z)'[[T]] — (R/Z)"[[T]]).

Furthermore, since left multiplication and right multiplication with elements
of I' on (R/Z)"[[I']] commute, the natural left I'-action A passes to X;.

Definition 2.4. Let I' be a countable discrete group and let f be an element
in M,(ZI"). We define the dynamical system Xy to be the compact abelian

group

—

Xy =20 /(ZrT)) f = ker (py : (R/Z)"[[T]] — (R/Z)"[[T]))

with the T'-action oy := \|x,.
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Example 2.5. According to equation (2.10) X; C Map(I', (R/Z)") consists
of all sequences (z. ) er with

Z Tyai-1, =0 forallyel.

el
For example, if ' =Z and f = 2t* —t + 2 € Z|Z] = Z[t,t™'], then it is

Xy ={z=(z,) € R/Z)" : 22, — Tpy1 + 2Tp12» = 0 in R/Z for all n € Z}.

In the following, we give a description of the group of fixed points of
Xy, f € M, (ZT'), under a normal subgroup N of I'.

Definition 2.6. Let I' be a countable group, X a compact group and let «
be a I'-action by automorphisms of X. For a subgroup I" C T the subgroup
of I'"-invariant points in X is defined by

Fixp/(X) :={zx € X : oz =z for all vy € '}

Note that Fixp/(X) is T-invariant if I is a normal subgroup of T

Let X be the dynamical system attached to some f € M, (ZI") as defined
above. In this case, the group of fixed points under a normal subgroup N of
I' has the following description:

Let: ' — I' := I'/N be the quotient map. We have the induced quotient
map M,(Z)[I'] — M,(Z)[['] and we denote by f the image of f under this
map. Consider the natural isomorphism

(R/Z)"[[T]] = Fixy((R/Z)"[ Zx55 — Zx77
éel’ yer

Under this isomorphism, the action py on (R/Z)"[[[']] corresponds to the
restriction of ps to Fixy((R/Z)"[[[']]). Hence we have

Fisx (X;) = ker(py : (R/Z)[[T] — (R/Z)[[T]]) = X .
If we assume I to be finite, it follows that
Fixy(X/) = o' (ZD) (2T,

where pf on the right-hand side of the equation denotes the endomorphism
of right multiplication by f* on (RI')". If we assume furthermore that p; is
an isomorphism of (QI')", then the order of Fixy(X/) is given by the index
of the sublattice p7((ZI')") of (ZT')". By the elementary divisors theorem,
this index is 4 det p;. We conclude:
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Proposition 2.7. Let N be a cofinite normal subgroup of I'. Put T :=T/N.
For f € M,(Z)[T] we denote by f the image of f in M,(Z)[['] under the nat-
ural quotient map. Assume that the endomorphism pg of right multiplication
with f* on (QI')" is an isomorphism of (QI')". Then Fixy(Xy) is finite and
its order is given by

|Fixy (Xy)| = £det py.

We want to finish Section 2.1 with a brief introduction of the notion of
topological entropy. For more information, see for example the short survey
on entropy in [Den06].

Definition 2.8. A finitely generated discrete group I' is called amenable, if
it has a right Folner sequence (F,)nen, i.e. I' has a sequence Fi, Fs, ... of
finite subsets of I' such that for every finite subset K of ', it is
. |FWKAF,]
lim ——— =

n—oo |FN| ’

where F,, KAF,, := (F,KUF,)\ (F,KNF,) denotes the symmetric difference
of F,K and F,.

Example 2.9. The groups Z% d > 1, are amenable. For integers b; € Z and
r; > 0,1 <1 < d, define the rectangle

d
Q((bi,1i)1<i<a) = H[bi; bi +1; — 1)z C Z%,

i=1

where [b;,b; +1; — 1|z := [b;,b; + 7 — 1] N Z is the interval [b;,b; + r; — 1]
intersected with Z. Then any sequence Q((B™, 7™ )1<i<q)nen of rectangles
with "
Jim (7)o

is a right Fglner sequence. Since the idea of the proof is the same for every
d > 1, we only prove the case d =1 in order to keep the notation simple.

Let K be a finite subset of Z. Let d; be the smallest integer and dy the
largest integer such that K C [dy,ds]z. Let Q = Q((b,7)) = [b,0+ 1 — 1]z
any rectangle in Z such that

(i) 7 — 1 > max{|d;|, |dz|} and
(i) r—1>dy —di.
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There are the cases (a) d; > 0, (b) d; < 0 and dy > 0, (c) da < 0. We treat
the case d; > 0, the other cases go similarly. Condition (ii) implies that
QK = [b+dy, b+ dy +r — 1]z for any non-empty subset K of [dy, ds]z. Then
using (i) we get

QKUQ=1[b,....0+dy,....0+7r—1,...,b+dy+ 17— 1]z and
QKNQ=[b+dy,....,.b+r—1]z.

Thus,
IQKAK|=|QKUK|—|QKNK|=dy+7r—(r—dy) =d; +ds

independently of Q. Now, for any sequence (Q,, = Q((b,, 7)) )nen with r,, —
oo the conditions (i) and (ii) will be satisfied for any finite K C Z if n is
large enough. Hence

KA
lim —lQn @l =0,

i.e.(@Qn)nen is a right Fglner sequence.

Assume that the finitely generated discrete amenable group I' operates
from the left by homeomorphisms on a compact metric space (X, d). Let
(F)nen be a right Fglner sequence. The topological entropy of the I'-action
on X is defined as follows:

For an open cover U of X let N(U) be the cardinality of a minimal
subcover of Y. For a finite subset F' of I' let

u” =\/

yeF

be the common refinement of the finitely many covers 7. Using [LWO00],
Theorem 6.1, one sees that the limit

1
h(U) = lim

n—oo [ Fy|

log N(U™)

exists and is independent of the Fglner sequence (F},),en-

Definition 2.10. Let I' be a finitely generated discrete amenable group which
operates from the left by homeomorphisms on a compact metric space (X, d).
The topological entropy of the I'-action on X is defined to be the quantity

heover := sup h(U).
u

19



Before we state the next result, let us recall the definition of a residually
finite group.

Definition 2.11. The group T is called residually finite, if there exists a
sequence (I'y)pen of normal subgroups of T' of finite index whose intersection
contains only the neutral element e. In this case, we write I';, — e for such
a sequence.

The following theorem is a central result. It tells us that for a countable
residually finite amenable group I', the entropy of the algebraic I'-action on
Xy, f € M,(ZI'), can be expressed as a certain logarithmic growth rate of the
number of fixed points under the assumption that the action is expansive.

Theorem 2.12. Let I be a countable residually finite amenable group and
let T, — e be a sequence of cofinite normal subgroups of I' converging to
e. Let f € M.(ZI') and assume that the algebraic I'-action oy is expansive.
Then

h(ay) = lim log |Fixr, (X7)].
e [T !
Proof. [DS07], Theorem 5.7 and [Miil08], Theorem 3.4.7. O

2.2 Entropy and the Fuglede-Kadison deter-
minant

Let T' be a discrete group and let L?*(T',C) be the Hilbert space of square
summable complex valued functions x : I' — C. The group I' acts isometri-
cally from the left by the operation

I' x L*(T,C) — L*T,C), (v,z) > 7,

where the value of yx at 4" € I is given by (yz), := 2,1,

Elements in L*(T', C) can be represented as formal sums ).,y with
complex numbers ., such that > . |z,[> < oo. If we write elements of
L*(T,C) as formal sums Y x,7, the left T-action is given by left multi-
plication by 7.

For a Banach space H let B(H) be the algebra of bounded linear operators
of H into itself.

Definition 2.13. The group von Neumann algebra NT of I is the algebra
of T-equivariant bounded linear operators of L*(T',C) into itself,

NT := B(L*(T,C))*.
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Definition 2.14. The von Neumann trace on NT is the linear form
tTNF:NF_)Ca tTNF(g):(g(e)ve)v

where e € T' C L*(T,C) is the unit in T'. Here, (g(e),e) denotes the inner
product of the elements g(e) and e.

For a matriz A = (aij)1<ij<r € M, (NT) the von Neumann trace is defined
as

trar(A) == trar(ais).
=1

The group I' acts isometrically from the right on L*(T',C) by (z7), =
Z~-1. This corresponds to right multiplication with v if we view elements
of L*(T,C) as formal sums. For v € I define the operator R, € B(L*(T,C))
by R,(x) := xy. This operator is I-equivariant and so defines an element in
NT. Then CT is embedded in NT by the injective C-algebra homomorphism

(2.13) r:CI— NT, Z%V — Zaval.

vyel yel

The adjoint f* of f =37 a,y € CI' C NT is given by f* =>"_a,y~'. More
generally, we define

(2.14) ot Mn(CT) — My(NT), (fij)i<ijen = (0(fi)))i<ig<n
and
(2.15) 1 Mp(CL) — M, (CL), (fij)i<ig<n = (i) )1<ij<n

Then because of R§ =R, 1itis

Pn(f7) = T (f)".

The L'-convolution algebra L*(I",C) of T' is the completion of CI" in the
| [li-norm. We write elements in L'(T',C) as infinite formal sums »°_ .z
with complex numbers x, which satisfy > . [z, < co. Right multiplication

with elements in L!(T",C) on L*(T',C) is continuous because of the estimate
lle- fll2 < IIf|1llel]2 for all ¢ € L*(T,C) and f € L*(T,C). Thus, we obtain
a natural injection

(2.16) r+ LT, C) — NT with [[r(f)[| < [If]]x
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which extends the map (2.13) above. Similarly, we get an injection
(2.17) T @ M (LY(T,C)) — M,(NT)

which extends the homomorphism (2.14). In particular, units in M,,(L(T, C))
give units in M, (NT).

Definition 2.15. The Fuglede-Kadison determinant of an element u € GL,(NT)
1s defined to be the real number

1
detyr(u) == exp (§tTNr<IOg uu*))

Here, the operator uu* is positive and log uu* is defined via functional calculus
in B(L*(T,C)")

An important fact about the Fuglede-Kadison determinant is the follow-
ing proposition which is proven in [Liic02], Theorem 3.14.

Theorem 2.16. The Fuglede-Kadison determinant is a homomorphism
detar : GL,(NT) — Ray.

Example 2.17. Let I' = Z¢. There is the following model for the von
Neumann algebra N (Z%). Let L*(T¢, C) be the Hilbert space of equivalence
classes of L%integrable complex-valued functions on the d-torus T¢, where
two such functions are called equivalent if they differ on a subset of measure
zero. Let L>°(T¢, C) be the ring of equivalence classes of essentially bounded
measurable functions f : T¢ — C, where essentially bounded means that
there exists a constant C' > 0 such that the set {z € T : |f(z)| > C} has
measure zero. The group Z¢ acts isometrically on L?(T?, C) by

74 x L3(T4, C), ((ky, ... ka), f) > 280 2haf,

Fourier transform yields an isometric Z%equivariant isomorphism

L*(7%,C) 5 L3 (T4, C).

Hence N (Z%) = B(L*(T%, C))*".
Now sending a function f € L>®(T¢, C) to the Z%-equivariant operator

My : L*(T%,C) — L*(T%,C), g —g- f,

gives an isomorphism

L>(T?,C) = N(Z4).
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The Fuglede-Kadison determinant of an invertible element f € L>(T¢, C) is
given by

detas(f) = [ 1o 7ldn,
T
where dy is the normalized Haar measure one T?.

Example 2.18. Assume T is finite. Then it is CI' = L*(T',C) = NT. For
f € GL.(CI) it is

deth(f) = |d€t(ch‘m.
Here, detc Ry is the determinant of the C-linear endomorphism of (CI')" given
by right multiplication with f. Since the absolute value of the determinant

of right muliplication with f is equal to the absolute value of the determinant
of the endomorphism p¢ of right multiplication with f*, we also have

detyr(f) = [detc pg| .

In the remainder of Section 2.2 we want to explain the connection of
the Fuglede-Kadison determinant to the entropy of the usual I'-action on
Xy, f € M,(ZI'), in the expansive case.

There is the following criterion for expansiveness of the usual I'-action on
X f-

Theorem 2.19. Let I be a countable group, f € M,(ZI'), and let oy be the
[-action on Xy as in Definition 2.4. The following conditions are equivalent.

(1) The action ay is expansive.
(2) f € GL.(L'(T, R)).

Proof. See [DS07], Theorem 3.2, for the case r = 1 and [Miil08], Theorem
3.2.1, for the general case. [

Remark 2.20. Let I' be residually finite and let I, — e be a sequence of
cofinite normal subgroups of I'. Assume that f € M,.(ZT') N GL,(L*(T,R))
so that the I'-action oy is expansive. Then by Theorem 2.12, it is

: 1 :
(2.18) h(oy) = nhﬂn;() T, log |Fixr, (X))

Furthermore, for every n € N, the image f™ of f in M.(ZI'™) lies in
GL,(LY(T'™ R)) = GL,(R['™), where I'™ = T'/T",,. This implies that the
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endomorphism p ;) of right multiplication with f (M on (QT™)" is an iso-
morphism as an injective endomorphism of a finite dimensional Q-vector
space. By Proposition 2.7, it is

[Fixr, (Xy)| = £ det p s .

The last step to the main result is the following important approximation
result of the Fuglede-Kadison determinant. It will give the connection of the
Fuglede-Kadison determinant and the limit (2.18).

Theorem 2.21. Let I be a countable residually finite discrete group and

I',, — e a sequence of cofinite normal subgroups of I' converging to e € T'.
For f € GL.(L(T',C)) it is

detyr(f) = lim detyr o,

Proof. [Miil08], Theorem 3.5.2. O
Now, we can prove the main result of Section 2.2:

Theorem 2.22. Let I" be a countable discrete amenable and residually finite
group and let f € M,(ZI"). Then the I'-action on Xy is expansive if and only
if f € GL.(L'(T,R)). In this case

h(ay) = log detar(f).

Proof. By Theorem 2.19, the I'-action on Xy is expansive if and only if
f € GL,(LY(T',R)). Then combining Theorem 2.21, Theorem 2.12, Example
2.18 and Proposition 2.7, we get

. 1 ) ) .
h(ay) = nll_)ﬂolo W log |Fixr, (X¢)| = nh—>nolo log deth<n)f( )
= log detar(f).

]

2.3 Periodic p-adic entropy and the p-adic Fuglede-
Kadison determinant
Let log, : Q; — Z, be the branch of the p-adic logarithm normalized by

log,(p) = 0.
The field C,, is defined as the completion of an algebraic closure of Q,.
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Definition 2.23. Let I" be a countable discrete residually finite group acting
on a set X. LetT',, — e be a sequence of cofinite normal subgroups converging
to e. The p-adic entropy of the I'-action on X with respect to the sequence
I',, is defined to be

. 1 .
hpI‘n = TLILI{.]_O m logp |F1XFn (X)|
iof the limit exists.
If the limit exists independently of the choice of the sequence I';, — e and
the value is always the same we say the periodic entropy hy per of the I'-action
on X exists.

Let us give a short survey on the article [Den09]. The main results say
that for a certain class of residually finite groups I' the periodic p-adic entropy
of the natural I'-action on Xy, f € M, (ZI'), exists under some assumption on
the element f. Furthermore, the periodic p-adic entropy of X; is expressed
as the value of f under the so-called p-adic Fuglede-Kadison determinant.

Definition 2.24. Let I" be a countable discrete group. The Q,-algebra co(I)
is defined as
co(T) = {x = vay € Q] : |zy] = 0 asy — o0 in F}.
~yel

Here, |x,| — 0 as v — oo in I' means that for every ¢ > 0 all but a finite
number of the x., have absolute value less than ¢.

The algebra ¢(I") with the supremum norm

HZI'W

vyel

‘ = ilé? |xv|p = ISEaIE( ‘Iv|p

is a Q,-Banach algebra in the following sense.

Definition 2.25. A p-adic Banach algebra over Q, is a unital Q,-algebra
B which is complete with respect to a norm || || :+ B — Rxq satisfying the
following conditions:

(1) ||z|| = 0 if and only if v =0,
(i) ||z +yl| < max([[z]], [[y[]),

(i) |[Az]| = [Alpl|] for all X € Qy,
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() [lzyll < |l=[[[[yl| and |[1]] = 1.
Example 2.26. The algebra M, (cy(I")) of 7 x r-matrices with entries in ¢y (I)

is a p-adic Banach-algebra with norm ||(a;;)|| = max;; ||a;;]|-

Let B be a p-adic Banach algebra whose norm || || takes values in p?U{0}.
Let A= BY:={be B:|b|| <1} and let U' = 1 + pA be the subgroup of
1-units in A*. U! is indeed a subgroup of A* because for 1 + pa € U the
element Y >° (—pa)” is the inverse of 1+pa in U'. For example, if B = ¢,(T)
it 1s

(D)’ = (T, Z,) := {x = Z%V €co(l') 1z, € Zy for all v € F}.

yel

The logarithmic series converges on U' and defines a continuous map

oo 1_ v
log : U' — A, logu:—zﬁ.
v

v=1

Let trg : B — Q, be a trace functional, i.e. trp is a continuous linear
map such that trg(ab — ba) = 0 for all a,b € B. Then for b € B and
c € B*itistrg(cbc™!) = trp(b) and by [Den09], Theorem 13, the composition
trglog : U' — Z, is a homomorphism.

We apply this in the situation where B = M, (co(I")), A = M, (co(I',Z,))
and U' = 1+ pM,(co(T',Z,)). The trace functional that we want to consider
is the compositum of the usual trace

tr : M, (co(T")) — co(T)
and the trace functional

trr @ co(I) — Qp, Zayy — Q.

yerl’
We denote the compositum trr o tr also by trr.

Theorem 2.27. The map
log,detr := trplog : 1+ pM,(co(T',Z,)) — Q,
1s a homomorphism.

If we assume I' to be residually finite then the next step is to relate
log,detr(f) for f € 1+ pM,(co(I',Z,)) with the periodic p-adic entropy of
X/,
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Proposition 2.28. Let I' be a residually finite countable discrete group and
let 'y, — e be a sequence of cofinite normal subgroups of I' converging to e.
For f € 14+ pM,(co(T,Z,)) consider its image f™ in 1+ pM,(Z,T™) where
'™ s the finite group T™ =T /T',,. Then we have

log,detr f = lim logpdetr(n)f(") in Zy.

Proof. See [Den09], Proposition 17. O

Proposition 2.29. Let I' be finite. Then we have

1
logpdet]_“f = m logp det@p (pf)

for f € 14+ pM,.(Z,I'), where p; denotes the Q,-endomorphism of right mul-
tiplication with f* on (Q,I)".

Proof. See [Den09], Proposition 15. O
As a corollary to the previous propositions we get:

Corollary 2.30. Let I' be a residually finite countable discrete group and
f an element of M,.(ZI") which is a 1-unit in M,(co(I")). Then the periodic
p-adic entropy h,(Xy) of the I'-action on Xy exists and we have

hpper(Xy) = log,detr f in Z,.

Proof. By Proposition 2.7 and Proposition 2.29, it is

1 . 1
T T log,, |Fixr, (X;)| = T:T,) log, detq, (psm)

= logpdetr<n)f(”).
Then the claim follows from Proposition 2.28. O]

Next one would like to extend the map log,detr to co(I', Z,)*, or more
generally, to GL,(co(I',Z,)). The first attempt to do so by using the exact
sequence

0—14pco(I,Zy) — (T, Z,)" — FI]" — 0

seems not to work since one does not know if (F,[T]*/(I'))? is torsion. But
for some groups I', it is known that the Whitehead group Whfr(I') :=
K, (F,[I'))/(') over F, of I is torsion, where (I') is the image of I" under
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the canonical map F,[I']* — K;(F,[I']). Recall that for a unital, not neces-
sarily commutative ring R, it is

Ki(R) = lim GL,(R)/ limy E, (R),

7 7

where GL,(R) is embedded in GL,1(R) via the homomorphism mapping
ato (¢9) and E,.(R) is the subgroup of GL,(R) generated by elementary
matrices. We refer to Section 4.1 for a more detailed review of K-theory.

Theorem 2.31. Let I" be a countable discrete residually finite group such
that WhE»(T') is torsion. Then there is a unique homomorphism

log,detr : Ki(co(I', Z,y)) — Q,
with the following properties:

(i) For every r > 1 the composition

log,,detp

1+ pM,(co(T, Zp)) — GLy(co(T', Zy)) — Ki(co(I', Zp)) = Q@
coincides with the map log,detr defined before.
(i) On the image of T' in K(co(I', Zy)) the map log,detr vanishes.
Proof. See [Den09], Theorem 19. O
Definition 2.32. We call the homomorphism
(2.19) log,detr : K1(co(T',7Zy)) — Q,
of Theorem 2.31 as well as the homomorphisms
log, detr : GL.(co(I', Zy)) — Qp, 7 > 1,

derived from (2.19) by composing the map GL.(co(I',Z,)) — Ki(co(I',Zy))
with the homomorphism (2.19) the p-adic Fuglede-Kadison determinant.

For f € GL,(co(I', Zy)) the value log,detr f is then given a follows: There
are integers N > 1,s > r, such that f¥ =i(y)-e-gin M(co(T,Z,)), where
i(7) is the s x s-matrix (3 ,° ), € € Ey(co(I', Zp)) is an elementary matrix
and g € 1 +pM(co(I',Z,)). Then we have

1
log,detr f = Nlogpdetrg,
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where the homomorphism log,detr on the right-hand side is the one of The-
orem 2.27.

For groups I' as in Theorem 2.31 whose group ring F,[I'] has no zero
divisors it is possible to extend the definition of log,detr from co(I',Z,)* to
co(I)*. Namely, by [Den09], Proposition 4, we know that

co(D)* = p“co(T, Z,)* and p” N co(T, Z,)* = 1.
Hence, there is a unique homomorphism
log,detr : co(I')" — Q,

which agrees with log,detr defined on co(I', Z,)* = GL1(co(I', Zy)) in Defini-
tion 2.32 and satisfies log,detr(p) = 0.

We have the following approximation result for the p-adic Fuglede-Kadison
determinant.

Proposition 2.33. Let I" be a residually finite countable discrete group and
let T, — e be a family of cofinite normal subgroups converging to e. For f
in M,(co(T)) let f be its image in M,(Q,I'™). Then the formula

) 1
log,detr f = nlljglo -1

log,, detg, (pfm)
holds whenever log,detr f is defined. These are the cases
(1) where f is in 1+ pM,(co(I',Z,))
(i) where WhFr(T) is torsion and f is in GL,(co(T',Z,))
(iii) where Wh* (') is torsion, F,I' has no zero divisors and f is in co(T)*.

Proof. [Den09], Proposition 23. O

As an application to dynamical systems and periodic p-adic entropy we
get:

Theorem 2.34. Let I" be a residually finite countable discrete group such
that WhE»(T) is torsion. Let f be an element of M,(ZT) N GL.(co(T,7Z,)).
Then the periodic p-adic entropy hyper(X5) of the usual action of I' on X
exists and we have

hypper (X5) = log,detr f in Q,.

Proof. See [Den09|, Theorem 22. O
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Let us give a short discussion of the previous results in the special case
I' = Z%. We denote by Ry = Z[ti",...,t5'] the integral group ring of Z¢.
Recall that the p-adic Mahler measure m,(f) of a Laurent polynomial which
does not vanish in any point of the p-adic d-torus T := {z € C : |z, =
1,1 <i < d} is defined by the Shnirelman integral

dz ) 1
molf) = [ 1og, ()T = i 3 3 log £(0)
g (N.p)=1 censy

where p1n denotes the set of N-th roots of unity in C,. See Section 6.1 for
more facts on the Shnirelman integral and the p-adic Mahler measure.

Theorem 2.35. Let f € Ry N co(Z2)*. Then the periodic p-adic entropy
hyper(aep) of the Z-action oy on Xy is given by

iy per (atp) = myp(f).

Proof. Using Theorem 2.33, (iii), we see that hy, per(af) exists. Choosing the
sequence I';, = (nZ) — 0 with n prime to p gives the result (see [Den09],
Theorem 9). O

In the case of an element f € M,(Ry) N GL,(co(Z%)), r > 1, Deninger
proves the following result without using the p-adic Fuglede-Kadison deter-
minant, see [Den09], Theorem 9:

Theorem 2.36. Let f € M,(Ry) N GL,(co(Z%)). Then the p-adic entropy
with respect to the sequence T, = (nZ)¢ — 0 with n prime to p of the Z2-
action on Xy exists, and we have

hyr, = m,(det f).

In Chapter 4, we will show that the periodic p-adic entropy of Xy exists
under the assumptions of the previous theorem using the p-adic Fuglede-
Kadison determinant.

We want to finish this section with an example taken from [Den09]. There-
fore, we need the following two propositions.

Proposition 2.37. Let f(t) = a,t" + ...+ ag be a polynomial in C, with
an - ag # 0 whose zeroes ¢ satisfy ||, # 1. Then

my(f) = log, ap — Z log, ¢ = log, a, + Z log, ¢ .

0<|¢lp<1 IClp>1
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Proof. See [BD99], Proposition 1.5. O

Proposition 2.38. For f € Q,[t{",...,t3'] the following properties are
equivalent:

(i) We have f(z) # 0 for every z in the p-adic d-torus T}
(ii) f is a unit in co(Z?).
Proof. See [Den09], Proposition 6. O

Example 2.39. Consider the polynomial f = 2t> —t + 2. The zeroes of f
in Q, are given by oy = (1 +v/=15) with ;| = 2 and |a_|, = 1/2. By
Proposition 2.38 f is a unit in ¢g(Z) and by Theorem 2.35 and Proposition
2.37 the periodic 2-adic entropy of X is given by

h2,per<Xf) = 10g2 Qy .
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Chapter 3

Algebraic 7 -actions

In this section we review some results on algebraic Z%-actions, i.e. actions of
Z% by continuous automorphisms on compact abelian groups.

The key to study algebraic Z%-actions is the connection with commuta-
tive algebra. Namely, via Pontrjagin duality algebraic Z%-actions correspond
to modules over the ring Ry := Z[5', . .. ,tfl}. Dynamical properties of al-
gebraic Z?-actions can be translated into algebraic properties of the dual
module.

In the first part we give some examples and results on how the dynamics of
the Z%action on X interplays with algebraic properties of the dual module
M™X. In particular, the geometro-algebraic criterion for expansiveness in
terms of the associated prime ideals of M¥ is important.

In Section 3.2 we discuss the structure of expansive algebraic Z-actions
on compact connected abelian groups.

In Section 3.3 we describe Z%-actions which correspond via Pontrjagin
duality to rings Rg of S-integers of algebraic number fields.

In the last part of this chapter we provide some results on the entropy of
algebraic Z%actions with the connection to the Mahler measure.

3.1 Algebraic Z%actions and the dual module

Let a be an algebraic Z%action on a compact abelian group X. Pontrjagin
duality gives a dual left action & : Z¢ — Aut(X) on the discrete additive
group X. This makes X to a Rg-module, and conversely, every Rj-module
M gives an algebraic Z%action on the compact abelian group M. We will
also use the term dynamical system X for a compact abelian group X with
an algebraic Z%action a. We write M for the Rs-module corresponding to
a dynamical system X.
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Examples 3.1. Let d > 1.

(1) The algebraic Z?-action corresponding to the Rg-module Ry is the com-
pact abelian group Xp, = Ry = (R/Z)%" = (R/Z)[[Z%]] with Z*-action
o on (R/Z)% given by n - () = (Zm_n).

(2) The a-invariant closed subgroups of Xp, correspond to ideals in Ry:
Given an ideal I C Ry the dual of R;/I is the closed a-invariant sub-

group
Xpyr={x € Xg, : (x, f) =1 for every f € I},

where ( , ) denotes the Pontrjagin pairing. Conversely, given a closed
a-invariant subgroup Y C Xp,, the annihilator Y+ of Y in Ry,

Yt ={f€Ry:{y, f)=1"forevery y € Y},
is an ideal in Ry.

Since an algebraic Z?-action (X, ) is completely determined by its dual
module M¥, one can in principle express all dynamical properties of a by
properties of MX. For dynamical systems X corresponding to noetherian
Rg-modules many of the dynamical properties of the action @ on X have
been translated into algebraic properties of the module M*. Note that by
(2) in the examples above, the Rg-module M¥ is noetherian if and only if
the action a on X satisfies the descending chain condition, i.e. every strictly
decreasing sequence

X2X12Xs...

of closed, a-invariant subgroups of X is finite.

One fact used to translate dynamical properties of (X, «) into algebraic
properties of M is that a noetherian Rg-module M admits a prime filtration,
i.e. asequence M = M, D M, 1 D ... D My = {0} such that fori =1,... r,
the quotient M;/M; 4 is isomorphic to Ry/p; for some prime ideal p; in Ry.
Even better, certain dynamical properties of (X, «) can be expressed only in
terms of the associated primes of M*X.

Let us recall the definition of an associated prime ideal of a module M over
a commutative ring R. A prime ideal p C R is said to be associated with M
if p is the annihilator of some element m € M. This amounts to saying that
M contains a submodule isomorphic to R/p. The set of associated primes of
M is usually denoted by Assg(M) or just Ass(M). For later reference, we
state the following result.

Proposition 3.2. Let M be a noetherian Rgz-module. Then the following
holds:
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(1) The set Ass(M) is finite and non-empty.

(i1) There exists a prime filtration M = My D ... D My = {0} of M such
that for every i = 1,...,s, M;/M;_1 = Ry/q;, for some prime ideal
q; C Ry, and q; D p for some p € Ass(M).

Proof. For (i) see [Bou98], Chapter IV, §1.1, Corollary 1 and §1.4, Theorem
2. For (ii) see [Sch95], Corollary 6.2. O

For an ideal I C Ry and an algebraically closed field K with char K = 0
we denote by

Vi(I) ={c=(c1,...,ca) € (K*): f(c) =0 for every f € I}

the set of zeroes of I over K. For us, the fields K = C and K = @p will be
important. We denote by T? the real d-torus, i.e. the set

T ={zeC: |z =11<i<d}.

Let us return to algebraic Z%-actions on a compact abelian group X. The
following theorem is part of [Sch95], Theorem 6.5.

Theorem 3.3 (Geometric criterion for expansiveness). Let a be an algebraic
Z4-action on X. Assume the corresponding Rq-module M* is noetherian.
Then the Z%-action o is expansive if and only if

Ve(p) T =0 for every p € Ass(M™X).

In the last theorem we had to assume that M¥ is noetherian. If, on the
other hand, we start with an expansive algebraic Z?-action, we have:

Proposition 3.4. Let a be an expansive algebraic Z%-action on X. Then
the dual module M is a noetherian Rg-torsion module.

Proof. See [Sch95], Corollary 6.13. O
Let a be an algebraic Z-action on X. For a subgroup A of Z% recall that
Fixp(a) ={r € X : &’z =z for all v € A}.

We will also use the notation Fix,(X) if no confusion on the action av on X
can occur.
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Theorem 3.5. Let o be an algebraic Z4-action on X. Assume the corre-
sponding Rg-module M™ is noetherian. Let A C Z% be a subgroup of finite
index. Let I(A) be the ideal in Ry generated by

(.t —=1, (ng,...,nq) €A).
The following conditions are equivalent.
(i) The set Fixy(«) is finite.
(ii) For every p € Ass(M™X)
Ve(p) N Ve(I(A)) = 0.

Proof. See [Sch95], Theorem 6.5. O

Remark 3.6. Note that by Theorems 3.3-3.5, if « is an expansive Z?-action
on X and A a subgroup of Z¢ of finite index, then Fixs(«) is finite because
V(C(I(A>) C T

Proposition 3.7. Let o be an algebraic Z%-action on X and let MX be
the corresponding Rq-module. Then X is connected if and only if for every

p € Ass(M*X) we have Ve(p) = 0.

Proof. See [Sch95], Proposition 6.9. O
We finish this section with a comparison of the criterion for expansiveness

of the I'-action ay on Xy, f € ZI', as stated in Theorem 2.19 applied to the

case I' = Z¢ with the criterion of Theorem 3.3. For this, we need Wiener’s
famous result:

Theorem 3.8. Let f be a continuous nowhere vanishing function on T?
which has Fourier coefficients in L'(Z4,C), then 1/f has Fourier coefficients
in LY(Z¢,C) as well.

Proof. See for example [Kat04], VIII, Theorem 2.9, for a proof in the case

d = 1. The generalisation to the case d > 1 is straightforward. [
Remark 3.9. Let f € R4y. Then by Theorem 2.19, applied to the case

[ = Z% the usual Z%action on X; = Ry/(f) is expansive if and only if
f € LYZ% R)*. By Theorem 3.8 the element f € L*(Z¢ R)* if and only if f
considered as a function f : T¢ — C has no zeroes on T?¢. Here we use that
if fe LYZ4R) and f € LY(Z4 C)* then f is already a unit in L'(Z% R).

Now, the associated primes of the dual module R;/(f) of X; are the
prime ideals generated by the irreducible factors of f and, of course, f has
no zeroes on T¢ if and only if none of its prime factors has a zero on T?. So
for I' = Z¢ and dynamical systems X;, f € R4, Theorem 2.19 and Theorem
3.3 are equivalent.
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3.2 Expansive Z-actions on compact connected
abelian groups

Let us recall the situation of an expansive Z-action on a compact, connected,
abelian group X.

Theorem 3.10. Let o be a Z-action on a compact, connected, abelian group
X. The following conditions are equivalent.

(i) « is expansive.

(ii) There exist primitive polynomials f1,..., f. in Ry such that f; divides
fijt1 for j = 1,...,7r =1 and f, has no roots of modulus 1 and a
surjective morphism ¢ of dynamical systems

oY =Yy x...xY, =X
with finite kernel.

Proof. By Proposition 3.4, the module M¥ is a noetherian Z[t, t~1]-torsion
module. By assumption, X is connected and so using Proposition 3.7, we
deduce that M~ is torsion-free as an abelian group. This implies that M~
injects into M*®z; Q. By the general theory of finitely generated torsion
modules over principal ideal domains, we have an isomorphism

M*®7Q =~ QIt, 7]/(f1) x ... x Qlt, ™]/(f,)

with elements f; € Q[t,t71],1 < j < r, such that f; divides f; 41 for j =
1,...,r—1.

We may assume that the f; are in Z[t,t!] and that they are primitive.
Moreover, because M¥ is a finitely generated Z[t, ¢ !]-module, we may as-
sume that the image of M under the composition

MY — M@z Q= Q[t,t7']/(f1) x ... x Q[t,t7']/(f;)

lies in Z[t,t7]/(f1) x ... X Z[t,t7*]/(f.). Then there is an exact sequence of
Z[t, t~']-torsion modules

0 MX L2t t7)(h) x ... x Z[t,t7 /() — cokerd — 0

such that the second arrow in the diagram is an isomorphism after tensoring
with Q. This implies that coker ¢ is a torsion group. Since Z[t,t7']/(f1) X
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oo X Z[E Y /(fr) is a finitely generated Z[t, ¢~!]-module we find a natural
number n € N such that

e (L[ (R) % X [T/ (F) © g(MY)

which implies that cokerngS is annihilated by the natural number n. Then
coker ¢ is a finitely generated Z[t,t~]/(n, f1 - ...- f,)-module and so is finite.

Dualizing the short exact sequence, we get the surjective morphism ¢ :
Y — X with finite kernel. Now, the action a on X is expansive if and only
if the canonical Z-action on Y is expansive, and this is exactly the case if
none of the f; has a root of modulus 1. O

Now we come to a second description of expansive automorphisms on
connected compact abelian groups.

Definition 3.11. Given a matric A € GL,(Q) we define a closed shift-
invariant subgroup X of (T™)% by

X = {z = (24) € (T")* : mzy41 = Bay, for all k € Z},

where m is the smallest positive integer such that the matrix B := mA has
entries in Z. We define X* = X° to be the connected component of the
identity.

Let us determine the dual module of X“4. We denote by A’ the transpose
of the matrix A. We define the R;-module M* by

M* = 7Z"A", (A7) := subgroup of Q" generated by U(Ak)tZ”,

keZ

where the variable t € Ry act/s\by multiplication with A* on M4. Note that
by Proposition 3.7 the dual M4 is connected because M4 is torsion-free as
an abelian group.

Let n be the Ry-module homomorphism

n: @Zn - MA,U) = (wk)kez = Z(At)kwk-
A

kEZ

Let W C @, Z" be the subgroup generated by all w = (wy) € @, Z" such
that there exists an integer [ € Z with B'w;,; = —mw; and wy, = 0 for
k¢ {l,l 4+ 1}. Again, m denotes the smallest positive integer such that the
matrix B := mA has entries in Z.

Then W C kern. Furthermore, the quotient kern/W is a torsion group.
A computation shows that X4 C W+ where here we have to use that X4 is
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connected. Furthermore, it is M4 C X. Dualizing these inclusions, we get a
sequence

@Z”/W — MY = MA ~ @Z”/kern
z z

of surjetive R;-module homomorphisms. If the homomorphism MX* — M4
was not an isomorphism, we would deduce that M X has torsion elements
because kern/W is a torsion group. This cannot be true because X° is
connected. It follows .

MA ~ XA,

Next, we want to determine under what conditions the shift action on
X4 is expansive. First notice that by definition, the R;-module M* is
finitely generated. Hence, to check expansiveness we need to determine
the associated primes of M4. Let x4 be the characteristic polynomial of
A and let k£ the smallest integer such that kx4 € R;. It is clear that
Ass(MX) = {(f1),...,(fr)}, where kx4 = fi-...- f. is a prime decom-
position in R;. It follows that the shift action on X4 is expansive if and only
if the characteristic polynomial y 4 has no zeroes in T.

The next theorem states that any expansive automorphism of a compact
connected group is in fact always conjugate to the shift action on X4 for
some matrix A € GL,(Q), n > 1, without eigenvalues in T.

Theorem 3.12. An automorphism « of a compact, connected group X 1is
expansive if and only if it is algebraically conjugate to the shift action on X4
for some matriv A € GL,(Q), n > 1, without eigenvalues in T.

Proof. See [Sch95], Theorem 9.7. O

3.3 S-integer dynamical systems

Let ¢ = (ci,...,¢q) € (Q)% We denote by m, the vanishing ideal m, =
{f € Ry : f(c) =0} of c. We want to study the algebraic Z?-action which
corresponds to the Rg-module R;/m. via Pontrjagin duality. It turns out
that the module Rg-module Ry/m,. is closely related to a ring Rp of S-
integers determined by the point ¢. Here, P(c) is a certain subset of the set
of finite places of the number field Q(c). The ring Rp( carries a natural R4-
module structure. In order to describe the algebraic Z?-action corresponding
to the Rg-module Rp) we need to provide some background material on
adele rings.

Let K be an algebraic number field, i.e. a finite extension of Q. An
absolute value on K is a real valued function | | on K such that

39



(i) |z| > 0 and |z| = 0 if and only if x = 0,
(i) [zy| = [[[y| and
(iii) |z +y| < |z| + |y| for all 2,y € K.

The absolute value | | is called non-archimedean if |z + y| < max{|z|, |y|}

for all x,y € K and archimedean otherwise. Two absolute values | |,| |’
are said to be equivalent if they define the same topology on K which is
exactly the case if there exists a positive real number s such that | | =| |*,

iLe. x| = |z|* Vo € K.

A place v of K is an equivalence class of non-trivial absolute values. Given
a place v we denote by | |, an absolute value in the equivalence class of v and
we denote by K, the completion of K with respect to v. For example, every
absolute value of Q is either equivalent to the usual archimedean absolute
value | | or to an absolute value | |,, where p is a prime number, defined by

r

™ m,nez)\ {0},

)
SN,

0], =0 and |z|, =p* " if x = b

where m and n are both not divisible by p. Thus, the places of Q are indexed
by the set PU{co}, where P C N is the set of prime numbers. The completion
Q« is the field R and for a prime number p the completion of Q is the field
Q, of p-adic numbers.

For a place v of K the restriction of v to Q is either equivalent to | | or
to | |, for some prime p. We write v|p,p € P U {oo}, if the restriction of v
to Q is equivalent to | |,. If v|oo, v is said to be infinite and in this case K,
is either R or C. If v|p,p € P, v is said to be finite and in this case K, is
a finite extension of Q,. We write P¥, P, PX for the sets of places, finite
places, and infinite places of K, respectively. Note that for each place p on
Q there are only finitely many places v on K which lie above p, i.e. whose
restriction to Q is p. In particular, PX is a finite set.

For every v € PX the set R, := {z € K, : ||, < 1} is a compact subset
of K,. If v e PfK then R, is a subring of K, which is open. We consider the
ring

A = {ZE € H K,| z, € R, for almost all v € PK}

vePK

with pointwise addition and multiplication. For every finite set S C PX
containing all infinite places the product topology makes

AK,S = H Ky X H Rv

ves vePK\S
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into a locally compact topological group. There exists a unique structure on
Af as a topological group such that the groups Ak g are open topological
subgroups of Agx. With this topology Ak is a locally compact topological
ring.

Definition 3.13. The adele ring of K is defined to be the ring A with the
locally compact topology described above.

More generally, we define:

Definition 3.14. Let K be a number field and let S be an arbitrary subset of
the set PfK of finite places of K. We define the locally compact ring Ak (S)
as

Ak (S) = {:L’ S H Kv} x, € R, for almost all v € S U ng}

vESUPK

with pointwise addition and multiplication and with the topology defined as
follows. Let S’ be a finite subset of S. Let

We define a topology on Ak (S) by taking as a fundamental system of neigh-
borhoods of 0 in Ak (S) the set of neighborhoods of 0 in Ak g (S).

Remark 3.15. (i) The ring K4 (5) is just the restricted direct product of
the locally compact groups (K,),csupx With respect to the compact
open subgroups (R,),es in the sense of Tate [Tat67], Section 3.

(ii) Obviously, for S = PfK we get the full adele ring of K, i.e.

Ag = Ag(PF).

—

We want to study the character group Agx(S) = Homepnt(Ag(S), T) of
Ag(9).

Proposition 3.16. Let K be a number field and let S C PfK. Let I/(\v =
Homoni (K, T) be the character group of K,. The homomorphism

{(XU)UESUng € H K;! Xo|r, = 0 for almost all v € S'U Pof} — /(E)
veESUPK

1s an isomorphism of abstract groups. Its inverse is given by mapping x €

Ak (S) to the family (X |k, )vesupx where X |k, € l/(\v is the restriction of x to
K,.

41



Proof. See [Tat67], Lemma 3.2.1 and Lemma 3.2.2. O
We define the so-called standard character ¢ = (1,),ecpo on Ag by

Voo(z) = e 2™ for the archimedean prime p = oo and

Y, =1Q, — Q,/Z, — Q/Z i T] for non-archimedean p.

Then for all non-archimedean places p, the character 1, is trivial on Z, and
so by Proposition 3.16, the family (¢,),cpo defines a character on Ag. Let
K be a number field. Note that we have the trace homomorphism

tr: A — Ag, (zy)pepx — <Ztrv(a:v)) )

vlp pePQ

where tr, : K, — Q, is the usual trace from the finite extension K, of Q,
to @Q,. The standard character ¥k on Ak is defined by ¥k (x) = ¥(tr(x)).
Then it is

Y = ] vxo with ¢x. = ¢, o tr, € Homeen (K, T), v|p.

vePK

—

For S C PfK, we define i g € Ag(S) by

Vi = H VK-

vePEUS

Definition 3.17. Let K be a number field and let S be a subset of the set
PfK of finite places of K. The ring Rs of S-integers is defined as

Rs={x € K :|z|, <1 for every v & SU PX}.

For example, if S = PfK then Ak (S) = Ax and Rg = K. The ring Rg
injects into A (S) via the diagonal embedding

A:Rg — Ag(9),z— (x,z,2,...).

Let wy,...,w, an integral basis of K over Q. Because K ®q R is isomorphic
to [[,cpx Ky every x € [, cpx K, can be uniquely written as a sum z =
>, a;w; with real numbers ;. Here, we write again w; for the image of w;

HlIIvEPégk%'
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Lemma 3.18. Let

o0

D= H {x:iaiwi:0§a1<1f0'r1§z’§n}

vePK i=1

and
Dg =D x H R,.
veS

Then Dg is a fundamental domain of Ak (S)/Rs, i.e. every element in Ak (S)/Rs
has exactly one representative in Dg. In particular,

AK<S) = Rg+ Dg.

Proof. To prove uniqueness, assume it is ¢ = y+d = y' + d with x € Ag(S)
and v,y € Rg,d,d € Dg. Then from the equation y — ¢ = d' — d we see
that the element y — ¢y’ € Rg is in fact integral. As the projection of d' — d
to Hveng K, lies in Hvepgg {x =3 aw:—1<a <lforl<i< n} it
follows y — ¢’ = 0. Then also d = d’ which proves uniqueness.

To prove that any element x € Ak (S) can be written as a sum x =y +d
with y € Rg, d € Dg, we use the Chinese remainder theorem to find an
element y € Rg such that for all finite places v € S it is v —y € R,. Then
subtracting x — y by an integral element 3y’ of K, which is by definition
contained in Rg, we may achieve that the infinite components of = — (y +v')

lie in D without changing the property that x—(y+v') € R, forallv € S. O

Theorem 3.19. Let S C PfK and let A (S) be the locally compact topological
ring as defined in 3.14. Let Y s be the standard character in Ak (S). Then:

(i) Rs is a discrete, cocompact subgroup of Ax(S).

(11) The map

Ak (S) — Ak(S), a— Yiksa,

where Yk s, is the character x +— Yk s(ax), is an isomorphism of
topological groups.

(111) The composition Rs — Ak (S) — A/K(?) identifies Rg with the group
R% of characters in Ag(S) which vanish on Rg. Thus, it is

Rs ~ Ak(S)/Rs.
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Proof. That Rg is discrete follows from Lemma 3.18 because Dg has an
interior. Ax(S)/Rs is compact because D is relatively compact. (iz) follows
from [Tat67], Theorem 2.2.1, Lemma 2.2.3 and Theorem 3.2.1.

For (7ii), one shows as in [Tat67], Corollary 4.1.1, that Rg is contained
in RE. As the Pontrjagin dual of the compact group Ag(S)/ Esihe group

R is discrete. As a discrete subgroup of the compact group Ag(S)/Rs the
quotient R /Rg is finite. RS /Rg carries a Rg-module structure. But RE/Rg
is torsion-free as Rg-module. Thus, the index [R$ : Rg] cannot be greater
than 1 because this would contradict the fact that R&/Rs is finite because
Rg is not finite. ]

Let us return to the algebraic Z4%-actions that we are interested in. Let ¢ =
(c1,...,¢q) € (@) and let m, be the vanishing ideal m, = {f € Ry : f(c) =

"

0} C R4g. We denote by Xpg,/m, the dynamical system Xg,/m, = Rq/m..

Definition 3.20. Given a point ¢ = (c1,...,cq) € (Q)% |, we define an
algebraic Z4-action (Y,, a.) as follows. Let K = Q(c) and put

F(c) ={v e PfK el # 1 for some i € {1,...,d}}

and
P(c) .= PEUF(c) .

The abelian group Rpey = {r € K : |z}, < 1 for everyv &€ P(c)} is an
Rgi-module under the action

Q. Ry % RP(C) - RP(C)? (fa a) = f(C)G,.

Dualizing, we get a Z-action on Y, := ]?p(\c) which we denote by a.
Theorem 3.21. There exists a surjective homomorphism

QY. — XRd/mC
with finite kernel which is compatible with the Z%-actions on Y. and on
XR,/m.-

Proof. The natural evaluation homomorphism R; — Rp, [ — f(c), in-
duces an injective homomorphism ¢ : Ry;/m. — Rp(e. Dualizing this ho-
momorphism, we get a surjective homomorphism ¢ : Y. — Xg, /m.. For the

proof that ¢ has finite kernel, i.e. that the quotient Rp(c)/gg(Rd/mc) is finite,
see [Sch95], Theorem 7.1. O
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The algebraic criterion for expansiveness in Theorem 3.3 gives the follow-
ing result for the algebraic Z%-action on Xg, /e

Proposition 3.22. The action o on Xp,/m, is expansive if and only if the
action o, on Y, is expansive. This is exactly the case if the orbit of ¢ under

the diagonal action of the Galois group Gal(Q/Q) on (Q)? does not intersect
T,

Proof. See [Sch95], Proposition 7.2. O
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3.4 The entropy of algebraic Z%actions and
the Mahler measure

In this section we want to give the reader a short overview on entropy of
algebraic Z-actions. For the definition of entropy we refer to Section 2.2.

The topological entropy of an algebraic Z%action o on a compact group
X is denoted by h(«). If no confusion on the action a can occur, we will also
use the notation h(X) for the topological entropy.

Theorem 3.23 (Yuzvinskii’s addition formula). Let ax be a Z%-action by au-
tomorphisms on a compact group X and letY C X be a normal, a-invariant
subgroup. Let oy the restriction of ax to Y and let ax)y be the induced
action on X/Y . Then

h(Oéx) = h(Oéy) + h(Oéx/y).
Proof. See [Sch95], Theorem 14.1. O

Remark 3.24. We interpret this result in the following way. If we only con-
sider Z%-actions on compact abelian groups X and if we go from dynamical
systems to their dual R;-module, then the result says that entropy, viewed
as a numerical invariant of R4-modules, is additive in short exact sequences.

Definition 3.25. The logarithmic Mahler measure of an element f € Ry is
defined as

m(f)i= [ 1og1F(2)dutz).
where p is the normalized Haar measure on the d-torus T¢.
Proposition 3.26. For every non-zero f € Ry it is 0 < m(f) < oo.
Proof. [Sch95], Corollary 16.6. O

Now, we return to the entropy of algebraic Z?-actions. For f € Ry, let
ay the usual Z%-action on X;. The following holds:

Theorem 3.27. For every f € Ry, the entropy of the action ay on Xy is
given by h(ay) = m(f).

Proof. [Sch95], Theorem 18.1. O
Theorem 3.28. Let d > 1 and let p C Ry be a prime ideal. Then

m(f) if p=(f) is principal
0 if p is not principal.

h(XRd/P) = {
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Proof. We show that for a non-principal prime ideal p € R, we have h(ag,/p) =
0. The rest follows from Theorem 3.27.

Choose a prime element f € p and an element g € p which is not contained
in the principal ideal (f). Then the following sequence is exact.

0 — Rq/f = Ra/f — Ra/(f,g) — 0.
Dualizing we get an exact sequence
0= Xry/(r.9) = Xy = Xy = 0.

By Yuzvinskii’s addition formula it is h(ay) = h(ay) + h(ar,/(r.g) By
Proposition 3.26 it is h(ay) < oo so we deduce h(ag,/(rq) = 0. But
Xp,/p is a closed ag,/(s,g-invariant subgroup of Xg,/(s4) and so h(ag,/,) <

h(ar,(t.9)) = 0. O

Example 3.29. Let d > 1, ¢ € (@)%, and let m, be the vanishing ideal of ¢
as in Section 3.2. The ideal m,. is prime and non-principal. By the previous
Theorem 3.28 it follows h(ag,/m.) = 0.

Let A € GL,(Q) and let X* be the compact connected abelian group with
the Z-action as defined in Section 3.2. In the next theorem we determine the
entropy of this Z-action.

Theorem 3.30. Let A € GL,(Q) and let X* be the compact connected
abelian group with the shift action o as defined in Section 3.2. Let x4 € Qlt]
be the characteristic polynomial of A and let a € N be the lowest common
multiple of the denominators of the coefficients of xa. Then

h(o) = m(axa).

Proof. We know that M4 = XA is a noetherian Ri-module. As in the proof
of 3.10 there exist primitive polynomials fi,..., f, € Ry with f;|fii1,1 =
1,...,7r — 1, and a surjective morphism Xy x ... x X — X4 with finite
kernel. Then

h(o) = hlag, X ... X ap) = Zm(fi) :m(Hfi).

But up to a unit in Ry, ax4 equals the product [[/_, fi and so m(axa) =
m( [T- fi). []
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Chapter 4

p-adically expansive algebraic
7%-actions

In this chapter we introduce the notion of p-adically expansive algebraic Z9-
actions and define p-adic entropy for these actions.

With our definition, the usual Z%action on the compact group X [ €
M,(Ry), is p-adically expansive if and only if f € GL,(co(Z?)), where Ry
denotes the ring Ry = Z[t;, ..., t5'] and co(Z?) = Q,(t;", ..., t5") where

d
Q... 1) = { Z r At € Q|| — 0 for ZM\ — oo}.

vezZd i=1

As far as p-adic entropy is concerned, we do not know how to generalize
periodic p-adic entropy for a greater class of algebraic Z?actions. Instead,
we will use the p-adic Fuglede-Kadison determinant to define p-adic entropy
for the class of p-adically expansive Z9actions. It will turn out that the
connection between p-adically expansive Z%-actions and p-adic entropy can
best be described in the framework of the lower algebraic K-groups and the
localisation sequence of K-theory which gives a connection of the K-groups.

In Section 4.1 we provide some material on algebraic K-theory which will
be used in the following sections.

In Section 4.2 we define p-adic expansiveness. We prove a criterion for
p-adic expansiveness which is a p-adic analogue of the criterion for expan-
siveness presented in Section 3.1.

In Section 4.3 we attach to a p-adically expansive Z-action on a compact
abelian group X an element

clp(X) € Ki(Ra[S, "))/ Ry,
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where Ry[S, '] is the localisation of the ring R4 with respect to the multi-
plicative system S, = Ry N ¢o(Z%)*. We define a homomorphism

log,detza : K1(Rq[S,"])/ Ry — Q,.

We then define the p-adic entropy h,(X) of a p-adically expansive Z%action
on X by log,detza(cl,(X)). We show that

hp (Xf) = hp,per (Xf)

for p-adically expansive Z%actions of the form X;, f € M,(Ry,).
In Section 4.4 we give some applications.

4.1 Some basics in algebraic K-theory

Definition 4.1. An ezact category is an additive category C embeddable as a
full subcategory of an abelian category A such that C is equipped with a class
E of short exact sequences 0 — M — M — M" — 0 (I) satisfying

(1) € is a class of sequences (I) in C that are exact in A.

(2) C is closed under extensions in A, i.e. if (I) is an exact sequence in A
and M',M" € C, then M €C.

Before we can introduce the exact categories that we will interested in we
need the following definition.

Definition 4.2. Let R be a not necessarily commutative unital ring. A
projective left module over R is a R-module P with the property that whenever
one has a diagram of R-modules with exact bottom row

P
l@
M~ N—=0
it can be completed to a commutative diagram
e
%)
M~ N —0.

We will consider the following exact categories:
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Examples 4.3. Let R be a not necessarily commutative unital ring.

(i) The category P(R) of finitely generated projective left R-modules is a
full subcategory of the abelian category Mod(R) of left R-modules. Let
€ the class of all short sequences in P(R) which are exact in Mod(R).
Then condition (1) of Definition 4.1 is satisfied. An exact sequence

0P —-M-—P—=0

with P a projective module will split, i.e. M ~ P’'@® P. If we assume P’
also to be projective, then M is projective too, so P(R) also satisfies
condition (2) of 4.1. Thus, P(R) is an exact category.

(ii) Let S be a central multiplicative system in R, i.e. S is a subset of R
which is closed under multiplication and for s € S it is sr = rs for all
r € R. Then, the category Mg(R) of finitely generated S-torsion left
R-modules with the class £ of all short sequences in Mg(R) which are
exact in Mod(R) is an exact category.

Definition 4.4. For an exact category C such that isomorphism classes (C)
of C-objects form a set, define Ko(C) to be the free abelian group on the
isomorphism classes of C-objects modulo the subgroup which is generated by
all (C) — (C") = (C") for each short exact sequence 0 — C' — C — C" — 0
in C.

Definition 4.5. Let R be a not necessarily commutative unital ring. Let
P(R) be the exact category of finitely generated projective left modules. Define

Ko(R) = Ko(P(R)).

We think of Ky(R) together with the assignment which sends a finitely
generated projective R-module P to its class [P] in Ky(R) as the universal
dimension for finitely generated projective R-modules. Namely, suppose we
are given an abelian group A and an assignment d which associates to every
finitely generated projective R-module an element d(P) € A and which is
additive in short exact sequences, i.e. it is d(P') + d(P") = d(P) for any
exact sequence 0 — P’ — P — P” — 0 of finitely generated projective
R-modules. Then there exists a unique homomorphism ¢ : Ky(R) — A with
o([P)) = d(P).

If S is a central multiplicative in R, then we will also consider the Kj-
group of the exact category Mg(R) of finitely generated S-torsion left R-
modules. Then the analogous statement concerning the universal dimension
for finitely generated S-torsion left R-modules holds for Kyo(Mg(R)).
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Next, we want to introduce the abelian group K;(R) attached to a ring
R. Let GL(R) = Uy, GL,(R) be the infinite general linear group, where the
inclusion GL,(R) — GL,11(R) is given by a — (¢9). Let E,(R) C GL,(R)
be the subgroup of elementary matrices, i.e. the group generated by matrices
with 1’s on the diagonal and at most one further non-zero entry. Let E(R)
be their union.

Proposition 4.6 (Whitehead Lemma). The subgroup E(R) C GL(R) is
precisely equal to the commutator subgroup of GL(R).

Proof. See [Mil71], Lemma 3.1. O

Definition 4.7. For an unital ring R we define
Ki(R) := GL(R)/E(R) = GL(R)™.
Let us assume that R is commutative. Then there are homomorphisms
rk : Ko(R) — Ho(R)

and
det : Ki(R) — R*

which we will introduce now.

Let Spec(R) be as usual the prime spectrum of R with the Zariski topol-
ogy. If P is a finitely generated projective R-module then for every prime
ideal p € Spec(R) the localisation P, is a finitely generated free module over
the local ring R, and thus has a well-defined rank rk,(F,). If we endow Z
with the discrete topology, then for every P € P(R) the rank function

k(P) : Spec(R) = Z, p o tk(P)(p) = rky(R)
is continuous, see [Bas68], Chapter III, Theorem 7.1. Let
Ho(R) := {f : Spec(R) — Z: f continuous}.
Then we have a natural homomorphism
ke Ko(R) — Ho(R), [P] — rk(P).

Example 4.8. Let R = 7Z. Because Z is an integral domain the topological
space Spec(Z) connected. Thus, a continuous function f : Spec(Z) — Z
with target the discrete space Z will be constant. It follows Hy(Z) = Z. By
the structure theorem of finitely generated modules over a principal ideal
domain, two projective modules over Z are isomorphic if and only if they
have the same rank. It follows that rk : K¢(Z) — Z is an isomorphism.
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To define the homomorphism
det : Kl(R) — R*

just note that the usual determinant homomorphism GL, (R) — R* is com-
patible with the inclusions GL,(R) — GL,1(R). As R is commutative, the
resulting homomorphism GL(R) — R* factors through GL(R)® which gives
us the homomorphism det : K;(R) — R*.

Definition 4.9. Let R be a commutative ring. The group SK;(R) C Ki(R)
15 defined as
SKi(R) := ker(det : K1(R) — R").

Note that det : K;(R) — R* is a surjective homomorphism which is split
by the inclusion R* = GL;(R) — K;(R). Thus,

Ki(R) =SKi(R) ® R".

Example 4.10. It can be shown that for an Euclidean ring R the group
SK;(R) vanishes, see, for example, [Ros94], Theorem 2.3.2. Hence, it is
Ky(Z) = 7Z* = {£1}.

Next, we state the so-called Fundamental Theorem of algebraic K-theory
and the Localisation sequence of K-theory. These deep results of algebraic
K-theory will be fundamental in our approach to p-adic expansiveness and
its connection to p-adic entropy. We will state the results only for the lower
algebraic K-groups K, and K; in the special case where the ring R is a
commutative regular ring because when we talk about algebraic Z9-actions
this is the case which is interesting for us.

Recall that a commutative ring R is called regular if it is noetherian and
if every finitely generated R-module M has a finite resolution with finitely
generated projective R-modules, i.e. for every M € M(R) there exists an
exact sequence

0O—P,—... - F—>M-—0

with P, € P(R),i =0,...,n.

Theorem 4.11 (Fundamental Theorem of Ky and K; of regular rings). Let
R be a commutative regular ring. Then the following holds:

(1) The inclusions R — R[t] — R[t,t'] induce isomorphisms

Ko(R) ~ Ko(R[t]) ~ Ko(R[t,t71]).
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(2) It is
Ki(R[t,t™']) ~ Ki(R) © Ko(R).

Proof. See [Bas68|, Chapter XII, Theorem 3.1 and Theorem 7.4. ]

An easy consequence of the Fundamental Theorem is the following propo-
sition.

Proposition 4.12. The homomorphism det : Ki(Ry) — R} is an isomor-
phism.

Proof. Using (1) and (2) of Theorem 4.11 iteratively, it follows

d times

By Example 4.8 and Example 4.10 it is

K\(Z)® Ko(Z) ® ... ® Ko(Z) ~ {1} & Z°,

d times

which is isomorphic to . Then the surjective homomorphism
det : K1(R;) — R} has to be an isomorphism. O

Theorem 4.13 (Localisation Sequence). Let R be a commutative reqular
ring and let S be a multiplicative system in R. Then there exist natural
homomorphisms 0, such that the following sequence is exact:

K1(R) — Ki(Rs) > Ko(Mg(R)) = Ko(R) — Ko(Rs) — 0,

where Rg is the localisation of R with respect to S.

Proof. For a proof see [Bas68]|, Chapter IX, Theorem 6.3 and Corollary 6.4.

For us it is important to know how the homomorphisms § and ¢ are
defined. Because R is regular, any M € Mg(R) has a finite P(R)-resolution,
i.e. there exists an exact sequence 0 — P, — ... — Py — M — 0 where
P, € P(R). Define ¢([M]) = > (=1)'[P] € Ko(R). The map ¢ is defined as
follows: if a € GL,(Rs), let s € S be a common denominator for all entries
of a such that § = sa has entries in R. Then R"/SR™ and R"/sR" have
natural P(R)-resolutions

0—>R”£>R”—>R"/5R”—>O and
0— R">% R"— R"/sR" — 0.
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Furthermore, R"/sR" and R"/BR"™ are both S-torsion. For R"/sR" this is
clear. To see that R"/BR" is S-torsion, let t € S be such that o't =
has entries in R. Then yR" C R" implies that tR™ C aR"™ and hence that
stR" C saR™ = BR". Then st € S annihilates R"/FR". We now define
d(la]) = [R"/BR"] — [R"/sR"]. O

Let S be a multiplicative subset of the ring R;. We end this section with
two lemmata describing when a finitely generated Rgz-module M is S-torsion.

Lemma 4.14. Let I be an ideal in Ry and let S be a multiplicative subset of
Ry. Then Ry/I € Mg(Ry) if and only if INS # ().

Proof. The Rg-module Ry/I is S-torsion if and only if the unit 1 € Ry/I is
annihilated by some s € S. This is exactly the case if I NS # 0. ]

Lemma 4.15. Let M be a finitely generated Ry-module and let S be a multi-
plicative subset of Rq. Then M € Mg(Ry) if and only if SNy # O for every

associated prime ideal p € Ass(M).

Proof. If M is S-torsion then any submodule M’ C M is S-torsion. By
definition, an associated prime ideal p is the annihilator of some non-zero
element m € M, ie. it is p = {f € Ry; fm = 0 for some m € M \ {0}}.
Then the submodule (m) C M generated by m is isomorphic to Ry/p. By
the previous lemma this module is S-torsion if and only if p NS # 0.

For the other implication assume S Np # () for every p € Ass(M). There
is a filtration M = My D ... D My = 0 such that M,/M,_; ~ R4/q,,
r = 1,...,s, where g, is a prime ideal lying above some associated prime
ideal of M. By the previous lemma the quotients M, /M, ; are S-torsion.
Whenever one has an exact sequence of Rg-modules

0—-N —-N—-=N'—=0

such that N’ and N” are S-torsion then also N is S-torsion. So from the
prime filtration of M it follows inductively that M is S-torsion. [

4.2 p-adically expansive Z%actions

Let Ry = Z[tF',...,t5'] and let S, C R, be the multiplicative system S, =
Rd M co (Zd)*

Definition 4.16. An algebraic Z-action on the compact abelian group X
is called p-adically expansive if the Ry-module M is finitely generated and
Sp-torsion, i.e. M* € Mg, (Ry).
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Lemma 4.17. Let A € M,(Ry) and let M = (Ry)"/(A(Rq)"). Then M €
M, (Ry) if and only if A € GL,(co(Z%)).

Proof. Assume M € Mg (Rq). Then for any x € (Ry)" there exists an
element s € S such that sz lies in the image of A. It follows that the
localised homomorphism Ag, : (R)s, — (Ry)s, is surjective.

Consider the exact sequence

A
0 — ker Ag, — (Ry)s, = (Ry)s, — 0.

Because the quotient field Frac(Rq) of Ry is flat over Ry[S, '] this sequence
stays exact after tensoring with ®p (g-1Frac(Rg). It follows

ker As, @p,(s-1) Frac(Rq) = 0.

But as ker Ag, is a torsion-free Ry[S,']-module it follows ker Ag, = 0. So
Ag, is an isomorphism and thus det A € S, which shows A € GL,, (CO(Zd))
If we assume on the other hand that M € GL,(co(Z?)) then det A € S,.
et A € M,(Ry) be the adjoint matrix of A. The matrix A has entries
a;;j = (—1)""7 det(A;;) where Aj; is the (n — 1) X (n — 1)-matrix obtained
from A by deleting the j-th row and i-th column. It is a known fact from
linear algebra that AA = AA = det A - Id, where Id is the identity matrix.
For any m € M it follows det A - m = A(Am) =0, i.e. M is Sp-torsion. [

Recall that for an element f € M,(R,;) the dynamical system X is the
Pontrjagin dual of the module (Ry)"/(Ra)"f.

Corollary 4.18. Let f € M,(R4). The Z*-action on X; is p-adically ex-
pansive if and only if f € GL,(co(Z%)).

Proof. To be precise, it is M~/ = (Rg)"/(Ra)"f = (Ra)"/f(Rq)", where f*
is the transpose of f. It is f € GL,(co(Z?)) if and only if f* € GL,(co(Z9)).
Now apply Lemma 4.17 to f. O

The next proposition gives a characterization of p-adically expansive Z9-
actions which is analogous to the characterization of expansive Z4-actions.
Recall that for an ideal I C Ry the set of zeroes of I over Q, is defined as

Vg, (1) ={2€(Q,)": f(z) =0 forall fel}.
The p-adic d-torus T, }f is the set

={zeCl:|zy|=1,1<i<d}.
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Proposition 4.19. Let o be an algebraic Z-action on X. Assume the cor-
responding Ry-module M* is noetherian. Then the following properties are
equivalent.

(1) « is p-adically expansive.
(ii) For every prime ideal p € Ass(M™) it is V@p(p) NTd=0.

Proof. First notice that for any ideal I C Ry, the maximal ideals of the alge-
bra Q, (1, ..., ;") containing I correspond to the orbits of the Gal(Q,/Q,)-
operation on V@p(_f )NTy.

If o is p-adically expansive, i.e. M* € Mg (Rq), then by Lemma 4.15
every p € Ass(MX) contains an element which is a unit in Q, (¢, ... ).
This means that there is no maximal ideal in Q, (i, ..., #>') which contains

p. It follows Vg (p) NI =10.

Assume now that (i) holds. This implies that for every p € Ass(M*¥)
there is no maximal ideal in Q,(tF",...,t=') which contains p, i.e. every
p € Ass(MX) generates the unit ideal in Q, (5, ..., ¢E"). We show that this
implies p N S, # 0. Then by Lemma 4.15 it follows that M* € Mg, (Ry).

Let fi,..., f. € Ry be generators of the ideal p. Because p generates the
unit ideal in Q,(t;", ..., t3") we find elements ¢/ € Q, (5, ..., t:') such that
Yi_y g fi = 1. Then by multiplying with a suitable power of p, say p", we get
an equality Y ', g;fi = p" with ¢; € Zy(t, ... t51). Because Ry is dense
in Z,(t, ..., t3") we find h; € Ry such that h; — g; € p" ' Z, (¢, .. t5h).
Then the element

Z hifi € p"(1+ pZ, (G, ... t51))

i=1
lies in p and is a unit in Q, (¢, ..., t5") because it is a product of the unit
p" with a l-unit, i.e. an element in 1+ pZ,(tF*, ... 5. O

Corollary 4.20. A dynamical system of type Xg,/r with I generated by
fi,-- o, fr in Ry is p-adically expansive if and only if the fi,..., f. generate
the unit ideal in co(Z%), i.e.

Vg, (1) NI = 0.

Proof. 1t is V@p(]) = UpcAss(ra/n V@p(p). It follows that V@p(l) NT¢ =0 if
and only if V@p(p) NT¢ = 0 for every p € Ass(M™). O

Proposition 4.21. Let (X, a) be p-adically expansive. Then for every sub-
group A C Z2 of finite index the set Fizp(a) is finite.
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Proof. By Theorem 3.3, we have to show that for every p € Ass(M*) we have
Ve(p) N Ve(I(A)) = 0, where I(A) is the ideal generated by all expressions
. T =1, (n,...,ng) € A

As the ideals p and I(A) are defined over the rationals it follows by the
Nullstellensatz that this is exactly the case if Vig(p) N Vg(I(A)) = 0 for every
p € Ass(M™X) .

We fix an embedding Q C @p. Note that under any such embedding it is
Vg(I(A)) € T because for any z = (z1,. .., 24) € Vg(I(A)) the z € Q" are
of finite order.

So if we assume that there exists an ideal p € Ass(M*) such that Vg(p)N
Vg(I(A)) # 0 then V3, (p) NI # 0 which contradicts the assumption that

(X, ) is p-adically expansive. H

Let us give a second characterization of p-adically expansive Z?-actions.
We say an abelian group X has bounded p-torsion if there exists a natural
number n € N such that

X(p) = Uker(pi X — X) =ker(p": X — X).
i=1

Proposition 4.22. Let a be an algebraic Z%-action on X. Then « is p-
adically expansive if and only if M is noetherian and X has bounded p-
torsion.

Proof. First we prove that for any ideal I C R, the Pontrjagin dual ﬁd\/l has
bounded p-torsion if and only if I generates the unit ideal in Q, (¢, ... ).

Using this fact we then show that X has bounded p-torsion if and only
if for every prime ideal p € Ass(M™X) it is g, (p) NT¢ = @ which gives the
result by Proposition 4.19.

So let us assume that the ideal I C R, generates the unit ideal in
QI,(tiEl, . ,tfl). Let fi1,...,f, € R4 be generators of I and assume we
have 1 = >°_ f,.g. with elements ¢, € Q,(ti",...,t;'). Multiplying this
relation by a suitable power of p, say p", we get p" = > | f;g; with elements
gi € Ty(tfh, .. 5, ie.

(4.1) pr=> figi € 1-T(t, 15,
i=1

For any natural number r > 1, there is a natural isomorphism
Zt G W) 2L ) ()
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It follows that
ZIt .t 00 D) = Lt (7).
Now for any r > n consider the commutative diagram

Z[ti‘:17 A 7tzltl]/(pr7]) HNZp<t::[t17 ctt 7t(:itl>/(pr7 I)

|

Z,. g 0 D) — Lyt 0 )

where the left vertical arrow is the canonical projection, the right vertical
arrow is the identity by equation (4.1) and the horizontal arrows are isomor-
phism. We conclude that the projection

Zlt g0 D) = 2t (0 )

is also an isomorphism for r > n, i.e. the ideals (p", I) C Ry are equal for all
r > n. Because

—

(4.2) ker(p' : Ra/T — Ra/T) = Ry/ (0", 1),

we see that }?d/\] has bounded p-torsion. In fact, we see that the bound
on the p-torsion of m is given by the smallest number n > 0 such that
preL-Z, (5. 5.

If on the other hand m has bounded p-torsion, then by equation (4.2)

there exist a natural number n € N such that (p", ) = (p™, I) for all r > n.
Then we can write

p" = p" g+ Z fig; with elements f; € [ and g; € Ry.
i=1

It follows that p"(1 — pgo) € I. But as a product of a unit in Q, with the
l-unit 1 — pgo the element p™(1 — pgo) is a unit in Q, (&5, ...,¢5"). This
proves that I generates the unit ideal in Q,(t,... t57).

Now let us show that X has bounded p-torsion if Vg (p) NI = O for
all p € Ass(M™). By Proposition 3.2 we find a filtration M = M, D ... D
My = {0} such that for every i = 1,...,s, M;/M;_1 = R/q; for some prime
ideal q; C R, and g; D p for some p € Ass(M~). As R//E — ]% and as }5/\p
has bounded p-torsion, the Mm—1 have bounded p-torsion. If we have an

exact sequence
0N —-N->N' =0
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of abelian groups such that N and N” have bounded p-torsion, so does N.
That way we can deduce inductively that X = M has bounded p-torsion.

For the converse implication let us assume that X haﬁlﬁunded p-torsion
and that M~ is noetherian. As ker(p™ : X — X) = MX /p"M¥X saying that
X has bounded p-torsion exactly means that the p-filtration

MX > pM* > p*MX > ..

is stable, i.e. p"M* = p"*1MX for all n bigger than some fixed ny € N. We
want to show that this implies that for every associated prime p € Ass(M*)
we have Vg (p) N T = 0.

Let N be a submodule of M such that N ~ R;/p. If we can show that
p"N = p"tIN for all n large enough we are done: Because it is

n n+1 ~ (pnvp)/p ~ n n—+1
p"N/p fv'_'Z5EIT75575 ~ (p".p)/ (" p),

the equation p"N = p"*' N would imply that the ideals (p",p) and (p"™, p)
in Ry are equal. As before, this implies that p contains an element which is
a unit in Q, (55, ..., t5"). Then V@p(p) NT¢ = 0.

Thus, we have to show that the p-filtration on N is stable. By the Artin-
Rees Lemma, see for example [AM69], Proposition 10.9, there exists a natural
number s € N such that for all r € N we have N Np"F*M* = pr(N Np*M™¥).
If we assume n > max{s,ng} then

p"N DO p"(NNp"M™*) = Nnp*M* = Nnp"M* > p"N,
ie. p"N =p*(NNp"M*) = Nnp"M*. 1t follows
PN = Nnp"HME = Nnp"M* = p"N.
u

We want to finish this section with a little observation made for dynami-
cal systems X, where f € Ry is already a unit in ¢y(Z% Z,). As the proof of
Proposition 4.22 shows, the group X; has no p-torsion in this case. Further-
more, we know that for every subgroup N of Z? of finite index, Fixy(X}) is
finite by Proposition 4.21. The next proposition tells us that the collection
of Fixy(X;) for all cofinite N in Z? already gives us some information on
X concerning p-adic expansiveness. Before we can prove the proposition we
need the following result.

60



Lemma 4.23. Let N be a subgroup of finite index of Z¢, i.e. it is N =
2 X ... X rqZ for some natural numbers r1,...,rq. For any field K the
kernel of the canonical surjective homomorphism

o K[t — K([Z4)N)
is the ideal (7 — 1,...,t* — 1). Thus, we have an isomorphism
K[ 5/ =1, ...t — 1) ~ K[Z%/N]

Proof. Obviously, it is (f7* — 1,...,t* — 1) C kery.
To prove kermy C (7' — 1,...,t — 1), first note that given integers
s;, 1 <1 <d, the element

d d
(43)  [Iae 1= (@ =n]Ta") e @ -1t = 1)
=1

i=1 k>i
is contained in the ideal (7' —1,...,¢} — 1) because the elements ¢;* — 1
are contained in (¢7* —1,..., ¢ —1).

Let {[jl, ceydd) 1 0< i<, 1< < d} be a full set of representatives
of the elements in Z¢/N. Given a multiindex v = (vy,...,v4) € Z¢, we write
it in the form v = (j; + 7181, ..., Ja + raSqa). 1t is
(4.4) a, ittt = (Ht:’s’ — 1) a ty .t a ]t

i=1

By (4.3) and (4.4) it is for any f =Y, aa,tyt ...t € K[ti', ... t7"]

f= Z ( Z ay>t{1...t§d mod (¢' —1,...,t" —1).

0<j;<ri, N VE[J1yerid]
1<i<d

Now, it is f € kermy if and only if - ;. 1a, = 0forall v € Z4. This
implies kermy = (67" — 1,...,t —1). O

Proposition 4.24. Let f € Ry, and let ay be the usual Z%-action on X;.
The following conditions are equivalent.

(i) fis invertible in co(Z,Z,).
(ii) The reduction f of f is invertible in F, [t ... t'].

(iii) The image fx of f in F,[Z%/N] is invertible for every subgroup N of
finite index.
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(i) For every cofinite subgroup N of Z* the group Fixy(X;) is finite and
its order is not divisible by p.

Proof. The equivalence (i) < (ii) is the special case I' = Z? of Lemma 7.17,
where the analogue statement is proven for any residually finite group I'.

The implication (ii) = (iii) is clear. For the converse direction, we
show that (iii) implies that f is not contained in any maximal ideal of
F,[tf', ..., t5"], where F, is an algebraic closure of F,,.

Let us assume that f is contained in a maximal ideal of F,[t5, ..., ¢5"],
say f € (ti—ay,...,ta—ag) with ay, ..., aq € (F,)*. The ; are of finite order
in Fp, i.e. there are positive integers 71, ...,74 such that o’ =1, 1 <i <d.
Then we consider the cofinite subgroup N = mZx...xryZ of Z¢. By Lemma
4.23, it is

F [t .. 68t/ —1,... 6 — 1) ~ F,[Z%/N].

The assumption (iii) implies that the ideal (f, ' —1,...,t7¢—1) C F [, ..., ¢3!
is the unit ideal. Furthermore, itis (t]'—1,...,t*—1) C (t1—aq, ..., ta—aq).
But then

Ftft, .. & = (f,t0 =1, = 1) C(fits —a1,... . tqg — aq)
= (tl —Oél,...,td—Oéd),
which is a contradiction.
If (i) holds, we have proven that X; has no p-torsion which is then of
course also true for the subgroups Fixx(Xy). By Proposition 4.21, Fixx(X/)

is finite and thus (iv) follows. On the other hand, let N C Z? be a subgroup
of finite index. Then

o —

(4.5) ker(Xyy = Xyy) = Z[Z*/N]/(fn.p) = Fy[Z?/N]/(fx).

So Fixy(X;) has no p-torsion if and only if F,[Z¢/N]/(fx) = 0, i.e. if fy is
a unit in F,[Z?/N]. Thus, (iv) implies (iii) and we are done. O

Remark 4.25. Let f1,...,f, € Z[ti',...,t5'] and let I be the ideal I =
(fi,---, fr). Then Xpg,/1(p) = 0 is equivalent to the geometric property that
the fibre over p of Spec Z[t{', ..., t5')/(fi,..., f.) is empty.

4.3 The p-adic entropy of p-adically expan-
sive algebraic Z%actions

In this section we define a notion of p-adic entropy for all p-adically expansive
Z4-actions.
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To do so we use the localisation sequence of Theorem 4.13 to attach to
every p-adically expansive Z%-action (X, a) an element

clp(X) € K1(RalS, "))/ Ry
Then we use the homomorphism
log,detza : K1(co(Z,Z,)) — Q,
discussed in Section 2.3 to define a homomorphism

Ky(RalS, )/ Ry — Q,

also denoted by log,detzs. The p-adic entropy of a p-adically expansive VAR
action will then be defined as log,detzq(cl,(X)).

Theorem 4.26. Consider the multiplicative system S, = RgNco(Z?)* in Ry.
There is an isomorphism

cly - Ko(Ms,(Rq)) — Ki(Ra[S,'])/R;
such that
clp([(Ra)"/ f(Ra)"]) = [f] mod Rj
for all f € M,(Rg) N GLy(co(Z9)).

Proof. The ring R, is regular. Thus, by Theorem 4.13 there is an exact
sequence

Ky(Ra) = Ki(Ra[S;"]) = Ko(Ms, (Ra)) = Ko(Ra) — Ko(Ra[S;"]) — 0.

By Proposition 4.12, it is K;(R;) ~ R}, and by Theorem 4.11, (1), we know
that Ko(Rd) Ko(Z) 7.

Furthermore, KO(Rd[Sp ') contains a copy of Z, because the homomor-
phism tk : Ko(Rq[S,']) — Ho(R4[S,']) = Z is split by the natural homo-
morphism

Z — Ko(Ra[S, ), = [(RalS, "1™ = [(RalS, )™,

where m is a positive integer such that n +m > 0.

It follows that the surjective homomorphism Ko(Rq) — Ko(Ra[S,"]) is
also injective.

Then exactness of the sequence implies that the homomorphism 4 is sur-
jective and thus induces an isomorphism

0 : Ki(Ra[S, ')/ Ry — Ko(Ms,(Ra)).
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We define cl, := 0~ L. Then it is clear that

clp([(Ra)"/ f(Ra)"]) = [f] mod Rg

for f € M,(Rq) N GL,(co(Z?)) because by definition of the homomorphism
0 it is 0([f]) = [(Ra)"/f(Ra)"]. O

The next step towards our definition of a notion of p-adic entropy is the
construction of a homomorphism

Ki(RalS,'])/ Ry — Q,
which is derived from the homomorphism
log,detza : Kl(CQ(Zd, Zy)) — Q,
constructed in Section 2.3. To do so, we need the following result.

Lemma 4.27. Let [f] € Ky(co(Z%,Z,)) and let f be a representative of [f]
in some GL.(co(Z%,7Z,)). Let Ty — 0 be a family of cofinite subgroups of Z°
converging to 0. Denote by f™ the image of f in M,.(Q,I'™) and let Py
the Q,-endomorphism of right multiplication with f* on (Q,I'™)". Assume
that

(4.6) detg, (ppm) = £1 for all n € N.

Then
log,detza[f] = 0.

In particular, the homomorphism
log,detza : Kl(CQ(Zd, Zy)) — Q,
vanishes on SKi(co(Z%,Z,)).

Proof. By Proposition 2.33, it is

) 1
log,detr[f] = ’rzh—»rgo T.r) log, detq, (psm).

Thus, the assumptions made in the lemma imply that log,detr[f] = 1.
Assume now that [f] € SK;(co(Z% Z,)). For every n € N we have a
homomorphism

SK(co(Z4,Z,)) — SKi(co(T™, Z,)) = SK,(Z,T™).
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The endomorphism p ) on (Q,I™) is Q,I'™-linear. By [Bou70], Chapitre
3, 89, Proposition 6, we have

(47) det(@p (pf(n)) = N@pp(n)/@p (det(@pr(n)pf(n)) y

where NQPF(”> /Q» denotes the norm from the finite dimensional Q,-algebra
QPF(”) to Q,.

To finish the proof, we show that [f] € SKi(co(Z? Z,)) implies that
detg, rmpgm = 1foralln € N. Then by equation (4.7), we have detg, (p ;) =
1 for all n € N. Hence, by the first part of the lemma the homomorphism
log,detzq vanishes on SKi(co(Z9, Z,)).

By definition, the endomorphism py is the right multiplication with f*
on (co(ZY). If f = (fi;)1<ij<r then f* = (inv(f;:)1<ij<r), where inv is the
ring homomorphism

inv : co(Z%) — co(Z E ayz{t .. 2 E ayz; ooz

vezZd vezZd

Hence, it is
detCO(Zd)pf = iDV(detcO(Zd)(f)) = 1,

and analogously detQpF(n) psm = 1 for all n € N which finishes the proof. [

Now, consider the homomorphism
log,detza : K1(co(Z,Z,)) — Q,

defined in Section 2.3. By Lemma 4.27, the value log,detzs[f] does only
depend on det[f] € ¢o(Z? Z,)*. So to extend the homomorphism log,detzq
to Ki(co(Z%)) we just apply the determinant to get an element in cy(Z%)*
and then use that there is a unique homomorphism

log,detza (24 — Q,

which agrees with log,detza« previously defined on co(Z,Z,)* and satisfies
log,detza(p) = 0.

Using the homomorphism Ki(Rq4[S,"']) — Ki(co(Z?)) induced by the
canonical inclusion Ry[S, '] — c¢o(Z?) we have a well-defined homomor-
phism K3(R4[S;']) — Q,. The latter homomorphism factorises through
Ki(Ra[S, ])/Rd because elements in R} satisfy the condition (4.6) of Lemma
4.27. We summarize:

65



Theorem 4.28. There is a homomorphism
log,detza : K1(Rq4[S,'])/ Ry — Q,

which s given by the bottom row of the following commutative diagram:

Ki(co(Z9, Zy)) | B Qp

|

Ky (RalSy )/ Ry —— Ky (eo(Z4)) | Ry —2 o (24) | BY 2,

Definition 4.29. Let a be a p-adically expansive Z*-action on X. Then we
define

cly(X) = cly([M™]) € K1(RalS; ')/ R

Definition 4.30. Let o be a p-adically expansive Z%-action on X. Then we
define the p-adic entropy h,(X) of X by

hp(X) :=log,detza(cl, (X)) € Q,.

—

Lemma 4.31. Let X; = (Ry)"/(Ry)"f the Z%-action attached to some f €
M,(Rq) N GL,(co(Z%)). Then

clp(Xy) = f".
Proof. This follows from
M*1 = (Rg)"/(Ra)"f = (Ra)"/ f'(Ra)"
and Theorem 4.26. O

Theorem 4.32. Let f € M, (Ry) N GL,(co(Z4)). Then the usual Z4-action
on Xy 1s p-adically expansive and we have

hyp(Xy) = log,detza(f).

In particular, the periodic p-adic entropy of Xy coincides with the p-adic
entropy of Xy as defined in 4.30:

hp(Xf) = hp,per(Xf)-
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Proof. If f € M,(Rg) N GL,(co(Z%)), then by Corollary 4.18 the Z%-action
on Xy is p-adically expansive.

By Lemma 4.31, it is h,(Xy) = log,detza(cl, (X)) = log,detza(f*). But
the value log,detza(f*) only depends on det(f) = det(f). Thus, we have
hy(X) = log,detza(f).

In order to show h,(X) = hpper(Xy), let I'y — 0 be a sequence of cofinite
subgroups of Z¢ converging to 0. Using Theorem 2.33 we see that

: 1 : : 1
hp,r,, (Xy) = lim 1)) log,, |[Fixp, (X;)| = lim ] log,, detq, (p )

) 1
= lim ﬁlogp Ng,rm g, (detg,pm prm))

) 1
= nh_{go —(F ) log,, detg, (pdetQpr(n) (f(n)))

= TLILIEO logpdetrm)(detQpF(n)f(”)) = log,detza(det,,za)(f))

= log,detza(f).
Hence, the limit lim,, ﬁ log,, |Fixr, (X)| exists for every I', — 0 and
its value is given by log,detza(f), i.e. hy(Xy) = hpper(Xy). O

Corollary 4.33. Let f € M,(Rq) N GL,(co(Z%)). Then the periodic p-adic
entropy of the Z-action on X; exists and is given by

hpper(X ) = my(det f) := lim % > log f(0).

N —o0,

(N,p)=1 ceny

Proof. By Theorem 4.32 we know that hy, ., (Xy) exists. Choosing I';, =
(nZ)? — 0 with n prime to p as in Theorem 2.36, we get hype-(Xf) =
my(det f). O

4.4 Applications: p-adic expansiveness for au-
tomorphisms of compact connected abelian
groups and dynamical systems defined by
a point

This section contains a short discussion of p-adic expansiveness for Z-actions

on compact connected abelian groups and for Z-actions attached to a point

¢ € (Q)? ie. the Z%action on the Pontrjagin dual of Ry/m, where m, is the
vanishing ideal of the point c.
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Recall that in Section 3.2 we gave a short account on expansive Z-actions
on compact connected abelian groups and in Section 3.3 we gave a criterion
for expansiveness for Z?-actions attached to a point ¢ € (@*)d. We want to
point out that the results stated here are direct p-adic analogues of results
stated in Section 3.2 and 3.3.

Proposition 4.34. Let o be a p-adically expansive Z-action on a com-
pact connected abelian group X. Then there exist primitive polynomials
fi, oo fr € Ry, such that f;|fis1 forj=1,....,r—=1 with f; € co(Z,Z,)*,j =
1,...,r, and a surjective morphism n of dynamical systems

n:Y =Yy x...xY; - X
with finite kernel.

Proof. Asin the proof of Theorem 3.10 we find primitive polynomials fi, ..., f.
with f;|fj41 for j =1,...,7 —1, such that we have an exact sequence of R;-
modules

0— M* — Ri/(f1) x...x R{/(f) = N — 0,

where N is a finite.
The associated primes of [[_, Ri/(f;) are the same as the associated

primes of M* and are generated by the prime factors of the f;. Because « is

p-adically expansive the associated primes of A% do not vanish in any point
of T,,. It follows f; € co(Z,Z,)*. O

Lemma 4.35. Let M be a finite S,-torsion Ry-module. Then
[M] = 0 € Ko(Ms, (R))).

Proof. Because M is a finite R;-module, M has a composition series
0=MyC...CM,=M

such that the quotients M;/M; i are simple for every 1 < i < n. Thus, we
may assume that M is a simple module, i.e. M ~ Z[t,t~']/m, where m is a
maximal ideal. The ideal m is generated by some prime number [ € N and an
element f € Z[t,t~!] whose image f € F[t,t7!] generates a maximal ideal.
Then we have an exact sequence in Mg, (R;)

0— f-Ft,t7 | —=Ft,t7'|—M—0

where the Z[t,t~!]-modules f-IF;[t, '] and F[t, t~!] are isomorphic. It follows
[M] =0e Ko(Msp(Rl)). ]
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Corollary 4.36. Let o be a p-adically expansive automorphism of a finite
abelian group X. Then h,(X) = 0.

Proof. M* is afinite S,-torsion Ri-module. Thus, it is [M*] = 0 € K¢(Mg, (R1))
and cl,(X) =1 € Ki(R[S,"])/(R1)*. Then,

hp(X) = log,detz(cl,(X)) = 0.
[

Proposition 4.37. Let o be a p-adically expansive Z-action on a compact
connected abelian group X and let

n:Y::Yflx...fo7,—>X

be as in Proposition 4.34. Then cl,(Y) = cl,(X) and the p-adic entropy of
X is given by

hy(X) =h,(Y) = i log,detz(f;) = logpdetz(ﬁ fj>.

Proof. By Proposition 4.34 there is an exact sequence
0—- MY > M - N—-0

where N is finite and M*X and MY are S,-torsion, so N is also S,-torsion.
Then

[MY] = [M*] + [N] = [M*] € Ko(Ms,(Ry))
by Lemma 4.35. In particular, we have cl,(X) = cl,(Y) = [f1-...- f.] and
the formula for the p-adic entropy follows from that. ]

In Section 3.2 we gave a description of expansive Z-action on compact
connected abelian groups in terms of dynamical systems X4 associated to a,
matrix A € GL,(Q). Recall that the dual module of X4 is

M4 = 7Z"A" (A7) := subgroup of Q" generated by U(Ak)tZ",
keZ
where the variable ¢ acts by multiplication with the transpose A* of A on
MA.
The next proposition is a p-adic analogue of Proposition 3.12.

Proposition 4.38. An automorphism a of a compact connected abelian
group X 1s p-adically expansive if and only if it is algebraically conjugate
to the shift action o on X for some matriz A € GL,(Q), n > 1, without
etgenvalues in T,.
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Proof. The associated prime ideals of M“ are generated by the prime factors
of axa, where x4 is the characteristic polynomial of A and a is the least
common multiple of the denominators of the coefficients of y 4. By the dis-
cussion in Section 4.2, the shift action o on X4 is p-adically expansive if and
only if the matrix A has no eigenvalues in 7),.

If on the other hand the action « is p-adically expansive, then the module
M is noetherian. Using the arguments of the proof of [Sch95], Theorem
9.7, X is conjugate to the shift action on X4 for some A € GL,(Q). As we
assume the action to be p-adically expansive, the matrix A has no eigenvalues
in 7. [

Remark 4.39. This implies in particular that torus actions, i.e. actions of
the form a4 with A € GL,(Z) cannot be p-adically expansive because the
eigenvalues in Q, of a matrix A € GL,(Z) have absolute value 1.

Proposition 4.40. Let A € GL,(Q) and let X with the shift action o as
defined in 3.1. Let xa € Q[t] be the characteristic polynomial of A and let
a € N be the least common multiple of the denominators of the coefficients
of xa. Assume that xa has no zeroes on T,,. Then

hy(X7) = my(axa),
where my(axa) is the p-adic Mahler measure of axa.

Proof. The proof of 3.30 shows that cl,(X*) = axa mod (R;)*. By Theo-
rem 4.32 and Theorem 2.35 it is log,detz(axa) = m,(axa). O

Next, we want to discuss p-adic expansiveness for Z?-actions attached to
a point ¢ = (cy,...,¢q) € (Q)% Let m, be the vanishing ideal of ¢ and let
(X = }m, a). Again, we denote by (Y, a.) the dynamical system whose
dual module is the ring of S-integers Rp(;) where the set P(c) is the union
of the archimedean places in K = Q(c) and the set of finite places

F(c):={ve PfK :|¢sly # 1 for some i € {1,...,d}}
For more details see Section 3.3.

Proposition 4.41. Let d > 1, ¢ = (c1,...,cq) € (Q)%, and let (X, a) and
(Ye, ) be as defined before. Then « is p-adically expansive if and only if o,
18 p-adically expansive. This is the case if and only if the orbit of ¢ under the
diagonal action of the Galois group Gal(Q/Q) on (@*)d does not intersect
T,

70



Proof. The modules M~ and MY are both associated with the prime ideal
m, defined by c. Thus, « is p-adically expansive if and only if «. is p-adically
expansive.

This is exactly the case if the ideal in Q, (5", ..., t3') generated by m, is
the unit ideal which means that m, has no zero in 7 I‘f. But the zeroes of m,
in T;l correspond to the orbit of the element ¢ under the action of the group

Gal(Q/Q) intersected with T7. O

Example 4.42. Let us continue the discussion of Example 2.39. There we
considered the 2-adically expansive dynamical system X; attached to the
polynomial f = 2t —t + 2. The zeroes of f in Q, are given by ay =
1(1 £+/=15) with |ay|s = 2 and |a_|, = 1/2. The periodic p-adic entropy
of Xy is given by hg e, (Xy) = log, oy € Zs.

We want to understand this example from the adelic point of view. Let
¢ be the point ¢ = %1(1 ++/—15) € Q. The corresponding algebraic number
field is

K = Q(1/4)(1 + v=T5)] = Q[v~T5].

In order to determine Y, or its dual module Rp() we first determine the set
P(c).

Note that for any place p € P?, the inequivalent extensions of p to K
correspond to the irreducible factors of g = t? — %t +1in Q,.

For p = oo, the polynomial ¢ is irreducible over R as ¢ € R. Thus, there
is only one archimedean place on K extending p = oo which we also denote
by oco. It is Ko, = C.

For p = 2, there are two inequivalent extensions v, and v_ corresponding
tog=(t—ay)(t—a_) e Qt]. Itis K,, =Q:=K,_.

For p # 2, the polynomial g lies in Z,[t]. Even more, the coefficients of
g lie in Zy = {z € Z, : |z|, = 1}. This implies that if v is an extension of
p # 2 to K then |c|, = 1. In particular, any v € PfK extending some p # 2
will not be contained in the set F(c) = {v € P* : |¢[, # 1}. So we find
F(c) ={vy,v_} and P(c) = {oo,vy,v_}.

By Theorem 3.19, it is

Rp@ = Yo = C x Q2 x Qo/A(Rp(e)-

We can lift the action a, on Y, to an action of the covering space C x Qg x Q5.
The lifted action on the latter space is just given by multiplication with ¢ on
each component.
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Chapter 5

Entropy of expansive Z%-actions
and K-theory

In this chapter we want to apply the K-theoretical approach which we used
to define p-adic expansiveness and p-adic entropy to the usual notions of
expansiveness and entropy for Z%-actions.

We show that an algebraic Z?-action on the compact abelian group X
is expansive if and only if M¥ is a finitely generated S,.-torsion Rg4-module
where S,, = Ry N LY(Z4, R)*. Then we attach to every expansive Z?-action
on X an invariant

cloo(X) € K1(Ra[S])/ Ry = SK1(Ra[SL']) & RalSLT"/ Ry
We show that the Fuglede-Kadison determinant defines a homomorphism
log detyrza « K1 (Rg[SL])) /Ry — R
such that the topological entropy h(X) of an expansive algebraic Z%-action
on X is given by log detrza(cloo(X)).
In Section 5.2 we prove that for d > 5, the group SK;(R4[S.!]) is not

trivial. This gives a new non-trivial additive invariant of expansive Z%actions
for d > 5.

5.1 A K-theoretic approach to entropy of ex-
pansive Z%actions

Let S, C Ry be the multiplicative system S, = RyN L' (Z¢,R)*. We denote
by M. (Rgq) the category of finitely generated S,.-torsion Rg-modules.
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Lemma 5.1. Let (X, ) be an algebraic Z3-action such that M* € Ms_(Ry).
Then « is expansive.

Proof. First note that M* is a noetherian module as it is finitely generated
over the noetherian ring R;. Then by Theorem 3.3 we have to show that
Ve(p) N'Te = ) for all p € Ass(M¥).

MX € Ms_(R,) implies that every annihilator ideal of M¥ contains an
element f which is a unit in L'(Z% R). In particular, this is true for all
associated primes of M*. By Theorem 3.8, f is a unit in L'(Z% R) if and
only if f does not vanish in any point of T%. It follows V¢(p) N'T? = ) for all
p € Ass(M™). O

Theorem 5.2 (Algebraic criterion of expansiveness). Let o be an algebraic
Z%-action on a compact abelian group X. Then « is expansive if and only if
MX e M. (Rd)

Proof. It MX € Mg, (Ry) then by Lemma 5.1 the action « is expansive.
For the reverse implication we show that for an expansive action a on X
every p € Ass(M™) contains an element in S,,. Then using Lemma 4.15 this
implies M € Mg (Rqg).
Let p € Ass(M¥) be generated by fi,..., f, € Rg. By Theorem 3.3, the
fi have no common zero on the d-torus T¢. Define the element g € p by

g=>_fifit™") with fi(t™") = filty" .. f)
=1

Because for an element z € T the inverse 27! is given by the complex conju-
gate z, it is for z = (21,...,24) € T¢

Zfz )fi(z Zfz )fi(2) Zm (2)]” # 0.

It follows that g € S.. n

Now that we have characterized expansive Z%-actions as those actions
such that the dual module M~ is in Mg_(Ry), we want to apply the K-
theoretic formalism presented in Section 4.1 to expansive Z%-actions.

Theorem 5.3. Consider the multiplicative system So = Rq N L*(Z4,R)* in
Ry. There is an isomorphism

Clos : Ko(Ms, (Ra)) — K1(Ra[S5'])/ Ry

such that
cloo([(Ra)"/ f(Ra)"]) = [f] mod Ry
for all f € M,(Rq) N GL,(L*(Z%, R)).
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Proof. Using the localisation sequence of Theorem 4.13
Ki(Ra) = Ki(Ra[S31]) 5 Ko(Ms (Ra) = Ko(Ra) — Ko(Ra[SZ']) — 0

we show with the same arguments as in the proof of Theorem 4.26 that
induces an isomorphism

0+ Ky(RalS])/ Ry — Ko(Ms,. (Ra)).
Define ¢l as the inverse 6~ ' of §. Then cl,, has the claimed property. [

Definition 5.4. Let (X, a) be an expansive algebraic Z3-action, i.e. M~ €
Mg, (Ry). Then we define

Cloo(X) 1= cloo([M7]) € K1(R4[SL])/ Ry

Next, we want to show that the entropy h(X) of an expansive Z%-action
can be obtained by applying the Fuglede-Kadison determinant to ¢l..(X).

Lemma 5.5. Let f € GL,(LY(Z%,R)). Assume that for all cofinite subgroups
N of 74 it is
det(c(pf) = :]:1,

where f is the image of f in M,(L'(Z?/N,R)). Then
log det\rzaf = 0.
Proof. This follows from Theorem 2.21 and Example 2.18. [
Corollary 5.6. The Fuglede-Kadison determinant defines a homomorphism
log detyza : K1 (Rq[S) /Ry — R.

Proof. Using Lemma 5.5, we show that the Fuglede-Kadison determinant
gives a well-defined homomorphism on K;(L'(Z% R))/R};. The canonical ho-
momorphism K (Ry[S:!])/R; — Ki(L'(Z%,R))/R}; will then give the stated
map.

For every r > 1 and any cofinite subgroup N of Z¢, the diagram

GL,(L(Z¢,R)) —> GL.(LY(Z/N,R))

l det i det

LY(Z4, R)* LY(Z4/N,R)*

commutes, where the horizontal arrows are the canonical reduction homo-
morphisms.

I6)



From Theorem 2.21, it follows that log detrza is well-defined on the infi-
nite general linear group GL(L'(Z%,R)). The Fuglede-Kadison determinant
passes to K;(L'(Z% R)) because elementary matrices have determinant 1
and the diagram above implies that for elementary matrices the condition of
Lemma 5.5 is satisfied.

If f € Ry, then for every cofinite subgroup N of Z4, the automorphism p 7
is just a permutation of the canonical basis of L'(Z?/N,R) and so det p; =
+1. Using again Lemma 5.5, the claim follows. O

Corollary 5.7. The Fuglede-Kadison determinant vanishes on the subgroup
SK1(R4[S]) € Ki(Ra[S))/RS. Thus, the homomorphism

log detyza : K1 (Ra[S)/ Ry — R
factorizes as

« det

K1(Ra[SL) /Ry = RalSLT /Ry

el
Proof. Let f € SL,(R4[SZ']) be a representative of [f] € SKi(R4[SL!]).
Then as in the proof of Lemma 4.27 one shows that detc(pf) = 1 for every
cofinite subgroup N of Z. O

Theorem 5.8. Let o be an expansive algebraic Z%-action on a compact
abelian group X . Then the topological entropy of the action o on X is given
by

h(X) = log detyrga(cloo(X)).

Proof. Let " € GL,(R4q[SZ!]) be a representative of clo,(X) and let s € S
such that the element f = sf’ is in M, (R4). Then by the definition of the
map ¢ in Theorem 4.13 it is

[M7] = [(Ra)"/f(Ra)"] = [(Ra)"/5(Ra)"] € Ko(Ms,,(Ra))
and by Yuzvinskii’s addition formula we know that hA(X) only depends on
the class [M¥] € Ko(Ms (Ry)), i.e. it is h(X) = h(X) — h(X,), where

X, denotes the Pontrjagin dual of (R4)"/s(R4)". By [Sch95], Chapter V,
Example 18.7, (1), and by Example 2.17 we know that

h(Xy) = m(det f) := /'[[‘d log | det f(2)|du(z) = log det nza(det(f)).

On the other hand, we know by Corollary 5.7 that for f € GL, (R4[SZ!]) it is
log detprza(f) = logdetyza(det f). Thus, writing Id,, for the identity matrix
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in GL,, (R4[S!]) we get

log det nrza(cloo (X)) = log det nrza(det(cl
= log det yza(det(f)

= log det yrza(det(f*

= h(Xye) — h(X)

(X))
— log det yrza(det(s - 1d,,))
) — log det yrza(det(s - 1d,,))

h(X).

\_/vg

5.2 The group SK;(R4S.!])

Given an expansive algebraic Z%-action (X, a) we defined an element
cloo(X) € Ki(Ra[SL])/ Ry = SKi(Ra[SL]) @ (RalSL])/ B

So it is natural to study the group SK;(R4[SZ!]) in order to understand
expansive Z%actions.

For so-called special normed commutative R-algebras B, computations
of SK;(B) have been made in [Day76] using topological methods. Even
though R,4[S!] is not an R-algebra, it lies densely in the commutative Banach
algebra C(T?, 1) of continuous functions f : T¢ — C which satisfy f = f o,
where ¢ : T4 — T¢ is the involution given by complex conjugation and f is
the composition of f with complex conjugation on C.

We show that SK;(R4[S!]) surjects onto SK;(C(T%,:)). Using topolog-
ical K-theory we show that, for d large enough, SK;(C(T%,+)) is non-trivial
which proves that SK;(R4[S.!]) # 0.

We proceed as follows. First we shortly define topological K-theory of
real Banach algebras and state some of the fundamental results of topological
K-theory. For example, even though we are only interested in SK;(C(T%,+))
we need the Periodicity Theorem and the higher topological K-groups for
our computations.

Next, we recall some results on SK; of a special normed commutative R-
algebra B. The main points here are that SK;(B) equals the group of path
components mo(SL(B)) of SL(B) and that SK;(B) is isomorphic to SK;(B’)
if B and B’ are special normed R-algebras and B lies densely in B’.

Then we show that, for d large enough, SK;(C(T%,:)) # 0.

Let us start with the definition of topological K-theory of real Banach
algebras.
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Definition 5.9. Let A be a unital Banach algebra and let X be a compact
Hausdorff space. An A-bundle over X is a locally trivial Banach space bundle
whose fibers are finitely generated projective A-modules.

Definition 5.10. For a unital real Banach algebra A and a compact Haus-
dorff space X, let P(X; A) denote the category whose objects are A-bundles,
and whose morphisms are A-linear bundle maps (between corresponding lo-
cally trivial Banach space bundles). The Grothendieck group of P(X; A) will
be denoted by K(X;A).

Note that the additive structure of K(X;A) is induced by taking the
direct sum E @ F' of two A-bundles E, F' over X.

In order to define K-groups for locally compact Hausdorff spaces we first
introduce relative K-groups for compact pairs (X,Y), i.e. Y C X and XY
are compact Hausdorff spaces.

Definition 5.11. Let (X,Y) be a pair of compact Hausdorff spaces, E;, F;
A-bundles over X and «; : E;ly — Fily,i = 1,2, A-bundle isomorphisms.
The two triples (Ey, F1,aq) and (Es, Fy, ) are isomorphic, provided that
there are A-bundle isomorphisms f : Fy — FEy and g : Fy — Fy with

CY20f|Y:g|YOOZ1-

Two triples are called stably isomorphic if they become isomorphic after
adding elementary triples (a triple (E, F,«) is called elementary if E = F
and if o is homotopic to idg in the set of A-bundle isomorphisms). The sum
of two triples (E, F,«) and (E', F', ') is defined by (E® E',F & F ,a® ).
Equivalence classes of stably isomorphic triples form a group which will be
denoted by K(X,Y; A).

Definition 5.12. If X is a locally compact Hausdorff space and X+ = X U
{oo} its one-point compactification, then we define

K(X;A) = K(XT, {o0}; A).

For a closed subset Y C X and n > 0, the higher (relative) K -groups are
defined by
KX, Y;A)=K({(X\Y)xR"A).

We may now define the topological K-groups of a real Banach algebra A.

Definition 5.13. For a unital real Banach algebra we define the n-th topo-
logical K-group of A for n >0 by

Kr(A) = K7 ({pt}; A),
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which gives
KyP(A) = K(R" A) ~ K(B", 5" A),

where B" = {x € R" : ||z|| < 1} and S" ' ={x e R" : ||z|| = 1}. If A does
not have a unit we define

KP(A) = ker(K,(A) — K,(R)),

where A = A x R with multiplication (a,z)(d/,z") = (ad’ +xd’ +x'a, zx') and
the obvious addition is the unitization of A.

Definition 5.14. Let A be an unital commutative Banach algebra. Let ([A])
be the subgroup of KiP(A) generated by the class [A] of the trivial A-bundle.
Note that ([A]) is isomorphic to Z. The reduced Ky -group of A is defined
as the quotient

Ko™ (A) = Ko™ (A)/([A))-
Theorem 5.15. For any unital real Banach algebra A we have
K'(A) ~ m,_1(GL(A)), n >0,
where ,_1(GL(A)) is the (n — 1)-th homotopy group of GL(A).
Proof. See [Sch93], Theorem 1.4.6. O

Theorem 5.16 (Periodicity Theorem). For a real Banach algebra A there

are 1somorphisms
KIP(A) ~ K P (A), n> 0.

Proof. See [Kar78], III, 5.17. O

We say a sequence of Banach algebras and maps
0—-A —-A—-A"—=0

is exact if the underlying sequence of abelian groups is exact, i.e. A’ is a
two-sided ideal in A and A” may be identified with A/A’.

Theorem 5.17. Any short exact sequence of real Banach algebras
0—-A—-A—-A"—=0
gives rise to a long exact sequence in K-theory

R KZOP(A’) — Kffp(A) — Kfl‘)p(A") — Kfﬁ’l(A/) — .
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Proof. See [Sch93], Theorem 1.4.14. O

In the following, it will turn out that topological K-theory provides a very
useful tool to understand SK;(R4[SL!']). The reasons for this are basically
that R4[S!] lies densely in the real Banach algebra C(T¢,.) and that for
a Banach algebra A the group SK;(A) has a topological description as the
group of path components my(SL(A)) of SL(A).

Definition 5.18. Let A be a unitary commutative R-algebra equipped with a
norm || ||. We say A is special if ||a]| < 1 implies that 1 —a € A* for every
a € A. In this case, we will call A a special normed algebra for short.

Example 5.19. Every commutative real Banach algebra A with unit is spe-
cial. If A is a normed R-algebra and A its completion, then the localisation of
A with respect to all elements a € A which become invertible in A is special.

Lemma 5.20. Let A be a special normed algebra. Then the group E,(A)
generated by the elementary matrices is an open, path connected subgroup of
the special linear group SL,(A).

Proof. The proof is given in [Mil71], Lemma 7.1, for A a Banach algebra.
The same proof works in the case of a special normed R-algebra. O

Because E,(A) is path-connected, the group FE,(A) is closed in SL,(A).
Hence, E,,(A) is the component of the identity in SL,,(A), and the quotient
SL,(A)/E,(A) can be identified with the group my(SL,(A)) of path compo-
nents.

It is

SK,(A) = SL(A)/E(A) = lim SL,(A)/E, (A) = lim 7oSL,(A).

Thus, if we give SL(A) the direct limit topology, then the group my(SL(A)) of
path components can be identified with li_n>17roSLn(A). This proves the next
result.

Corollary 5.21. The group SKi(A) is isomorphic to the group mo(SL(A))
of path components of SL(A).

Theorem 5.22. Let B be a special normed algebra and let A C B be a dense
subring with the property AN B* = A*. Then

(i) SK1(A) — SKi(B) is surjective.

If A is also a special normed R-algebra, then the condition AN B* = A* is
automatically satisfied and

80



(i1) SK1(A) — SKi(B) is an isomorphism.

Proof. Assume that A is special. We show that this implies A N B* = A*.
If a € A is invertible in B we pick an element ¢ € A which is close to the
inverse of a. Then ||1 — ac|| < 1 and because A is special it follows that ac
and therefore a are invertible in A.

The proof of (ii) is given in [Day76], Theorem 2.7. To show surjectivity,
the idea is the following: Let b € SL,(B). As B is special, GL,(B) is open
in M, (B). So we may pick an e-ball U.(b) around b which is contained in
GL,(B). Because A is dense in B, U.(b) contains an element a € M, (A).
Let y be the straight path in U.(b) C GL,(B) connecting b and a, i.e. y(t) =
ta+(1—t)b, t € [0,1]. Let §(t) be the diagonal matrix with §(¢)1; = det y(t) "
and 6(t); = 1 for i # 1. Then 67 is a path in SL,,(B) connecting b and 6(1)a.
Now, as A is special, the element deta € A N B* is invertible in A. This
implies that 6(1)a € SL,,(A). As SK;(B) = mo(SL(B)) it is [b] = [6(1)a] €
SK;(B). This proves surjectivity of the homomorphism SK;(A) — SK;(B).

This proof uses only the fact that AN B* = A* and the assumption that
B is special for surjectivity. So the same proof shows that in (i) the map
SK;(A) — SK;(B) is surjective. O

Corollary 5.23. The inclusion Ry4[S '] — C(T9 1) induces a surjective
homomorphism
SK:\(RqSL]) — SEA(C(T*,1)).

Proof. We want to apply Theorem 5.22; (i), to the case A = Ry[SZ!] and
B = (C(T4,1).
It is Rg[SNC(T? 1)* = R[S ']*. To show that Ry[S_!] lies densely in

C(T?, 1), first note that by the Theorem of Stone-Weierstra C[zi, ..., 23]
is dense in the algebra C(T% C) of continuous functions from T? to (C If
p € Clz',...,27"] is an approximation of f € C(T% ), then %(p +p) is
an approxmlatlon of f which lies in R[2,...,2F']. But any element in
R[2, ..., 27"] can be approximated by elements in R[S, so Ry[SL!] lies
densely in C’ (T4, 1). O

We proved that there is a surjective homomorphism SK;(R;[S.!]) —
SK;(C(T?,+)). The next part will be concerned with the computation of the
group SK;(C(T%,.)).

Lemma 5.24. Let A be a commutative Banach algebra. The continuous map
det : GL(A) — A* has a continuous section

s A* = GL(A), a— (a) € GLi(A) C GL(A).

81



The map u : SL(A) x A* — GL(A), (M,a) — Ms(a) is an isomorphism of
topological spaces which induces an isomorphism of groups

7o(GL(A)) = mo(SL(A)) & mo(A7).
Proof. The inverse of the continuous map w is given by
v: GL(A) — SL(A) x A*, N + (N(det N)~! det N).
The continuous maps v and v induce maps
mo(u) : mo(SL(A)) x mo(A") — mo(GL(A))
and
7o(v) : To(GL(A)) — mo(SL(A)) x mo(A*)

which are inverse to each other.

Because the groups mo(GL(A)), mo(SL(A)) and my(A*) are abelian, it
follows that my(u) and my(v) are group homomorphism. Thus, we get a direct
sum decomposition of the group mo(GL(A)) = mo(SL(A)) @ mo(A*). O

Recall that the algebraic K-group K;(R) for a commutative ring R splits

as
det

0 — SK;(R) — K;(R) — R* — 0.

As a corollary to Lemma 5.24 we get an analogous result for the group
K!?(A) for a commutative Banach algebra A:

Corollary 5.25. Let A be a commutative Banach algebra. Define SK\"(A) :=
mo(SL(A)) = SK;(A). Then we have a split exact sequence

0 — mo(A%) — KI(A) — SK(A) — 0.

Proof. By Theorem 5.15 the group K|’(A) is isomorphic to mo(GL(A)).
Then Lemma 5.24 gives the result. 0

Lemma 5.26. Let B be a special dense subalgebra of C(T" ' 1). Then the
natural map Blz, 27 1* — mo(C(T", 1)*) is surjective.

Proof. 1t is proven in [Day76], Lemma 4.2, that if B’ is a special dense
subalgebra in the algebra C(T"~!, C) of continuous complex-valued functions
of the n — 1-torus T"! then B'[z, 27 !]* — mo(C(T™)*) is surjective. We show
that the same proof works in the equivariant situation of our lemma.
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Let r : C* — T be the retraction z — z/|z|. Because the homotopy
between the identity Id : C* — C* and C* - T < C* given by
1+ t|z
|z| +t

C* x [0,1] = C*, (2,t) +— 2

respects complex conjugation, we may identify mo(C(T",¢)*) with the group
[T™~! x T, T]*" of equivariant homotopy classes of maps T"! x T — T. By
an equivariant homotopy H we mean a homotopy H : T" x [0, 1] — T which

satisfies H(z,t) = H(1(z),t) for all t € I = [0, 1].
Thus, in order to prove the claim of the lemma it suffices to show that
the map

(5.1) Blz,z7'* — [T" ' x T, T]*", brsrob,

is surjective. First we note that if two equivariant maps f,g : T" — T are
close enough then there is an equivariant homotopy between them given by

(1—1)f(2) +tg(2)
(1 =) f(2) +tg(2)|

So let f: T — T with f o. = f be given. Then as proven in [Day76], there
exists a homotopy between f and the function g : T" ' x T — T, g(z,z2) =
f(z,1)2" for some n € Z. Note that g satisfies gor = g. A homotopy between
(fg™') and 1 is explicitly given by

™ x1—T, (2,t) —

F:T"'xTxI—T, (z,z21t) — ),

where ¢, : T — R is the unique continuous map such that (fg=')(z,z) =
e'?) for all z € T and ¢,(1) = 0. The uniqueness of ¢, implies

(5.2) $z(Z) = —¢(2) for all x € T" ' and for all z € T.
Namely, if we define ¢,(2) = —¢z(Z), then ¢,(1) = 0 and
¢ = (fg )& 2) = (fg7")(a.2)

Hence, by uniqueness, ¢z(Z) = —¢.(2). Equation (5.2) implies that F' is
equivariant, so that there is an equivariant homotopy between f and g.

Now let j : T" ! — T""! x T be defined by j(z) = (x,1). Because B is
special dense in C'(T""!, ) there is an element h € B* such that roh is close
to foj,ie. [roh|=|[foj]in [T} T]*. Thus,

[r o (h2™)] = [(roh)z"] = [(f 0 j)2"] = [g] = [f] in [T"" x T, T]*",

which proves that the element hz" € Blz,27'] is mapped to [f] under the
map (5.1). O
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Theorem 5.27. Let X be a compact Hausdorff space with an involution 7.
We denote by C (X, 7'_) the Banach R-algebra of continuous functions f : X —
C such that foT = f. Then

KP(C(X x T, 7 x 1)) = K°(C(X,7)) ® KXP(C(X,T)).

Proof. Let A’ be the real Banach algebra
A ={J:R = C(X.7): f cont., i [F(D)] = 0.7,(&) = fa(7a) .

Then the result comes from the exact K-theory sequence attached to the
split exact sequence
’ fef(z1)
0—-A—-CXxT,7rx)” =7 C(X,7)—0
and the fact that KP(A’) is isomorphic to K/, (C(X, 7)), see [Sch93], The-
orem 1.5.4, for more details. 0

We define By = R and for n > 1 let B, := B, [z, 27][Sg], where

oo, R
Seor = R[z{, ..., 2F N C(T", 1)* (to be precise, S, r depends of course on

rn

n but for simplicity we omit the n in the notation). B, is a special R-algebra
dense in C'(T",¢). There are natural homomorphisms

0+ Ki(Byafz,271]) — K (C(T",0)),
0" SKy(B,_1[z, 271]) — SK!P(C(T™, 1)),
o' By [z, 27" — mo(C(T™,0)*)

which all are induced by the inclusion B, [z, 27! — C(T", ).
In order to compute SK; (C(T", 1)) we compare the commutative diagrams
(5.3)
0— B, 1]z, 27" —= K1(B,_1]z2,27Y]) —=SKi(B,_1[z, 27!]) —=0

Tk :

0——m(C(T",0)") ——= Ki(C(T", 1)) SK{(C(T",1)) —— 0

and
(5.4)
0

Ki(Bn-1) Ki(Bp-1[z,271) Ko(Bp-1)

: : -

0 — Ky"(C(T", 1) — K (C(T", 1) —— K (C(T" 1)) —= 0,
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where the homomorphisms 0,60 and 6" in the second diagram are again in-
duced by the inclusions B,,_1[z,27'] € C(T",¢) and B,_; C C(T""1,4).

Only the commutativity of diagram (5.4) needs a justification. By Theo-
rem 5.27 we know that K;P(C(T", 1)) = K} (C(T" ', 1))@ K P (C(T" 1, 1)),
but to prove the commutativity of (5.4) we follow Swan’s proof of the iso-
morphism

K1”(C(X x T,C)) = Ky”(C(X,C)) & Ky (C(X, C)),

where X is a compact Hausdorff space, in [Swa68].

Let F' be a contravariant functor from topological spaces to groups. We
say a,b € F(X) are homotopic if there exists some g € F(X x I), I =[0,1],
such that F(ig)(g) = a and F(i1)(g) = b, where ig,4; : X — X X I are the
inclusions ig(x) = (x,0),4;(x) = (z,1). Then one can define a new functor
be identifying homotopic elements in F'(X).

We want to show that the canonical homomorphism of algebraic K-groups

Fy(C(T" o)z, 271]) — Ko (C(T7,0)),

which is induced by the inclusion C(T"" !, 1)[z,271] — C(T",:), induces an
isomorphism after identifying homotopic elements on both sides, i.e one has
an isomorphism

(52)1(0(?1“"_1, [z, 27)/(hom.) — K (C(T™,))/(hom.) = K[**(C(T",)).
Then the decomposition of K;(C(T"!,¢)[z,27!]) into

K(C(T" ) [z,271) = Ki(C(T" 1)) @ Ko(C(T"0) @ W,
where W is the subgroup of K;(C(T"!,1)[z,27!]) generated by elements
I+ (z—1)N,I+ (27! —1)N, I the identity matrix and N a nilpotent matrix

with entries in C(T""!, 1) yields the isomorphism

Ei(C(T", )]z, 27 1)/ (hom.) = Ky*"(C(T" ™, 1)) @& Ko™ (C(T", 1))
= K”"(C(T",0))

because the elements in W are homotopic to I and
Ko(C(T" 1, 1)) /(hom.) = Ko(C(T™,0)) = KP(C(T™ 7, 0)).

(5.5) is proven in [Swa68], Lemmata 17.4-17.8, in the case C(T", C). But the
same arguments work in the case C(T", ) which gives equation (5.5).
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Because the summands K;(B,_;) and K{”(C(T"' 1)) are embedded
in K1(B,_1[z,27"]) and K{®’(C(T", 1)) by the homomorphisms induced by
the inclusions B, 1 C B,_1[z,27'] and C(T"!,1) € C(T", ), respectively,
and because we have shown that the splitting of K|”(C(T",)) comes from
the splitting of the algebraic K-group K;(C(T" ! 1)[z,27']) we see that the
arrows in diagram (5.4) commute.

We summarize what we know about the diagrams (5.3) and (5.4) in the
following proposition.

Proposition 5.28. The following holds:

(i) The commutative diagrams (5.3) and (5.4) have exact rows.
(i1) 0" and o' are surjective.

(11i) " is injective.

Proof. (i) follows from the previous discussion.

By Lemma 5.26 ¢’ is surjective. It is K1(B,—1) = B}_; & SK;(Bn-1)
and K{(C(T"1,1)) = mo(C(T™ 1, 0)*) @ SK{(C(T" 1, 1)). Because B,,_;
is special dense in C(T""! 1) the map B} ; — m(C(T"!,1)*) induced by
¢’ is surjective. By Theorem 5.22, (ii), also the induced map SK;(B,_1) —

SK{’(C(T", 1)) is surjective. This shows that 6’ is surjective.
For (iii) use [Day76], Proposition 4.1. O

Corollary 5.29. There is an exact sequence

0 — SKi(Bn_1[z,27Y]) — SK!P(C(T", 1)) — KP(C(T" 1, 1)) — 0.
Proof. We proved that ¢ : SK{(B,,_1[z, 27!]) — SK{(C(T", 1)) is injective.
The exact sequences (5.3) and (5.4) induce exact sequences

coker ¢’ — coker 0 — cokero” — ()

and
coker ' — coker § — coker§” — 0.

Because ¢’ and ¢’ are surjective, we have coker§ ~ coker §” and coker o =~
coker ¢”. Using furthermore that § = o, we may identify the cokernel of ¢ :
SKy(Bp_1[z,271) — SK!P(C(T", 1)) with the cokernel of 8" : Ko(B,_1) —
K (C(T™1,0)).

The ring B,_; is a localisation of R[z", ..., 2"",]. By Theorem 4.11 we
know that Ko(R[z7, ..., 2",]) = Z and with the Localisation Sequence 4.13

we deduce that also Ko(B,-1) = Z. Thus, we may identify the cokernel of 6"
with the reduced K-group K{®(C(T""!,.)). This gives the exact sequence
of the lemma. 0
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Lemma 5.30. It is SK|(B,_1) ~ SKi(B, 1z, 271]).

Proof. By Theorem 4.11 it is

(5.6) Ki(Bn_1]z,27Y]) = Ko(Bn_1) @ Ki(Bn_1) = Z @® K{(B,,_1).
On the other hand, it is

(5.7) Ki(B,_1[z,27'])) =SKi(B,_1[z, 27 ') ® B _, @ Z.

Comparing equations (5.6) and (5.7) we deduce that SK;(B,_1) has to be
isomorphic to SK;(B,_1[z, 271]). O

Applying Theorem 5.27 to C'({pt},id) = R yields:
Proposition 5.31. There is an isomorphism
K7 (C(T,0) = K7 (R) @ K7 (R).
Proposition 5.32. The structure of KP(R) is given by

Z, n=0,4 mod8
K!P(R) = { Ty, n=1,2 mod38
0, n=3,56,7 mod8§ .

Thus, by Proposition 5.31 we get

7, n=0,4,5 mod 8
7 ® oy, n=1 mod8
KYP(C(T, 1)) =< Fa ®Fyy, n=2 mod38
IFs, n=3 mod
0, n=6,7 modS§.

Proof. See [Kar78|, III, Theorem 5.19. ]

The next result follows from Theorem 5.27 by applying it to the Banach
algebra C'(T"1,1).

Proposition 5.33. There is an isomorphism
KP(C(T™, 1)) ~ KPP(C(T" 1, 0) @ K27 (C(T™ 4, 0).
Proposition 5.34. Let n > 1 be a natural number. Then
SKP(C(T™, 1)) = 0 for n < 4.
Forn >5 it is

SK™(C(T",1)) # 0.
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Proof. Because R[z, 27!] is dense in C(T,:) we have
SK,(C(T,:)) = SK;(R[z, 27']) = 0.
For n > 2 we use the exact sequence of Corollary 5.29
0 — SK;(B,_1[z, 271]) — SK!P(C(T", 1)) — K(C(T" 1, 1)) — 0,
the isomorphisms
(5.8) SK1(B,_1[z, 27']) ~ SKy(Bn_1) ~ SK{(C(T" 1, 1))

and Propositions 5.31, 5.32, 5.33 to compute SK}’(C(T", 1)) inductively. We
have

SK,(C(T?,1)) ~ KP(C(T,:)) =0
SK1(C(T?,1)) ~ K™ (C(T?,1)) ~ Ky (C(T, 1)) & K;”(C(T, 1)) = 0
SKy(C(T*, 1)) =~ K™ (C(T?,1)) & K¢ (C(T, 1)) & K;(C(T, 1)) = 0
SK1(C(T%, 1)) ~ K{™(C(T*, 1)) ~ K (C(T2,1)) @ KX (C(T2, 1))

~ KP(C(T?,1)) @ K& (C(T?, 1)) ~ K¥P(O(T, 1)) ~ 7Z

With the exact sequence of Corollary 5.29 this implies SK{”(C/(T", 1)) # 0
for n > 5. O

These calculations now imply the main goal of the section. Namely, com-
bining Corollary 5.23 and Proposition 5.34, we get the following result:

Theorem 5.35. Let d > 5. Then SKi(R4[S:!]) # 0.

We finish this section with a short application of Theorem 5.35 to the
theory of expansive Z?-actions.

Application 5.36. Using Theorem 5.35, we can show that there exist expan-
sive Z%-actions on a compact abelian group X such that the SK;- component
of cloo(X) € SKi(Ru[SH]) @ (Ra[SL)*/ Ry is non-trivial.

Namely, let d > 5 and let f € GL,(R4[S%!]) be a representative of a
non-zero element [f] € SK;(R4[SZ!]). Let s € S such that sf € M,(Ry).

Put Xsf = (Rd)n/(Rd)nSf Then

cloo(Xop) = [f1] @ [s"] € SKi(Ra[SL]) @ (Ra[SL))"/ Ry

88



Open Problem 5.37. Let a be an expansive Z%action on X. Let
Cloo(X) = [fx] @ det(clo (X)) € SKi (Rg[SL]) @ (RalS])"/ R

The element det(cl(X)) has a dynamical interpretation insofar that we
know that the topological entropy of « is given by h(a)) = log det yrza(det(cloo (X))).
It would be interesting to know if there is a dynamical interpretation of the
element [fx] € SK;(Ry[S!]) or of some ”"mathematical object” which is
derived from [fx].
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Chapter 6

Periodic p-adic entropy in the
case of the discrete Heisenberg

group

Let I' C SL(3,Z) be the discrete Heisenberg group, generated by the matrices

100 110 101
x=(0i1]),y=(010), 2= (010
001 001 001

with the commutation relations

rz =2z, yz = 2y, y'a* =FylM ke Z.

In this chapter we want to compute the periodic p-adic entropy Ay per(Xy)
of Xy for certain l-units f € 1+ pZI'. By Corollary 2.30, we know that
hy per (X 7) exists in this case. The computation consists of two parts.

First, for a suitable sequence I',, — e of cofinite normal subgroups of I'
we need to compute the orders of the fixed point sets Fixp, (Xy). This has
been done by K. Schmidt in order to compute the usual entropy of X; in the
expansive case. Then we have to determine the limit

. 1 .
hp,per<Xf) - nh—>nolo m ' lng |F1XFn (Xf)|

For the usual entropy of Xy Schmidt gets a formula involving the Mahler
measure of some polynomials attached to f. In the case of the p-adic entropy
we will get a formula involving the p-adic Mahler measure.

In Section 6.1 we introduce the Shnirelman integral and the p-adic Mahler
measure attached to certain Laurent polynomials over C,. We prove a
Fubini-like result for the Shnirelman integral (Lemma 6.4) and a result
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that states more or less that for a uniform covergent family of functions in
C,(zi!, ..., z51) taking the limit function and Shnirelman integration com-
mute (Lemma 6.3). We will use these results in the calculation of the periodic
p-adic entropy in Section 6.2.

In Section 6.2 we first recall Schmidt’s calculation of the number of fixed

points in Xy under the action of certain subgroups I',, of I'. Then we calculate
hp,per (X f) .

6.1 The Shnirelman integral and the p-adic
Mahler measure

Let T)' = {# € C} : || = 1,1 < i < n} be the p-adic n-torus. The
Shnirelman integral of a Cj-valued function on T} is defined by

[ 10T = 350

(N,p)=1 CERY
if the limit exists, where i denotes the group of N-th roots of unity in 7,,.

Notation: For a multiindex v € Z™ we set min |v| = min{|v1],..., |va|}.

For an element f =3 . a2} ... 2% € Cplzi!, ..., 25") we will just write

[ = >, czn a2’ when there is no need to be more precise. The algebra
C,(z, ..., 2FY) is defined as

rn
n
Co(zit, ..., 25 = { Z 20t o i xy, € Cy, x|, — 0 for Z ;| — oo}.
vezn i=1

Lemma 6.1. Let f = z{" ...z € C,[21, ..., 2] be a non-constant mono-
mial. Assume N > min |v|. Then

> rQ)=o

CeEMy

Proof. We may assume |v;| = min |v|. Since

SO =D o > G

CEURN GLEun ¢2y--sCnEUN

the general case will follow from the case n = 1. Then we may assume that
f = z¥ where v is a positive integer because changing the sign of v does not
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change the sum ., f(C). Let d = (v, V) be the greatest common divisor
of v and N and let s = N/d. From the exact sequence

v

O—>,Ud—>,UNC—§ ps — 0

we see that

D =d- )y n=0,

CELN USTE

because the sum of all s-th roots of unity is zero which follows from comparing
coefficients of 2* —1 =], ., (¢ —n). O

Lemma 6.2. Let f(2) = Y, cpn a2z’ € Cplzi', ... 25" be a convergent
Laurent series on T)}. Then

/; f(z)% .

Proof. For any N € N we may write f as a sum f = frin<ny + fmin>ny Where

. V1 1% _ 141 v,
Sfoinen = E a2t ...z and finsn = E ayzit ..oz

veZ™, veZ™,
min |v|<N min |v|>N

Then by the previous lemma we have under the assumption (N,p) =1

‘%Zﬂo-ao:\%mem«v( ~ a0t 3w 3 Fune(C '—

Cenly CeMyy Cenly

) agr gl <

Ceply {v: min [v|>N}

max |a,l|.
{v: min |v|>N}

Since maxyy: min |v|>N} |av| — 0 as N — oo the assertion follows. O]

Lemma 6.3. Let (fi)ien, fi = D ezm a2 e C L2 2 be a family
of convergent Laurent series on ). Assume that for every e > 0 there exists

a natural number r € N such that |al(,i)| < ¢ for all v with min |v| > r and for

all i € N. Then

i ( S Tnﬁ(Z)%) 0.

(N,p)=1 Ceny
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Proof. Under our assumptions the proof is the same as the proof of Lemma
6.2, i.e. we have for any i € N and any N € N with (NV,p) =1

1 4
— fi(¢) — i max a?|.
‘Nn CGZ}L" ( ) ( ) {l/ m1n|V\>N}‘ ‘
N
Since maxyy: min [v|>N} |a,(,i)| — 0 as i, N — oo the assertion follows. O

Lemma 6.4 (Fubini for the Shnirelman integral). Let f be a convergent
Laurent series on T)}. Then

/;f(z)%I/Tp...( Tpf(zl,...,zn)dz—?)...dz—?_

Proof. For zs,...,z, €T, the function

fzz,...,zn : Zl — f(Zl7 227 .. 722) = Z < Z aVlyVanyVnZ;Q ttt Z;;n>21’/1

VEL va,...Un€EZL

is a convergent Laurent series on 7}, in the variable z;. By Lemma 6.2, we

have d
Zl v v

v2,...,Un€Z

[teration gives the result. ]
Proposition 6.5. Let
f=asi (L4 g() € Gl .. 22

where a € C;, v € Z" and g G my[2t, ..., 25 be a Laurent polynomial
which is a umt in Cp(2, ..., 2FY. Here, m, = {x € C, : |z], < 1}. Then
the Shnirelman integral

)= [ g

exists and 1s given by
my(f) = log,a+ by

where by is the 0-th coefficient in the Laurent expansion of log,(1+ g(z)) on
r.
p
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Proof. The function log, f : T} — C, is well-defined. Because it is log,(zy) =
log,(7) + log,(y) for all z,y € C;, log,(1) = 0 and because C, has no zero-
divisors, we deduce that log, vanishes on the set of all roots of unity. Using
this and Lemma 6.2 we conclude

() = myla(1 + g(=)) =loga-+ [ og,(1+9(2)F ~log, a+ b

]

Definition 6.6. Let f be as in Proposition 6.5. The value m,(f) is called
the p-adic Mahler measure of the Laurent polynomial f.

6.2 Calculation of the periodic p-adic entropy
in some cases

Let us return to the discrete Heisenberg group I'. We denote by x,y,z € '
the generators of the discrete Heisenberg group as stated in the introduction
of Chapter 6. First we note the following simple fact.

Lemma 6.7. Every element v in I' has a unique expression of the form
v =™y 2" my, mo,m3 € Z, i.e. there is a bijection of sets
[1: 22 =T, (my,mg,ms) — [my,mg,mg] := a™y™2"

Proof. Using the commutation relations we can write every v € I' in the form
v = x™y™2z™3. For the uniqueness it is enough to note that x™y™22"3 = Id
if and only if m; = my = m3 = 0. This can be seen from the operation of
x™y™2 2™ on the standard basis ey, €9, e3 of Z3. For example e3 is mapped
to es + miey + mgep under ™ y™22"™3. So my = mg = 0 if 2™ym2z™ = 1d
and then my = 0 follows immediately. ]

Now, let f = > ray,y € ZI'Nco(l')*. Recall that f* is defined as
fr =2 cra,~1y. We may write f* in the form

(6.1) =0 a6 (y, 2).

mi1€EZ

Here, the ¢,,, € Z[Y*!, Z*1], m, € Z, are integral Laurent polynomials in the
variables Y, Z and ¢, (v, z) is the element in ZI' obtained by substituting
y and z for Y and Z, respectively. Note that by Lemma 6.7, the ¢,,, in
equation (6.1) are uniquely determined.
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We consider the dynamical system

Xy =ker(py - (R/Z)[[T]] — (R/Z)[[T])),

where py is the right multiplication with f* on the group (R/Z)[[I']] of infinite

formal series with coefficients in R/Z. The algebraic I'-action A on X is given

by left multiplication with elements v € I", see Section 2.1 for more details.
For every ¢,7,s > 1 we define a normal subgroup I'y, ; C I' by

(6.2) Ty = {(é * é%) cabce Z}.

00 1

Let us recall Schmidt’s calculation of
|Fixr, ., (X7)| = = det(py : Cy[[T]]F+7 — Cy[[T]) o),
where
C,[[[]] o = {w € C,[[[]] : \w = w for every v € [',,..}.

This is done by decomposing £ = C,[[[']]'+"* into irreducible subspaces of
:= py and calculating the determinant of p on each of these subspaces.
For every (,n,0 € T, = {c € C, : |c| = 1}, we introduce the element
w©m¥) € Map(T', T,,) given by

W& = emprrgns (), ng) € 7.

[n1,m2,m3]
The left and right shift actions A and p of I' act on w¢™%) by

(63) )\[ml »m27m3]w(4777’0) — C_ml ,r]_m2 Qm1m2—m3w(g‘9—m2 717,0)

Y

(6.4) p[ml’m2’m3]w(c”7’9) = (MM 134 (EnO™1,0)

for every (my,mo, ms) € Z3.
For every ¢ > 1, every ¢-th root of unity ¢ and every (,n € T, we write

Licnoy = (PwS™ y eT) = (@ | e 7)

for the cyclic subspace of p generated by w(¢"? . We have dime, (L) =
0(0), where o(#) is the order of #, and

(6.5) Licno) = Lcnor o)

for every k € Z.
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If 6 =1, then

det(pfiﬁ(g,n,i)) - f*(CJ n, 1)

Again, the expression f*((,n,1) € C, means that in the equation (6.1), we
substitute ¢,n and 1 for x,y and z, respectively.
If¢g>2and# is a primitive g-th root of unity, then every v € L, ¢) is of

theformv—zq Ocv Wlthc cC, and v0) = (Cn0’.0) Jforj=0,...,q—1.

Furthermore,
q—1
pfv(") _ Z Cbi,jU(j)
§=0

with
= S Fraimm GO = 3 GG (0, )
k,mo,m3€EZ ez

fori,7=0,...,9g— 1. Hence

( )

where
@ R
Acno) = ( : 5 )
ag—1,0 -+ Gg—1,q—1
Note that
(q) _ (q)
(6.6) det(A(c 7,0 )) = det(A(w 1,0 ))
(q) _ (q)
(6.7) det(Ac, ) = det(A(c nov’ 0>)

for every k, k' € Z and every primitive g-th root of unity #. Equation (6.6) can
be deduced from the Leibniz expansmn of the determinant, while equation

(6.7) follows because the matrix Al (Cnd* ) describes the endomorphism py

with respect to the basis 9 = (10" s N0<j<qg—1.

Lemma 6.8. Let q,r,s be rational primes with q # s and q # r. Con-
sider the space L = C,[[[']]" o= introduced earlier. Then L has the following
decomposition into p-invariant subspaces:

(6.8) L= P Lnme P P PLiwo
(€ gr MELgs {9#129‘1:1} CEpgr NEPs
It follows that

Fixr, (X)) == [[ rn- I 1] I det(Acan)

CELgr MELgs {0#£1:09=1} (Epr NEUs
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Proof. By equation (6.3) the function w79 is an element of £ for every
¢,m,0 with (7" = 1% = #7 = 1. Furthermore, it is dim(L) = [T%"*| = ¢*rs.
Thus, in order to show that the set

{w9) 1 (0.0 € €, (7 =y = 67 = 1)

spans L, we only have to show that this set of functions is linearly indepen-
dent.

This can be proven similarly to the way one proves linear independence
of a set of distinct characters on a group: Assuming a non-trivial linear
combination of 0 with a minimal number of functions w79 ¢ € fgrs T €
figs, 0 € p14, one uses the operators p®1:% and pl®1 to show that the functions
involved do actually depend on the same parameters for n and ; otherwise
we would get a contradiction to minimality. But the linear independence of
a family of distinct functions w¢"%) with 7,6 fixed and ¢ running follows
because these are characters on the subgroup of I' generated by the element
rel.

Using (6.5) and the fact that u, x ps =~ 1,5 we see that formula (6.8) gives
the desired decomposition of £ into p-invariant subspaces.

The formula on the fixed points follows by taking the determinant on
each of the p-invariant subspaces. Here, we use that by formula (6.6) it is
for n and 0 # 1 fixed

H det(A(Qn 0) H det («, 7779)

Ceﬂ'rq CEpr
O
In the following we introduce some notation which will be useful when
we consider the matrices A(Z) o) for varying choices of ¢ or when we Want to
emphasize that for some of the parameters (, 7,6 fixed we consider A ()

or functions derived from Aggn g) 85 a function of the remaining non-fixed
parameters.

Definition 6. 9 Let f* =%, 2™ Om(y,2) € ZI'. For q € N we define
the matrix A Xy € My(ZIXFL, Y ZF) by

aff) =3 XTIy (Y 2, 2)
keZ

fori,5=0,...,9—1. We define

¢ (XY, Z) = det A

vz c Z[X:tl’yil’zzl:l}.
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For ¢,n,0 € T,, we define

95" (X,Y) = det ALy, € ZIG= (X, Y],
Gy (X) = det A ) € Z[O* ™)X+,

(0 _ (q) 1 ptl 41
g(g,nﬁ)_detA(g,n,o)EZ[C 07

In the following, we assume f € ZI" to be a 1-unit of the form

k
[ = Z ﬂfihi(y, z).

=0

The next step in the computation of the periodic p-adic entropy of X is the
following result.

Lemma 6.10. Let [ = Z?:o 2'hi(y,z) € 1+ pZU so that f* = ¢o(y,2) +
oA x ko iy, 2). We denote by f*(X,Y, Z) the Laurent polynomial in three
variables attached to f*. Then the following holds:

(1) It is f*(X,Y,1) € 1 + pZ[X*, YE]. In particular, the p-adic Mahler
measure m,(f*(X,Y, 1)) exists and is given by

my(f7(X, Y, 1)) = my(¢o(Y, 1)).

(2) We have
q—1
900 = [T 0006",0) + > C'Ri(,0) € 1+ pzIC 5™, 6%,
i=0 1<0

where the R; are Laurent polynomials. In particular, forn,0 € T, fized,
the p-adic Mahler measure of the function

9§Z?@) (X): T, =G (= 9((330)@

exists and is given by



(3) Let 0 € u, be fized. Then the function

0= my(g L (X))
is integrable over the p-adic torus T,,, and we have

d
| (a0 = 0 my(n(Y.0))

(4) The results (2) and (3) can be summarized in the way that for 0 € p,
fized it is
mp(gy” (X,Y)) = q - my(90(Y.0)).

Proof. (1): Ttis f* = ¢o(y,2)+...+2 % _1(y,2). As ¢o(y, z) € 1+pZI and
oi(y,2) € pZT,i = —1,...,—k, we have f*(X,Y,1) € 1 + pZ[ X+, Y*!]|. By
Proposition 6.5 we know that m,(f*(X,Y, 1)) exists. Then by Lemma 6.4 we
can calculate m,,(f*(X,Y, 1)) by first integrating log, f*(X,Y, 1) with respect
to the variable X and integrating with respect to Y afterwards. Again by
Proposition 6.5 we know that the result of the first integration is the 0-th
coefficient of the Laurent expansion of log(f*(X,Y,1)) with respect to the
variable X. But as f*(X,Y, 1) is a polynomial in X!, the 0-th coefficient of
log, f*(X,Y,1) is just log,(¢o(Y, 1)). Integrating this expression with respect
to the variable Y, we get the result stated in (1).
(2): The entries in the matrix A, ) are given by

a;j = Z 7 gi(nf', 0)
keZ
fori,j=0,...,q—1. As f* = ¢o(y,2)+...+ 2 "p_k(y, 2), the ¢ ,—; in the
definition of the a; ; are non-zero only for j + kg — i < 0. Thus, we see that
the a; ; are polynomials in (7! with coefficients in Z[n*!, §*']. Furthermore,
the a; ; have a constant ¢ term if and only if 7 = j, which is then given by

¢o(nd,0). Then from the Leibniz expansion of det(AEZl7 9)) we get the result

about det(Agg?nﬂ)) stated in (2). As the function 9((2?9) (X) is a polynomial in

X! with constant X-term equal to []%Z, ¢o(n6", 0), it is

(o)) = ou, [T entre') )
(3): By (2) we have

T - d
[ oS =3 [ togontnet0)”
T, n =0 /Tp

Ui
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To calculate the right-hand side of the above equation, we have to expand
the functions
log, 010", 0) = > @;(6", 0}’
JEZ
into Laurent series in the variable n and then take its O-th coefficient. But
it is
Dy(6°,0) = Do(1,0), i=1,...,q—1,
because @ gives the constant part in the Laurent expansion of log,, ¢g (nd*,0)
as a function of 7, and #' and n are in the same argument of the function
log ¢o(nd,0). So we get

q—1
ZZ_;/TP 1ng ¢0(778i78)057—77 = q/ 1ogp oo (n, 0)% = q-my(o(Y,0)).

P

(4) follows from (2) and (3) using Lemma 6.4.

Lemma 6.11. Let f* = Zf:o ¢ _i(y,2) € 1+ pZT. For q > 1, let

g(XY, Z) = det A, =D ROV, Z) X e ZIX T v ZH)
j=0
and
foi=logg® =" aDX"Y27" € QX Y, Z*H) .
vEZ3

Then the following holds:
(i) For all g > 1:

A9 —1=0 mod p and
h§~q)50 mod p' for (t —Dk+1<j <tk,t>1.

(it) The family (f,)qen fulfills the condition of Lemma 6.3, i.e. for every

e > 0 there exists a natural number r € N such that ]a,(,q)] < e forallv
with min |v| > r and for all ¢ € N.

Proof. That p divides héq) — 1 follows because ¢ is a 1-unit. For the second
(9)
1,J
Furthermore, the summands in the Leibniz expansion of ¢(? that contribute
to the X-degree of g(@ are divisible by p. Part (i) follows from this.

For (i) we just have to plug ¢@ into the logarithmic series. Part (i)

part of (i) note that the entries @;"; all have X-degree less or equal to —k.

then implies that for || large enough |a,(,Q)| will be smaller than any ¢ > 0
independently of q. ]
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Theorem 6.12. Let f = ho(y,2) + xhi(y, 2) + ... + 2Fhy(y, 2) € 1 + pZT.
Write f* = ¢o(y,2) + ... + 2 %¢_(y, 2). Then the periodic p-adic entropy of
Xy is gwen by

hp(Xy) = myp(do).

Proof. We choose increasing sequences of prime numbers (qy,), (), (Sn), n €
N, with r, = s, # ¢, for all n € N. We write I';, for the normal, cofinite
subgroup Iy, ;5. of I' as defined in (6.2). Then I', — e and according to
the definition the periodic p-adic entropy of X is given by

1 )
hypper(X7) = hm (F T log, |Fixp, (X))

We will omit the index n in the following. By Lemma 6.8 it is

Ppper(Xy) = I, 2( > log, f{(CnDta Y D, logpg(cne))‘

q#T prime ¢MEHgr 0cpg\{1} ¢;nEpr

In Lemma 6.10 we proved that m,(f*(X,Y,1)) = m,(éo(Y,1)). It follows

(6.9) lim ( 5,3 Z log, f*(¢,m, 1) — %mp(gf)o(y’l))) =

q,7r—00

q#T prime CNEHgr
g, LS o, PG D) - (o) = o0
q#r prime q q CT]E/L

Now for 6 € p, consider the family of functions g(q) (X,Y). We claim

q,r—00
q# prime ¢mEpr

(6.10) lim < > log, (957 (¢.m)) — my(gs! (X,Y))) = 0.

Equation (6.10) follows using Lemma 6.11, (ii), and Lemma 6.3.
Now, equations (6.9) and (6.10) together with Lemma 6.10, (4), imply

qlranoo @A 2( Z logp (¢,n, 1) +q Z Z logp C779>:

g#r prime ¢NEHUgr 0€ug\{1} ¢mepr

i, <m0 D)+ 3 mlen(vi6)) =

gr—00 ¢

g#r prime 0cpq\{1}
o1
Jim = > my(60(Y.0)) = my(60).
O€pq
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Chapter 7

Remarks on p-adic
expansiveness, p-adic entropy
and the p-adic Banach algebra

co(T)

In this last chapter we address some open problems. Recall that one of the
initial questions was, if there exists a dynamical criterion for the existence of
the periodic p-adic entropy.

Section 7.1 deals with this question insofar that we give an example of an
p-adically expansive algebraic Z-action whose periodic p-adic entropy does
not exist. On the other hand, we also provide an example of an algebraic
Z-action whose periodic p-adic entropy exists but which is not p-adically
expansive.

We used the p-adic Fuglede-Kadison determinant to define a notion of
p-adic entropy for p-adically expansive Zd-actions (see Chapter 4). Even
though a general dynamical interpretation of the p-adic entropy remains
open, our definitions were justified by the facts that for f € M, (Ry) N
GL,(co(Z%)), the Z%action on X is p-adically expansive and the periodic
p-adic entropy hy, e (X5) of X¢ coincides with the p-adic entropy h,(Xy) of
Xy

Section 7.2 is concerned with the question whether there are several ways
to define a notion of p-adic entropy which for systems Xy, f € M,(Ry) N
GL,,(co(Z%)), coincides with the periodic p-adic entropy of X;. We observe
that for expansive Z?-actions, the assignment which associates an expansive
Z%-action its entropy is uniquely determined by additivity, monotonicity and
the values of the entropies of the X’s. In the p-adic case, the answer remains
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open but it leads to another interesting open problem.

In Section 7.3 we think of a possible generalisation of the notion of p-adic
expansiveness for algebraic actions of countable abelian groups I'. On the
one hand, the case I' = Z? suggests to call an algebraic I'-action on X p-
adically expansive if and only if the dual module M~ is a finitely generated
Sp-torsion module, where S, = ZI' N ¢o(I')* . On the other hand, there is an
algebraic criterion of expansiveness for algebraic actions of countable abelian
groups I' which has a direct translation into the p-adic setting. Section 7.3
contains a comparison of these two criteria.

In Section 7.4 we discuss some algebraic properties of the p-adic Banach
algebra co(I") for I" a residually finite group.

7.1 Two examples concerning periodic p-adic
entropy

Example 7.1. Let p # 2 be a prime number and consider the R;-module
Foo := Folt, t ']/ (> +t +1) = Fyt] /(2 +t +1).

This is the finite field with 4 elements consisting of the elements 0,1,#,¢ + 1
which are mapped to 0,%,#4 1,1 under the action of ¢ € Ry, respectively.
Because Fy2 is finite the Pontrjagin dual Fy2 of Fq2 is naturally isomorphic
to Fao.

Let S, denote the multiplicative system S, = Ry N¢o(Z)*. The Z-action
on I@ is p-adically expansive in the sense of Definition 4.16, i.e. Fq2 is an
object of the category Mg (R;) of finitely generated S,-torsion R;-modules.
By Lemma 4.35, it is [Fs2] = 0 € Kq(Mg(Ry)) so that hp(ﬁ;z) = 0.

We show that the periodic p-adic entropy of the Z-action on Fy2 does not
exist,. . -

It is Fixsz(Fy2) = Fg2. Let 71 be a natural number not divisible by p and
for n > 1 choose r,,1 € N with r,,,; > r, so that the difference r,,; — 7, is
not divisible by p. Then (i log,, |Fixs,,z (@) |)nen is not a Cauchy-sequence.
Thus, for I';, = (3r,Z) — 0 the limit

_ . 1 ' _
hpr, (Fy2) = lim — log, |Fixs,, z(Fs2 )|

n—oo Ty,
does not exist.

The next example illustrates that for some algebraic Z-actions the peri-
odic p-adic entropy exists for trivial reasons.
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Example 7.2. Let a be the Z-action on X := @ dual to multiplication by
3/2 on Q. For any natural number n it is

Fix,z(X) = Q/((3/2)" = )Q = {0}.
So for any sequence of subgroups I',, — 0 it is
hp,l—‘n (Oé) = 0.

Note that the topological entropy of « is h(a) = log 3, see [LW8S].
Here, the R;-module Q is not noetherian which implies that the action «
on X cannot be p-adically expansive.

7.2 A comment on uniqueness of p-adic en-
tropy

Let Mg, (R,;) be the category of finitely generated Sy -torsion R4-modules,
S = Ry N LY(Z4, R)*. By Theorem 5.2, an algebraic Z%action o on the
compact abelian group X is expansive if and only if MX € Mg_(Rq).

We have the following uniqueness result concerning the entropy of expan-
sive Z-actions:

Proposition 7.3. We identify the category of expansive Z-actions with the
category M. (Rq) via Pontrjagin duality. Let v be an assignment which
associates to every M € Mg__(Ry) a non-negative real number and satisfies
the following conditions:

(1) v is additive in short exact sequences.

(i1) v is monotone, i.e. if there exists a surjective homomorphism
M — M —0itisv(M) <ov(M).

(111) It is v(M) = logpdetzd(f) for M = (Ry)™/(f - (Ra)™),
f € M,(Ry) N GL,(LY(Z% R)).

Then v equals the entropy h.

Proof. Let M € Mg_(Ry) and let {0} = My C ... C My = M be a prime
filtration of M. It follows by additivity of v

s

v(M) = ZU(Rd/Pi)> p; € Spec(Ry).

i=1
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As in the proof of Theorem 3.28 one shows that for non-principal prime ideals
p it is v(Ry/p) = 0 = h(R4/p). For a principal prime ideal p = (f) we have
by assumption v(Ry/(f)) = h(Ra/(f)). We conclude that v(M) = h(M) for
all M € Mg_ (Ry). O

It is natural to ask if there is a similar result for p-adic entropy. We
formulate the problem in an algebraic way:

Open Problem 7.4. Given a category C of Z%modules which contains the
class of all modules (Rq)"/f(Ra)", f € M,(Rq) N GL,(co(Z?)). Assume C is
equipped with an assignment v, which associates to every M € C a number
v,(M) € Q, and which satisfies the following properties:

(i) v, is additive, i.e. for every short exact sequence
0—-M —-M-—M"—0
of objects in C, we have v,(M) = v,(M') + v,(M").
(i) vp((Ra)"/f(Ra)") = log,detzaf for f € M,(Rq) N GLy(co(Z%)).
Is the assignment v, uniquely defined?

If we take C = Mg, (Ry) the category of finitely generated Rg-modules
which are S,-torsion, S, = R4 N co(Z%)*, this question is related to the fol-
lowing problem:

Open Problem 7.5. Let d > 1. Let p be a non-principal prime ideal in Ry

such that the algebraic Z%-action on X = Ry/p is p-adically expansive. Is
h,(X) =07

7.3 Miles’ criterion of expansive algebraic ac-
tions of countable abelian groups

In [Mil06] there is the following characterization of expansive algebraic ac-
tions of countable abelian groups:

Theorem 7.6. Let a be an action of a countable abelian group T' by auto-
morphisms of a compact abelian group X. Then (X, «) is expansive if and
only if M is a finitely generated ZI'-module and as a runs through the an-
nihilators of a set of generators for M, there is no ring homomorphism
¢ ZT'/a — C for which the image of T in C is a subgroup of the unit circle.
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In this section I' will always be a countable abelian group. Let S, be the
multiplicative system in ZI" defined by S, = ZI' N ¢o(I")*. Let Mg, (ZI") be
the category of finitely generated ZI'-modules which are S,-torsion.

Proposition 7.7. Let (X, «) be an algebraic I'-action such that the dual ZT'-
module M is in Mg, (ZT). Then for every annihilator ideal a there is no
ring homomorphism ¢ : ZI'/a — C, for which the image of I in C, is a
subgroup of T),.

Proof. The assumption that M~ is a finitely generated S,-torsion module
implies that for every annihilator ideal a we have an S # ().

Assume there exists a ring homomorphism ¢ : ZI'/a — C, such that
the image I' is contained in 7},. Then we may define a ring homomorphism
O ¢o(I")/a-co(I') — C, which extends ¢ as follows: Let ¢’ be the composition
ZI' — ZI'/a — C,. Then we define

' : c(T) — C,p, Z a7y — Zawﬁ’(y).

yel yel’

This makes sense because C, is complete and as |a,| — 0 as 7 — oo in I'
and because [¢/(y)| = 1 for all v € T, the sum . a,¢'(y) will converge
in C,. Now because ¢'(a) = 0 the ring homomorphism @’ factors through a
ring homomorphism ® : ¢y(I")/a - ¢o(I') — C,. This is impossible because a
contains an element which is a unit in ¢y(I') so the quotient ¢y(I')/a - ¢o(I")
1s zero. O

Open Problem 7.8. When does the converse implication of Proposition 7.7
hold, i.e. if we assume M~ ¢ Mg (ZI'), does there exist a ring homomor-
phism ¢ : ZI'/a — C,, such that the image of I" lies in 7},7

Let us assume M~ ¢ Mg (ZT'), i.e. there exists an annihilator ideal a
such that a NS, = (. Then a does not generate the unit ideal in ¢o(I") so
that there exists a maximal ideal m € ¢y(I") which contains a - ¢o(I"). Let us
assume that m has finite codimension. Note that m is automatically closed
in ¢o(I") because the group of units ¢y(I")* is open in ¢o(I"), see Lemma 7.11.
Let & be the continuous homomorphism

O :co(I) — C,

given by composing the natural projection co(I') — ¢o(I')/m with an Q,-
linear embedding of ¢(I') /m into C,. If we define

¢:ZI'Ja — co(I')/m — C,

as the composition of the natural homomorphism ZI'/a — ¢o(I")/m with the
embedding ¢o(I')/m — C, the next lemma implies that ¢(I") C T),.
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Lemma 7.9. Let ® : ¢y(I') — C, be a continuous ring homomorphism which
is Q,-linear. Then ®(T') C T,.

Proof. Continuity and Q,-linearity of ® imply

o(Lo) =L wo0) e,

vyerl’ vyel

for every x = Y 2,y € ¢(I'). In particular, the homomorphism @ is
determined by the values (®(7))yer. If 7 is of finite order in I', the image
®(7) is a root of unity and so is in T),.

Let now 7 € I' be of infinite order. If () was not contained in 7,,, we may
assume |®(v)|, > 1. Let (2yn)nen be a family of numbers in Q, converging
to zero such that |2,»®(y)"[, > 1. Then the element ) . z,ny" is in co(T')
but »° .y n®(7") does not exist which contradicts the assumption that &
is continuous. We conclude that ®(I') C T,,. O

This short discussion leads to the problem for what groups I' maximal
ideals in cy(T") have finite codimension. For example, for I' = Z¢ all maximal
ideals in c(Z?) have finite codimension, see [BGR84], 6.1.2, Corollary 3.

7.4 Properties of the p-adic Banach algebra
co(I)

Let I" be a countable discrete residually finite group. In this section we dis-
cuss some algebraic properties of the Q,-Banach algebra co(I).

Let B be a p-adic Banach algebra over Q, as defined in Chapter 2, Defi-
nition 2.24. We assume that || || takes values in p” U {0}. We define

B'={rcB:||lz|]|]<1}and B ={z € B :||z|]| < 1}.

B is a subring of B which contains B as an ideal. Furthermore, B is open
in B.

Example 7.10. Let B = ¢(T"). Then A := B? = ¢(T',Z,) and B = pA.
The quotient A/pA is isomorphic to F,I'.

Lemma 7.11. Let B be a p-adic Banach algebra. Then the group of units
B* is open in B.

Proof. The set 1 + B an open neighborhood of 1 € B*. Then for any unit
u € B*, the set u + uB is an open neighborhood of u. O
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Proposition 7.12. Let B be a p-adic Banach algebra over Q, whose norm
takes values in p” U {0} and set A = B°. If the residue algebra has no zero
divisors, then we have

B* =p?A* and p* N A* =1.

Proof. [Den09], Proposition 4. O

For a discrete countable residually finite group I we denote by COF(T')
the set of cofinite normal subgroups of I'.

Proposition 7.13. Let I' be a discrete countable residually finite group.
Then the canonical homomorphism

o — J] «@/N)
NeCOF(T)
1S injective.

Proof. We show that for every f € co(I'), there is a normal subgroup N of
finite index such that ||f|| = || fn||, where fy is the image of f in ¢o(T'/N).

Let z.,,...,2, be the finitely many elements in I', such that ||f|| =
|+, |p, @ =1,...,r. As I' is residually finite, we find a normal subgroup N of
finite index such that

{727]_17 Z?] 6{1777,'}7]>Z}HN:®

This means that for ¢ # j, it is v, Z; mod N. It follows ||f|| = ||fn]|, as
the p-adic absolute value satisfies the strong triangle inequality. [

Corollary 7.14. Let I' be a discrete countable residually finite group.. For a
normal subgroup N of T let wy : ¢o(T') — ¢o(I'/N) be the canonical reduction
homomorphism. Then

ﬂ ker(my) = 0.

NeCOF(T)

Proof. 1t is

[ ker(my) = ker (CO(F)—> 11 CO(F/N)):O.

NeCOF(T) NeCOF(T)
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Corollary 7.15. For any r > 1, the canonical homomorphism

M (coD)) = I  Mi(eo(T/N))

NeCOF(T)
18 injective.
Proof. This follows from the case r = 1. ]

Proposition 7.16. Let ' be a discrete countable residually finite group.
Then the algebra co(T') is von Neumann finite, i.e. if g- f =1 then f-g = 1.

Proof. Let us first assume that I is finite. Let f,g € co(I') = Q,I". Ifg-f =1,
then the endomorphisms p¢ and p, of finite dimensional QQ,-vector spaces are
invertible in Endg, (Q,I"). If (ps)~" is the inverse endomorphism of py, then

pg=pgold=pgo(prolps)™") = (ps)".
This implies f-g = 1.

Let us assume now that I' is residually finite. We consider the image of
fg under the inclusion

o= [] c@/N).

NeCOF(T)

If we assume ¢ - f = 1, then by the first part of the proof fg is mapped to 1.
By injectivity this implies fg = 1. ]

Lemma 7.17. For f € ZI' the following properties are equivalent:
(1) fis a unit in co(I', Zy)*.
(i) The reduction f is invertible in F,I.

Proof. (i)=-(ii) is clear.
For the converse implication consider the exact sequence

1 — 1+4pc((l,Z,) — (I, Z,)" — (F,I')" — 1.
If fis a unit, there exists an element g € ¢y(I',Z,) such that fg € 1+

peo(I',Z,) C co(T',Zy)*. Let h € ¢o(I',Z,) be the inverse of fg, i.e. it is
fgh = 1. By the previous lemma, it follows ghf = 1. m
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