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Introduction

time scale compared to digital computers, the energetic efficiency (joule per op-

eration per second) of the brain is much better than the one of the best com-
puters nowadays. This is because the computing concept of the brain is entirely differ-
ent from that of conventional digital computers [20]. The key concept is the "massive
parallel nonlinear collective processing of large number of signals that are continuous in time
and amplitude” [87]. So, neither sampling nor quantization take place.

The brain has the capability to organize the neurons (experience-adapted connec-
tions) to perform specific tasks faster than the fastest digital computers in existence
today [20]. Pattern recognition and image processing are well suited examples. " The
visual system of a single human being does more image processing than the entire world’s
supply of supercomputers” [54].

Artificial neural networks (in the following only neural networks) imitate the com-
puting concept of the brain in order to solve different tasks faced in many scientific
disciplines as efficient as possible. A general definition of neural networks as formu-
lated by Haykin [20] is:

” A neural network is a massively parallel distributed processor that has a natural propensity
for storing experimental knowledge and making it available for use. It resembles the brain in
two respects:

S LTHOUGH in biological neural systems events take place with a much longer

o Knowledge is acquired by the network through a learning process.

o Interneuron connections "synaptic weights” are used for storing the knowledge.”

It is worth mentioning that it is the organization and interconnection of neurons,
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in both biological and artificial neural networks, which enable powerful collective
computation , rather than the functionality of a single neuron. For instance, feedback
is observed in the nervous system of almost every animal [20]. Neural networks with
feedback represent a special class known as “recurrent neural networks”. Properties and
capabilities of neural networks are changed essentially by the feedback. Recurrent
neural networks stand out due to their rich dynamics.

Very-large-scale integration (VLSI) technology has been shown to fit well as imple-
mentation medium for neural networks [54]. Whether the analog VLSI technology or
the digital one is favorable has a rich history of research. In [87] it has been shown
that a wide range of functions can be realized by a single transistor. This includes,

eg.,

o Generation of square, square root, exponential and logarithmic functions.

Voltage-controlled current source.

Voltage-controlled conductance, linear in a limited range.

e Analog multiplication of voltages.

Short and long term analog storage.

o Additional functions are offered by basic combinations of few transistors.

The conclusion of [87] is that any desired local operation can be realized by a very lim-
ited number of transistors, which enables a very dense implementation of continuous-
time and continuous-amplitude processing cells for a collective analog processing.

Compared with digital technology, certain computations are less area and / or power
consuming when performed in analog. Multiplication is a well known example.
However, analog computation is less precise because it is susceptible to noise, tem-
perature, power supply and hardware fluctuations [54]. In addition, analog circuit
design and test are more difficult and less flexible than digital ones. In conclusion,
analog VLSI signal processing is especially applicable for those tasks, where the mas-
sive parallel nonlinear collective processing compensates the less precise local com-
putation [87].

The advantages of the digital implementation over the analog one are widely known.
This includes flexibility, ease of design and test and the arbitrary high achievable pre-
cision.

At the end, the definite choice of analog or digital technology can not be decided
unless the particular algorithm to be implemented is known [20].
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However, increasing energy prices and the fast growth of power-hungry high data
rate battery-operated mobile services make the energy consumption for nowadays
technology an economical as well as environmental challenge. This is especially re-
markable in the IT-field. ”Amnalog signal processing systems can be built that share the
robustness of digital systems but outperform digital systems by several orders of magnitude
in terms of speed and/or power consumption” [49].

In the light of this discussion, we focus in this thesis on the investigation and com-
parison of continuous-time and discrete-time recurrent neural networks for equaliza-
tion and channel decoding tasks. In this case, the recurrent neural networks represent
suboptimum solutions with good performance-complexity trade-off. The application
of discrete-time recurrent neural networks in this field is well investigated, in con-
trast to the continuous-time ones, far away from “proof-of-concept”. We take in this
thesis a signal processing point of view rather than breaking the problem down to the
transistor level.

Equalization is needed at the receiver because of the multipath propagation of the
physical channel between transmitter and receiver. The receive signal in this case
is expected to suffer from intersymbol interference. In case of multiuser, multisub-
channel, multiantenna transmission systems or combination thereof, the receive sig-
nal suffers from additional interuser/intersubchannel interference. To cope with this
interference, vector equalization has to be applied at the receiver. To improve the
bandwidth/power efficiency further channel coding is applied.

Due to the high complexity of the optimum equalization and channel decoding,
suboptimum schemes are applied. In many cases, these are soft-valued iterative
schemes because of their good complexity-performance characteristic. As mentioned
before, recurrent neural networks are such a suboptimum scheme.

Neural networks, including the recurrent ones, can be trained to act as a vector
equalizer and to perform channel decoding. However, training neural networks is
always associated with computational complexity and is time consuming as well.
Large training sets are required, which represent a challenge in practical applications.
In addition, the capability of the trained neural network to generalize its performance
beyond the “trained set” needs also to be considered.

In our case, there is no need for a training phase (learning algorithms). Instead of that,
we make use of the dynamics of these networks (dynamical solver). This idea has
been first exploited by Hopfield in his pioneering work [29], where information has
been stored in a dynamically stable recurrent neural network. Therefore, no training
algorithms are considered in this thesis. Instead of that an extensive stability analysis
is done for both, discrete-time and continuous-time recurrent neural networks.

We do believe that continuous-time equalization and decoding is a promising ap-
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proach for high data rate transmissions, as an example for optical communications,
among others, where data is transmitted at rates up to 1000 Gbyte per second. Analog-
to-digital converters at such high rates have a high power consumption, the digital
signal processing as well. The continuous-time approach does not require analog-to-
digital converters and it is widely accepted that it leads to many orders of magnitude
performance improvement in terms of speed and/or power consumption.

This thesis is structured as follows.

Chapter 1 introduces the transmission chain and the receiver structure. Especially,
the definition of the discrete-time channel matrix on symbol basis is essential for the
following chapters. Optimum and some suboptimum solutions for the equalization
and channel decoding are also presented.

We begin Chapter 2 with a short introduction to dynamical systems and their im-
portant analysis methods. This is followed by the definition of twin dynamical systems,
which is essential to relate discrete-time recurrent neural networks to continuous-
time ones. Different classes of interest of recurrent neural networks are presented as
well and an extensive stability analysis is performed. In this chapter, we generalize
many known stability results from the real-valued case to the complex-valued one. In
addition, new stability results are derived. One of the most important contributions
of this chapter is the stability proof with time-varying activation functions. To a lesser
extent, high order recurrent neural networks are presented and investigated.

Chapter 3 is dedicated to the application of recurrent neural networks for vector
equalization. Many stability conditions from Chapter 2 are interpreted in the light of
this application. One of the major contributions of Chapter 3 is an approximation of
the optimum estimation function, which enables a numerically stable evaluation.

We begin Chapter 4 with the dynamical representation of two iterative decoding al-
gorithms, namely belief propagation and iterative threshold decoding, in both cases,
discrete-time and continuous-time. These dynamical models are related to the high-
order recurrent neural networks and are investigated from the stability point of view.
For the linear case, closed-form expressions could be found.

In Chapter 5, the connection between recurrent neural networks and high order
ones is considered to perform continuous-time joint equalization and decoding. The
importance of this approach lies in the fact that joint equalization and decoding leads
to an additional performance improvement but at the same time to higher complex-
ity and/or power consumption. This could be compensated by the continuous-time
approach. The intention in Chapter 5 is to show, based on the available knowledge in
the discrete-time case, how such a continuous-time joint equalization and decoding
could look like, rather than introducing its theoretical basis.

Finally, a summary and conclusions are given. Simulation results for equalization,
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decoding and joint equalization and decoding are presented in Chapter 3, Chapter 4
and Chapter 5, respectively.

Appendix A contains further supporting mathematical derivations. A list of sym-
bols, functions and abbreviations can be found in Appendix B.

The main novelties presented in this thesis are contained in Chapter 2, Chapter 3,
Chapter 4 and Chapter 5. Parts of this thesis were published in [57]-[66]. This work
has been essentially influenced by [10],[20] and the references therein.

Notation

Hereafter, bold small letters and bold capital letters designate vectors and matrices,
respectively. The only exception is the vector of L-values L: It is a bold capital letter
but it represents a vector. All nonbold symbols are scalars. In addition, (-)7, (-)* and
()H represent the transpose, conjugate and conjugate transpose. A matrix A > 0
(A > 0) means that A is positive definite (positive semidefinite). We assume column
vectors. diag{-} with a vector as argument returns a square diagonal matrix with
the elements of the vector on the main diagonal. diag{-} with a square matrix as
argument returns a column vector of the main diagonal elements of the matrix.







Chapter

Vector-Valued Transmission Model

model and we briefly explain the functionality of its individual parts with special
focus on the detection part. The detector (DET) consists of two parts: equalization
and channel decoding (for simplicity referred to a decoding in the following).

One of the most important items in this chapter is the introduction of a discrete-time
vector-valued transmission model on symbol basis and the discrete-time channel ma-
trix on symbol basis R (for simplicity channel matrix). This model suits multiantenna,
multicarrier, multiusers systems and combinations thereof.

IN this chapter we introduce the block diagram of the vector-valued transmission

The complexity of the equalization depends only on the channel matrix R. So,
different systems which lead to the same channel matrix R have the same equalization
complexity and performance. If a receiver with low complexity is desired, the system
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must be designed in a way that the channel matrix approaches the identity matrix,
iee. R=1.

We start this chapter with the derivation of the discrete-time vector-valued trans-
mission model on symbol basis for the time-invariant case (for the time-variant case
see [10]). We show also how the channel matrix R looks like for multiantenna, orthog-
onal frequency-division multiplexing (OFDM), and MIMO-OFDM (multiple-input
multiple-output OFDM). An important step in this chapter is also the reformulation
of the discrete-time vector valued transmission model for block transmission.

After that, the maximum likelihood (ML) detection, equalization and decoding
rules are presented. We consider also suboptimum detection methods. This includes
separate and joint equalization and decoding (further discussed in Chapter 5). In ad-
dition, few suboptimum equalization schemes (further investigated in Chapter 3), an
introduction to iterative decoding (further analyzed in Chapter 4) are considered.

1.1 Transmission Model

This section is based mainly on [45],[46]. We limit ourself to linear modulation schemes.
For the ease of notation, we do not distinguish between band pass and low pass
signals and systems. Fig. 1.1 shows the continuous-time vector-valued transmission
model in the time-invariant case.

COD.. MODuig l U(t)
a() q.() z(l)  x() 8t (t)

( :: b DET l VH(-1)
g(1) z(1) y(t) Spa(t)

q

Figure 1.1: Continuous-time vector-valued transmission model. Time-invariant case.
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The digital source (SRC) generates a sequence of vectors
T T
a0, a®] ) [l +1,004+ 0, at+ 1]

q(1) q(l+1)

This can be understood as if the digital source generates a matrix of bits, where the
horizontal direction represents the discrete-time and the vertical direction represents
the components. The components of the vectors can belong to different users, anten-
nas, subcarriers or combinations thereof depending on the transmission scheme. We
show later examples of these cases.

COD, performs channel coding by adding redundancy to the bits generated by
the SRC. This takes place in time or component direction or in both of them. At the
output of COD,. we obtain a sequence of vectors

T T
e @320, aen D] [aea (0 4+1), 8020+ 1), gen(l+1)] -

q9.(1) q.(1+1)

where n > k and r = k/n is the code rate.

MODy;g maps the encoded bits to symbols, which belong to the symbol alphabet
Y = {¢1,¢2, -, M} : logy, M € N. This includes Gray coding as well. At the
output of MODy;, We obtain a sequence of vectors of transmit symbols x(I) of length
M.

T T
o a0, O] [ D%+, (D]

x(I) x(1+1)

The elements of the vectors of transmit symbols are converted to signals by Dirac
sampling. Interleaving can be done between COD,. and MODCHg which is not con-
sidered here.

U(t) = diag{uq(t), ua(t),--- ,upm,(t)} is a diagonal matrix of basic waveforms.
The diagonal elements are Nyquist impulses or spreading functions. They define the
transmission/multiplexing scheme.

stx (1) is the vector of transmit signals of length M;, given by:

Stx(t) :;u(t_l‘Ts)'x(l) (1.1)

where T; is the symbol duration.
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H(t) is the physical channel matrix of size M,y X M.
srx(t) is the vector of receive signals of length M, given by:

srx(t) = H(t) s (t) + n(t) (12)

where n(t) is a sample function of an additive white Gaussian noise (AWGN) vector
process. n(t) is a vector of length M.
We define:
V() = H(t) =« U(t)

1.3
R() = VA (1)« V(O 43

where VH (—t) is the channel matched filter (CMF). R(1) is the channel matrix. In this
case it can be shown that:

(1) = R(1) * x(1) + (1)

@ia(1) = S0 R(1).

(1.4)

%(1) is the vector of receive symbols at the /-th time instant which contains sufficient
statistics for a ML-detection [46]. Ny/2 is the power spectral density of each compo-
nent of the double side AWGN vector process #n(t) in the band pass domain. 7(1) is
a sequence of colored noise vectors at the output of the channel matched filter with
covariance matrix ®;;. The discrete-time vector valued transmission model based on
Eq. (1.4) is shown in Fig. 1.2.

CODy. MODy;g
O] q.() z(l)

q(t) Z(I)

Figure 1.2: Discrete-time vector-valued transmission model on symbol basis.

10



1.1 Transmission Model

Remark 1.1 Vector-matrix convolution is performed as vector-matrix multiplication.
However, the multiplication sign is replaced by the convolution one. This is valid for
the matrix-matrix convolution as well.

DET stands for detector. It performs the equalization and decoding. Equalization
is required to cope with the effects of the multipath propagation channel between
transmitter and receiver. Decoding serves to correct the errors by exploiting the re-
dundancy which has been added at the transmitter by CODc.. More about the DET
can be found in Sec. 1.2.

If the physical channel is ideal and the diagonal entries of U/(t) fulfill the general
first Nyquist criterion, it can be easily shown that

R()=4()- L (1.5)
For the j-th component, the first relation of Eq. (1.4) can be rewritten as follows:
x;(1) = 7;(0) +Zr,, (1) + (1)
(1.6)
+ZV]]I x]/ +ZZI’]]/ l—l )x]/(l/)
j'# I'#l j'#j

We notice that the j-th component of the vector of receive symbols at the /-th time
instant can be decomposed into:

e The desired part: rj;(0) - x;(1).

Intersymbol interference: Yy (1 —1") - x;(I").

o Interference from other components at the same time instant: ). 7 (0) - x; (1).

Interference from other components at other time instants:
Lo Lpzj iy (L =11) - xp ().
e Noise: 7i;(1).

rji (1) is the element in the j-th row and j’-th column of R(!). To enable a high quality

transmission, these interferences must be compensated. This is done by the DET.
The vector-valued transmission model is able to represent a wide range of trans-

mission schemes. Fig. 1.3 shows the resulting channel matrix for a MIMO system for
different number of transmit/receive antennas. Fig. 1.4 shows the channel matrix for
OFDM with/without spreading. Fig. 1.5 shows the channel matrix for MIMO-OFDM.
In the last two cases, a two path channel with delay T; and equal amplitudes has been
assumed. In Fig. 1.3-1.5 the darker the elements the larger are the absolute values of
the entries of the corresponding channel matrix.

11
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1 1
2.. I ’

1 2 3 4 5 6 7 8 1 2 3 4 5 & 7 8

(@) Mix =8, My, =8. (b) My =8, My = 16.

Figure 1.3: Visualization of the channel matrix for a MIMO transmission scheme with different
number of transmit/receive antennas. M;, /M,y is the number of transmit/receive
antennas.

2| 2 2
4 4 4

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16

(@) Rorpm- (b) Ryc-cpm with noninter- (¢) Rmymc-cpm with inter-
leaved spreading. leaved spreading.

Figure 1.4: Visualization of the channel matrix for OFDM for 16 subcarriers and spreading over
four subcarriers with/without interleaving for a two path channel with delay Ts and
equal amplitudes.

1.1.1 Block Transmission

In many practical cases, the source symbols are divided into many shorter blocks.
Every two successive blocks are separated by a guard time longer than the duration
of the channel impulse response. In this case, interblock interference can be avoided,
i.e. no interference takes place between transmitted blocks. Thus, equalization of each
block can be treated independently of other blocks. This is valid for the decoding as
well if the channel coding does not take place over blocks. Assuming that each block

12
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“n

T

N,

-
N,
.

“n

5 10 15 20

Figure 1.5: Visualization of the channel matrix for MIMO-OFDM with 8 subcarriers and three
transmit antennas and two receive antennas. The channel between any pair of trans-
mit/receive antennas is a two path channel with delay T; and equal amplitudes.

consists of Nj, vectors of transmit symbols x(1),x(I +1),--- ,x(I + N, — 1), we can
combine these vectors to create a longer transmit vector x;, of length N = My, - Nj,. In
this case, Eq. (1.4) can be rewritten as:

X, =Ry -xp + 11
1.7)
Dy, = % Ry
where:
xp = [xT(Z),xT(ZH), T (14N, — 1)]
% = [0, 571 +1), - (1 Ny - )] (18)
iy, = [ﬁT(l),ﬁT(l 1), 7T (1 + Ny — 1)]
and
R(0) R(-1) R(-2) R(—Np +1)
R(1)  R(0) R(-1) --- - - R(-N,+2)
Ry = : : : . : : : - (19)

If the channel is time-variant during one block, the submatrices in Eq. (1.9) change
from the above left corner to the below right one [46]. Usually, the matrix R;, is not
fully occupied because the block length N}, is much longer than the duration of the
channel impulse response. Comparing Eq. (1.4),(1.7), we recognize:

13
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o The convolution has been replaced by a multiplication.

e The time index has been omitted because no interference is taking place be-
tween successive transmitted blocks.

We assume in this work a block transmission where the channel coding is restricted to
single blocks. Therefore, the transmission model is described after omitting the block
index, cf. Fig. 1.6, as:

X=R-x+n
(1.10)
¢ﬁﬁ:%-R.

In addition, it is assumed that the channel impulse response is time-invariant. The
digital source generates statistically independent (memoryless digital source) and
equally probable bits. Thus, the elements of the symbol alphabet ¥ occur with equal
probability. Important to mention is also:

R=R"

1.11
R>0. (1.11)

R > 0 means that R is positive semidefinite.

COD,. MODy;g
q q. x

q

Figure 1.6: Discrete-time vector-valued block transmission model.

2

1.1.2 Uncoded Transmission

The uncoded discrete-time vector-valued block transmission model is given in Fig. 1.7.
Compared with Fig. 1.6, we notice that the detector DET becomes an equalizer EQ.

14



1.1 Transmission Model

The decision device DECI depends on the symbol alphabet ¥. This model is used in
this work for investigating different equalization methods. Eq. (1.10) is still valid.

I\'IODdig
q x

@— DECI EQ
q ¥ Z

Figure 1.7: Uncoded discrete-time vector-valued block transmission model.

1.1.3 Coded Transmission Over AWGN Channel

Fig. 1.8 shows a coded transmission over a discrete-time AWGN channel. We limit
ourself to a binary phase shift keying (BPSK) symbol alphabet and to binary linear
block codes. This model is used for investigating iterative decoding methods over
the AWGN channel. The decision device for BPSK is a sgn function. In this case

X=x+n
(1.12)
D, = % - 1.

DECI DEC

CODCC 1\'I()]:)dig
q 9. T
: q

Figure 1.8: Coded transmission over a discrete-time AWGN channel.

15
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1.2 Vector Detection

The vector detector DET in Fig. 1.6 has the vector of receive symbols % in Eq. (1.10) as
input and possesses the knowledge about the channel matrix R, the symbol alphabet
Y, and the used forward error correction code. Based on this knowledge, the vector
detector DET delivers, in case of ML-detection, the vector of decided bits 4§ which has
been transmitted with the largest probability.
qg= argmax p(x=%|q) (1.13)
qe{0,1}rNlogz M
p(%|q) is the conditional probability density function of the vector of receive sym-
bols ¥ given that g, a realization to be understood as an event, has been occurred
(transmitted). x represents the variable of the conditional probability density func-
tion. argmax p(x = X|q) returns the vector g which has the largest p(x = ¥|q).
qe{0,1}Nlogz M
Due to complexity issues, the vector detection is spit in general into two parts:
vector equalization and vector decoding. However, if a ML-detection is desired, the
vector detector can not be separated apriori. In this case, vector equalization and vec-
tor decoding must be considered jointly. In other words, splitting the vector detection
can not be done in general without performance lost.

1.2.1 Separate Equalization and Decoding

The detector DET in this case has a feed forward structure as illustrated in Fig. 1.9.
The vector detector performs at first a vector equalization process and the vector of
soft/hard decided symbols %/% is fed to the vector decoder, which in turn delivers,
after DECI, the vector of decided bits §. It is obvious that no “knowledge” exchange
takes place between the vector equalizer EQ and the vector decoder DEC. This kind
of detection is widely used in practice because it is less complex than the joint equal-
ization and decoding. However, even if both parts of the detector are maximum like-
lihood, this does not mean that the whole detection is also maximum likelihood be-
cause the EQ does not exploit the knowledge that not all x are possible because of the
channel coding.

— EQ DEC DECI +——

Figure 1.9: Separate equalization and decoding.

16
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1.2.2 Joint Equalization and Decoding

In the joint equalization and decoding case, cf. Fig. 1.10, the vector equalizer EQ and
the vector decoder DEC deliver “soft” decisions. In addition to the vector of receive
symbols ¥, the vector equalizer EQ does use the knowledge (constraints) from the
vector decoder DEC to improve its performance, which in turn improves the per-
formance of the vector decoder DEC. The "knowledge” exchange takes place a few
times.

— EQ DEC DECI +——

&
R

Figure 1.10: Joint equalization and decoding.

1.3 Vector Equalization

In this section, we focus on the vector equalization in the uncoded case, cf. Fig. 1.7
and Eq. (1.10). We start with ML-vector equalization. After that, we present various
suboptimum vector equalization schemes. The input of the vector equalizer EQ is
the vector of receive symbols ¥ € CN and the output, including the decision device
DECI, is the vector of decided symbols &. We notice that for uncoded transmission
we obtain g directly from .

1.3.1 Blockwise Maximum Likelihood Vector Equalization

The optimum vector equalizer has to deliver the vector of decided symbols % which
has been sent with the largest probability :

&app = argmax Prob(x = g|%). (1.14)
feX

X is the set of all possible vector of transmit symbols with cardinality MN. Zis one
possible vector of transmit symbols. Prob( | ) is a conditional probability. The argu-
ments in Prob( | ) must be understood as events, where the event on the right side of
| has occurred. In this sense, Prob(x = ¢|%) in Eq. (1.14) delivers the probability that
x = ¢ had been transmitted, given that ¥ has been received. We notice that Eq. (1.14)
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1 Vector-Valued Transmission Model

maximizes the aposteriori probability Prob(x = ¢|%), therefore Eq. (1.14) is called
blockwise maximum aposteriori probability equalization rule.
Applying the Bayesian rule, Eq. (1.14) can be rewritten as:

Xapp = argmax p(x = ¥|x = ) - Prob(¢). (1.15)
feXx
p(k|x = &) represents the transition probability density function of the channel.

Prob(¢) is the probability of sending ¢. It is assumed that the elements of the sym-
bol alphabet are equally probable. Thus, the last relation can be further simplified as
follows:
&ML = argmax p(x = ¥|x = ). (1.16)
feX

Eq. (1.16) is known as the blockwise maximum likelihood vector equalization rule.

The noise process 71 in Eq. (1.10) follows a circular symmetric complex normal dis-
tribution [77] with zero mean and covariance matrix ®z;. p(%|x = £) has the same
distribution but a mean of R - ¢. This leads to

1 1 s
plk = &x =€) o<e><p{—E (x-R- O @, ). (x—R-g)}. (1.17)
Based on Eq. (1.10),(1.16),(1.17) the decision rule can be rewritten as follows

&1, = argmin {(i—R-g)H-R_l : (i—R~§)}. (1.18)
feX

Considering that R = R this can be simplified to:

JA"ML:al%gl;n {;gH-R-g—m{gH.x}}. (1.19)

The argument in Eq. (1.19) is also known as the Mahalanobis distance [7].

We notice from the last relation that the ML-vector equalizer needs to minimize
the last relation with respect to the set of all possible vectors of transmit symbols ¢,
which form a discrete set of cardinality MN. Thus, exhaustive search is required in
general. This can be realized for small MN. However, this is too complex in general
to be implemented in practice. Thus, suboptimum vector equalizers have been an
important research topic. They aim to achieve near optimum performance with much
lower complexity.
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1.3 Vector Equalization

1.3.2 Structure of Suboptimum Vector Equalizer

Fig. 1.11 shows the generic structure of many suboptimum vector equalizers. If the
switch is connected, we consider an iterative scheme. In this case, the suboptimum
vector equalizer consists of two parts. The first part is the feed forward part, where
the vector of receive symbols ¥ is multiplied with the feed forward matrix W¢. The
second part is the feedback part. It consists of the estimation function ESTI and the
feedback matrix Wy,. The second part attempts to generate an estimate of the interfer-
ence in order to subtract it. In this case vector equalization is often called interference
cancellation. This procedure can be repeated several times.

&
I
&

[ 7 + J DECI ——

W, P ESTI J

Figure 1.11: Generic structure of interference cancellation.

Depending on the estimation function ESTI, we distinguish between:

e Hard interference cancellation: In this case the estimation function ESTI pro-
vides hard estimates which belong to the symbol alphabet ¥.

o Soft interference cancellation: In this case the estimation function ESTI provides
soft estimates which can take any value.

The superiority of the soft iterative interference cancellation over the hard one has
been already shown and is widely accepted.

At the end of the interference cancellation process the decision device DECI gener-
ates the vector of decided symbols . Both feed forward and feedback parts can work
on symbol basis (serial update) or on vector basis (parallel update).

If the switch in Fig. 1.11 is off, we are dealing with a noniterative vector equalization
technique. In this case the vector of receive symbols ¥ is multiplied with the feed
forward matrix Wy. After that a decision is taken by means of the decision device
DECL

There are many vector equalizers which use the principle depicted in Fig. 1.11.
Multistage detector MD, zero forcing-block linear equalizer ZF-BLE, minimum mean
square error-block linear equalizer MMSE-BLE, successive interference cancellation
SIC, parallel interference cancellation PIC [84], and recurrent neural networks RNN5s [10]
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1 Vector-Valued Transmission Model

are some examples. They differ from each other by serial/parallel update, soft/hard
estimation, one step/iterative cancellation. In the following, we make this compari-
son for ZF-BLE and MMSE-BLE. Chapters 2 and 3 are dedicated to RNNs.

Zero Forcing-Block Linear Equalizer ZF-BLE

The ZF-BLE can be applied only if the channel matrix R is invertible. In this case it
eliminates the interference totally by multiplying the vector of the receive symbols
% with the inverse of the channel matrix W, = R7Y, f. Fig. 1.12 and Eq. (1.20).
However, noise amplification takes place.

=Wy -x=x+R 't

nzf
% = DECI(¥) (1.20)
N _
Dy pn = 70 RL

Comparing Fig. 1.12 with Fig. 1.11, we notice that Wy = W, and the switch is off
(noniterative approach).

Wy DECI ——

T T T

Figure 1.12: Zero forcing-block linear equalizer ZF-BLE.

Minimum Mean Square Error-Block Linear Equalizer MMSE-BLE

The MMSE-BLE aims to reduce the noise enhancement drawback of the ZF-BLE by
multiplying the vector of receive symbols ¥ with the matrix W ;;se, which has been
derived according to the MMSE criterion as follows:

W mse = argmin Eyp, {\x — Wimse - 5c|2} (1.21)
WWllﬂsi’
which leads to: .
1 —
Winmse = [R + SNR I} (1.22)

SNR represents the signal-to-noise ratio and Eyp is the mathematical expectation.
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1.4 Vector Decoding

In this case:

& = DECI(¥) (1.23)

No
q)nmmsenmmsv = 2 . Wmmse “R- WmmSL’

Comparing Fig. 1.13 with Fig. 1.11, we notice that W = Whunse and the switch is off
(noniterative approach). ZF-BLE and MMSE-BLE coincide for large SNR.

ZF-BLE and MMSE-BLE are originally noniterative approaches which require a ma-
trix inversion. Matrix inversion can be done iteratively by applying the Jacobi or
Gauss-Seidel method [5]. In this case, the switch is on and the estimation function
ESTI is a linear function. In contrast to iterative vector equalization based on RNNs
presented in Chapters 2 and 3, the iterative matrix inversion does not change the
linear character of these vector equalizers.

Wmmse DECI  —

T T z

Figure 1.13: Minimum mean square error-block linear equalizer MMSE-BLE.

1.4 Vector Decoding

This section is based mainly on [34]. Forward error correction techniques aim to
achieve error free transmission over noisy channels with the maximum possible trans-
mission rate. They emerged from the famous statement of Shannon [74]: Arbitrarily
high reliable transmission over noise corrupted channels can be achieved if the trans-
mission rate is less than the channel capacity.

This is done by adding redundancy (extra bits) to the message g, such that the
codewords g, are sufficiently distinguishable and the transmitted messages can be
gained at the receiver, even if the noisy channel corrupts some bits of the codewords
during the transmission.

The vector coding mentioned in Sec. 1.1 is nothing else than a scalar coding, which
can be done in time and /or component direction, depending on the physical meaning
of the components in the vector-valued transmission model. For multiuser scenarios
vector coding is a parallel scalar coding, so coding takes place in time direction. For
OFDM transmission schemes coding can take place in the subcarrier and/or time
direction. Therefore, we focus in this section on scalar channel coding and we use the
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1 Vector-Valued Transmission Model

transmission model depicted in Fig. 1.8 and Eq. (1.12). We restrict ourself to binary
linear block codes with BPSK symbol alphabet.

Binary linear block codes are characterized by the following parameters: 1, k, dyin,
G, Hp. n is the length of the codeword. k is the length of the information word.
The minimum distance dp,;, describes the smallest number of bit positions, which is
required to change from one codeword to another codeword when bits are flipped.
The generator matrix G is a binary matrix of size k x n. The parity check matrix Hj is
a binary matrix of size (n — k) x n. Furthermore it holds:

Hy GT =04, j)xx (1.24)

Addition and multiplication are modulo 2.

In Fig. 1.8, the digital source generates a sequence of bits, which are grouped into
blocks of length k, each of them is called information word. The encoder maps the
information words to codewords of length n > k, where the ratio r = k/n is the
code rate. Because the encoding is a bijective map, it can be understood as a table,
which maps unambiguously binary vectors of length k to binary vectors of length n.
This table contains 2F vectors. It is obvious that this table becomes unrealizable if k
increases. Therefore mapping the information words to the codewords takes place by
another way, namely by the binary generator matrix G.

q.=G"q (1.25)
From Eq. (1.24), a codeword g, belongs to a code if the following relation is fulfilled
Hy-q.=0, (1.26)

By means of the last relation, it can be decided, whether a received message is a code-
word of the used code. However, to correct an error caused by the noisy channel, a
decoding process is needed at the receiver. We distinguish between blockwise and
symbolwise decoding approaches. The set of all codewords of a code is called code
book C.

1.4.1 Blockwise Maximum Aposteriori Probability

The decoding process in this case aims to maximize the probability of a correct de-
coding of codewords.

eapp = argmax Prob (g, = ¢|%) (1.27)
ceC
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1.4 Vector Decoding

By means of the Bayesian rule, the last relation can be rewritten as:

eapp = argmax p(x = X|q, = c) - Prob(c) (1.28)
ceC

Assuming that all information words are equally probable, we obtain the block max-
imum likelihood decoding rule:
émL = argmax p(x = X|q, = c) (1.29)
ceC

Following the same approach as in Sec. 1.3.1 and taking into account Eq. (1.12), the
block maximum likelihood decoding approach leads to the minimum Euclidean dis-
tance. Thus, according to this approach, the Euclidean distance between the received
message and all 2% codewords has to be calculated and a decision is taken in the fa-
vor of the codeword with the minimum Euclidean distance to the received message.
The Viterbi algorithm is a block maximum likelihood decoding approach for convo-
lutional codes [86].

The block maximum likelihood decoding approach leads for binary symmetric
channels to the minimum Hamming distance.

1.4.2 Symbolwise Maximum Aposteriori Probability

The decoding process in this case aims to maximize the probability of a correct de-
coding of code symbols.

¢js/s-APP = argmax Prob(q; = s|¥) (1.30)
s€{0,1}
The importance of this approach lies in the ability to approximate it iteratively as
introduced later in Chapter 4. g.; € {0,1} is the j-th element of the transmitted
codeword. Thus, g, is a valid codeword, i.e. g, = ¢ € C, cf. Fig. 1.8.
Eq. (1.30) comprises the calculation of two probabilities, the first one for s = 0 and
the second one for s = 1. Therefore, it is more familiar to consider the ratio of them.
The log-likelihood ratio (LLR) of the j-th code symbol is defined therefore as:

Prob(q.; = 0[%)

L(c)) = e 1.31
(cj) = In Prob(q.; = 1|%) (131)
where the sign of L(c;) delivers the decision of ¢; being 0 or 1
0 :L >0
&= (¢j) 2 (1.32)
1 : L(C]) <0
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1 Vector-Valued Transmission Model

and the magnitude |L(c;)| the reliability of the decision.
The advantage of the log-likelihood ratios arises from the fact that multiplying prob-
abilities leads to the summation of the log-likelihood ratios.

We split the code book C into two subcode books Cy and C;. Cy contains all code-
words from the original code book C, which contain a 0 at the j-th position. C; con-
tains all codewords from the original code book C, which contain a 1 at the j-th posi-
tion. In this case, Eq. (1.31) can be rewritten as:

¥, Prob(g, = cl%)

_ CEC[)
L) = 0 b g, = ) (133
ceCy
According to the Bayesian rule:
Y. p(x = %x|q, = c) - Prob(c)
L(c;) = In =20 . (1.34)
/ Y. p(x = x|q, = c) - Prob(c)
ceCy

Eq. (1.34) represents the symbol-by-symbol maximum aposteriori probability decod-
ing approach (s/s APP).
If all codewords are equally probable, we obtain from the last relation the symbol-
by-symbol maximum likelihood (s/s ML) decoding approach
L plE=3xlg.=¢)

ceCy

L(c;) =In — . (1.35)
() L p(x=x[q.=c)
ceCy
For memoryless channels:
p(x = i‘qc = c) = Hp(x]/ = fj’WC,j’ = Cj/). (1.36)
]/
Inserting Eq. (1.36) in Eq. (1.35) leads to:
L [Ip(xy = %plge = cp)
L(c;) = In =57 . (1.37)
! L IIp(xy = %jlac = cy)
ceCy j'

We define now the intrinsic L-value (channel L-value):

o\ P =Fjlgej = 0)
Lyp(%j) =In P =50 =) (1.38)
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1.4 Vector Decoding

For an AWGN channel NV(0, 02) and BPSK modulation, xp=1-2-q.:

(%, = %i|q.; = 0) = ! . ex _(if_l)z
pxj = Xjlge,j = V) = ol p 2.2

(1.39)
(5 = 7 3 1 (% 4+ 1)
Xi=%gi=1)= ———=-exp{ ———5— ¢ .
p ] ]qC,] 27-[0‘% p 2(7721
Inserting Eq. (1.39) in Eq. (1.38) leads to:
~ 2- J?]
Lch(x]-) = 5 - (140)
Un
Depending on
. . 1 ; . 1 . N
P =%j) = 5 p(¥j = %jl4c; = 0) + 5 - p(¥; = Tjlge; = 1) (1.41)

for Prob(g.; = 0) = Prob(g.; = 1) = 0.5 and using Eq. (1.39) it can be found that:
Ge,j e,j g bq

p(%j = %j)
1+exp {*Lch(f]‘)

p(¥j = %jldc)) = e {~La(®) 00} (142

As mentioned before, . € {0,1}. Inserting the last relation in Eq. (1.37) leads to:
Y. Tlexp< —Lan(X#) - cir
St {hale o)

Y ITexp {—Lch(fﬁ) : Cj’} .

ij(C]‘) ceCrj'#j

L(C]) = Lch(fj) +h’1 (143)
———r

Lext(cj)

We conclude from the last relation that the LLR of the j-th code symbol consists of
the intrinsic L-value Lint(cj) = Len (%), which contains information about the code
symbol from its received version and the extrinsic L-value Lext(cj), which uses the
constraints of the code to obtain information about the j-th coded symbol from all
other code symbols.
The famous BCJR [3] decoding algorithm is a decoding algorithm based on Eq. (1.43),

where the numerator and denominator are calculated in an efficient way based on the
trellis description of the code.
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1 Vector-Valued Transmission Model

For a single parity check code where the parity check matrix becomes a row vector it
can be shown that

1+ [T tanh [L(?/)]
I'#i

1— [ tanh [“’;”]
I'#i

Binary linear block codes can be understood as a set of single parity check codes.

Thus, iterative decoding algorithms exploit this fact by exchanging iteratively the L-

values of the code symbols. A detailed description of iterative decoding is given in

Chapter 4. j, j € {1,2,- - - n} for Eq.(1.30)-(1.44).

Lext(Cj) =In (144)

1.5 Chapter Summary

In this chapter we have given an overview of the continuous-time vector-valued
transmission model and its individual elements. The discrete-time counterpart has
been introduced too, where the importance of the channel matrix R for equalization
has been explicitly represented. Furthermore, we have graphically shown the chan-
nel matrix for few widely used transmission schemes as multiantanna, OFDM and
MIMO-OFDM.

Two special cases have been mentioned specifically, namely uncoded transmission
and coded transmission over AWGN channel. The first case is relevant to compare
the performance of different suboptimum equalization schemes, whereas the second
one is relevant for comparing different codes and decoding algorithms.

The maximum likelihood rule for detection, equalization and decoding has been
derived and the importance of suboptimum schemes has been emphasized. The
generic structure of an iterative interference cancellation has been given and two spe-
cial cases have been mentioned.

A short introduction to the mathematical background needed for iterative decoding
has been given as well.
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Chapter

Dynamical Neural Networks

high order recurrent neural networks as dynamical systems (DSs). We focus

on their qualitative and long term dynamical behavior. Training (learning) al-
gorithms are not considered. This investigation includes an extensive study of the
local and global asymptotical stability, where new stability conditions are derived
and known ones are extended. The stability investigation using time-variant activa-
tion functions is considered as well. This represents an important aspect, when using
recurrent neural networks as vector equalizer.

THIS chapter provides a detailed investigation of recurrent neural networks and

We start with a short introduction of DSs followed by essential definitions of stabil-
ity and the Lyapunov method of stability. After that, a novel method is introduced to
define continuous-time dynamical systems (CTDSs), which share specific properties
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2 Dynamical Neural Networks

with given discrete-time dynamical systems (DTDSs). Thereafter, different recurrent
neural networks structures are introduced. Before presenting the details of the sta-
bility investigation, some definitions are introduced and various lemmas are proven.
The same procedure is repeated for high order recurrent neural networks.

This chapter represents the theoretical basis of this work. Stability results in this
chapter are going to be interpreted in the light of the vector equalization and the
vector decoding tasks in Chapter 3 and Chapter 4, respectively.

2.1 Dynamical Systems

A DS is a system, whose state varies with time [20]. Virtually, anything that evolves

over time can be thought of as a DS [71]. We distinguish between DTDSs and CTDSs.

We consider complex-valued DSs and limit the investigation to autonomous ones.
The general form of a DTDS is given by [47],[71]:

u(l+1)=s4u()] : 1=012---
M(O = Uini
N 2.1)
u=u+mw; : u,u €R
saltr, wi] = sg lur, ui] +1sqiur,u] 0 Sgp,84;¢ R2N 5 RN,
For a CTDS we define [47],[71]:
du(t
Y-% =scu(t)) : t>0
u(0) = ujp;
Y = dlag {Tl, T, ,TN} (22)
vie{l,2--- ,N}:75>0
u=u,+1m; : UU €< RN
Sc [ur, M,‘] = Scr [ur, u,-] +1S¢i [ur, ”i] D SerScit R2N s RN,

u is called the state of the DS and N is its dimension. In addition, we assume that s ,,
Sqi, Sc,r and s ; are continuously differentiable with respect to uy, u;.

Definition 2.1 The fixed points u fp of a DTDS, cf. Eq. (2.1), fulfill [47]:

ufp =S4 [ufp]. (23)
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Definition 2.2 The equilibrium points u.p of a CTDS, cf. Eq. (2.2), fulfill [47]:
sclttep] = ON. (2.4)

Definition 2.3 A DTDS reaches a limit cycle of length I, € N and [ > 1 if it repeats the
trajectory between [ and ! + I; infinitely often:

u(l)=u(l+1)
u(l) #u(l+j) (2.5)
vie{1,2,-,1.—1}.

Remark 2.1 The original definitions of DSs in [47],[71] are made for the real-valued
case. It can be easily shown that complex-valued DSs of dimension N as described in
Eq. (2.1), (2.2) can be represented by real-valued DSs of dimension 2 - N.

Remark 2.2 The terms fixed /equilibrium point are interchangeable in the literature,
cf. [47], [71]. Other terms for fixed /equilibrium point include stationary point, singu-
lar point, critical point and rest point [47]. In this thesis, we dedicate the term fixed
point for DTDSs and the term equilibrium point for CTDSs.

Remark 2.3 In this thesis, CTDSs are simulated using the first Euler method [50],
where it is assumed that T = 11 = » = --- = 1y and /At = 10. Simulation based
on other numerical schemes, as Runge-Kutta method, reveals similar results. At is the
sampling step.

2.1.1 Qualitative Behavior of Dynamical Systems

The theory of DSs focuses, among others, on their long term temporal behavior. In-
stead of giving explicit solutions of Eq. (2.1), (2.2), which is possible in very few cases,
it describes their qualitative behavior if the discrete/continuous time tends to infinity
(long term evolution). Qualitative behavior includes the existence (or nonexistence)
of fixed/equilibrium points, attractors, chaos etc.

A very important method to investigate the qualitative behavior of DSs is the Lya-
punov method. Before introducing it, we give some definitions based essentially
on [20].

Definition 2.4 The equilibrium point u. is said to be uniformly stable if the trajectory
u(t) of the CTDS can be made to stay within a small neighborhood of the equilibrium
point uep, if the initial state u;,; is close to the equilibrium point u.:

Ver >0:3 € >0 |lujyi — sep|| < €2 = |Ju(t) —uep| <€ @ VE>0.
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Definition 2.5 The equilibrium point u,), is said to be convergent if the trajectory u(t)
will approach the equilibrium point u., as the time ¢ approaches infinity in case that
the initial state u;,,; of the trajectory u(t) is close enough to the equilibrium point .
Thus, there exists a positive € such that:

llttini — uep” <e= tlggoHu(t) - uep” — On.

Definition 2.6 The equilibrium point u,), is said to be (locally) asymptotically stable if it
is uniformly stable and convergent.

Definition 2.7 The equilibrium point u, is said to be globally asymptotically stable if it
is stable and all trajectories of the CTDS, regardless their initial states u;,;, converge
to u.p as t tends to infinity. This implies that the CTDS does not have any other
equilibrium points.

2.1.2 Stability Analysis Based on Lyapunov Functions

The equilibrium point #,, of an autonomous nonlinear CTDS is asymptotically sta-
ble if in a small neighborhood A of u., there exists a positive definite function E[u].
The derivative of E[u] with respect to the time along the dynamical evolution is neg-
ative definite in that region. A scalar function E[u] that satisfies these requirements is
called a strict Lyapunov function for the equilibrium point #,,. In other words, Uep 1S
asymptotically stable if E[u] fulfill the following conditions [20]:

1. E[u] has continuous partial derivatives with respect to the elements of the state
vector u.

2. Efuep) =0

3. E[u] > 0ifu e A\ {uep}

4. %<Oifue¢4\{uep}
dE[m()] _ i
5. Tf01fufugp

If A is unlimited, the CTDS possesses only one equilibrium point and it is globally
asymptotically stable.

For local stability, we focus on the equilibrium ., = Oy. For global stability, we
shift Eq. (2.2) to the single equilibrium point.
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2.1 Dynamical Systems

For a DTDS, we replace the equilibrium point u., with the fixed point u fp and we

dE[u(t
replace the differentiation # with AE = E[u(l +1)] — E[u(I)].
We notice that there is no systematic approach to find Lyapunov functions. The

existence of a Lyapunov function is sufficient but not necessary for the stability.

Remark 2.4 In case of DSs with a unique globally asymptotically stable equilibrium
point u.p (fixed point u¢)), the initial conditions of the dynamical system u;,; do not
affect the long term behavior of the system. This is not true in the case of DSs with
multiple locally asymptotically stable equilibrium points (fixed points). In the later
case, the initial conditions influence the equilibrium point up (the fixed point uy,) to
be reached after long term evolution (iteration).

2.1.3 Stability Analysis Based on the Linearization Method

Nonlinear DSs may have more than one fixed/equilibrium point. Their local asymp-
totical stability can be investigated by applying the linearization method. This is done
by linearizing Eq. (2.1), (2.2) in the vicinity of a fixed / equilibrium point using a Taylor
series and ignoring high order derivatives. This leads to [16], [71]:

e A fixed point uy), is locally asymptotically stable if the absolute values of all
eigenvalues of the Jacobian matrix of s; at u, are smaller than one.

e An equilibrium point uep is locally asymptotically stable if the real parts of all
eigenvalues of the Jacobian matrix of s. at u,), are negative.

2.1.4 Twin Dynamical Systems

In this subsection, we are interested in the definition of s. in Eq. (2.2) by means of s;
in Eq. (2.1) such that both DSs share specific characteristics. To do that, we need to
make further restrictions, namely [63]:

e The fixed points of the DTDS Eq. (2.1), (2.3) are the same as the equilibrium
points of the CTDS Eq. (2.2), (2.4), i.e. usp = uep.

o If s; is linear and the corresponding DTDS is globally asymptotically stable, s,
must also be linear and the corresponding CTDS must be globally asymptoti-
cally stable too.

31



2 Dynamical Neural Networks

Let us start with the linear case [16], [71]. The DTDS in the linear case is given by:

u(l+1) :Dls'u(l)+d15 : l :0/1/2/"' (26)
u(0) = tjp;.

The DTDS in Eq. (2.6) possesses only one fixed point if I — Dy, is nonsingular. In this
case:
upp = —[Dis —1]7" - dyg 27)
and uy, is globally asymptotically stable if:
Vje {12, ,N}: (Ag” <1 2.8)

The CTDS in the linear case is given by:

du(t)
. = . : >
Y ar Cis-u(t) + ¢ t>0 2.9)
u(0) = ujy;.

Y is given in Eq. (2.2). The CTDS in Eq. (2.9) possesses only one equilibrium point if
C is nonsingular. In this case:
tep = —Cp.t - ¢ (2.10)

and u,), is globally asymptotically stable if:
Vje{1,2,~~~,N}:%{Ag)s}<0 .11)

where /\(C]Z_ (/\gl)s) are the j-th eigenvalue of Cj; (Dj;).
In case ¢;; = dj; (both DSs have the same stimulator) the above mentioned condi-
tions for the definition of twin dynamical systems lead in the linear case to:

tep = B (2.12)
Cis = —I1+Dys.
From Eq. (2.12) we conclude Vj € {1,2,--- ,N}:
R{ADY = 1y r D)
V) & (2.13)

Fig. 2.1 shows that if the fixed point of the linear DTDS in Eq. (2.6), (2.7) is glob-
ally asymptotically stable, i.e. Eq. (2.8) is fulfilled, the equilibrium point of the linear
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Figure 2.1: Eigenvalues of twin linear dynamical systems.

CTDS in Eq. (2.9), (2.10) through Eq. (2.12), (2.13) is also globally asymptotically sta-
ble.

For the nonlinear case, assuming that the linearization method is applicable, this
leads to:

Sc[u] = —u+ s;[u. (2.14)
This means for the Jacobian matrices:

Isc[u} =-I+ Isd[u]
eig {Isc[u]} = —I+eig {]sd[u]} :
The last equation is the vector-valued notation of Eq. (2.13). eig{ } stands for the

eigenvalues of the matrix in the argument. J_[u], J,, [u] represent the Jacobian matri-
ces of s, s; at u, respectively.

(2.15)

Definition 2.8 The DTDS in Eq. (2.1) and the CTDS in Eq. (2.2) are twin if Eq. (2.14)
is fulfilled.

Remark 2.5 Even if the DTDS and the CTDS are twin, the trajectory of the CTDS is
generally not an interpolation of the trajectory of the DTDS.

Remark 2.6 The definition of twin dynamical systems is based on coinciding the
fixed and equilibrium points, because they represent the solutions of our equalization
and decoding tasks. Other behaviors, which might appear in nonlinear DSs as chaos,
is not considered in this work, since we know that it does not lead to a (satisfactory)
solution.
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2 Dynamical Neural Networks

2.2 Single Layer Recurrent Neural Networks Without Hidden
Neurons

The fundamental element of neural networks is the neuron. In the general case, the
neuron represents a nonlinear information processing unit. It possesses many inputs
and a single output. The functionality of the neuron can be divided into a linear part
and a nonlinear part:

o The linear part: performs a weighted summation of the inputs. The result of
this summation is called “inner state”.

o The nonlinear part: the inner state is subject to a nonlinear mapping by means of
anonlinear element “activation function”. The result of this nonlinear mapping
is the output of the neuron.

In the discrete-time case, cf. Fig. 2.2 (a):
N
ey jgo e (2.16)
vj = ¢j(u)).

In the continuous-time case, cf. Fig. 2.2 (b) which is referred as “additive model” or
“resistance-capacitance model” [20]:

du;(t) N
i\t _
Go—ap = )+ 'Zo wijr - ey
I'=
oj = (1)) (2.17)
T = Rj . C]‘ >0
R:
_N
w]]/ R .

In Eq. (2.16), (2.17) u i, Vj, @j represent the inner state, the output and the activation
function of the j-th neuron in a neural network, respectively. w;; is the weight factor
of the j-th neuron for its j/-th input. We restrict ourself in this work to bounded
activation functions.

In Eq. (2.17) the inputs, the inner state and the output are assumed to be voltage
signals. The summation node represents an ideal current summation junction. The
weight factors are scaled resistances (conductances).
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Wwjo - €o

(a) A discrete-time model of a neuron.
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(b) A continuous-time model of a neuron. The "resistance-capacitance” model.

Figure 2.2: Discrete and continuous-time models of a neuron.

The single layer recurrent neural network without hidden neurons, for simplicity
recurrent neural network (RNN), consists of one layer of N neurons. Each neuron
has one external input. The outputs of the neurons vy, vy, - - - , vy are fed back to the
input, i.e. each output is fed back in general to all neurons by weight coefficients.

This class of networks has been attracting a lot of interest because of their widespread
applications. They can be either trained to approximate a multiple-input multiple-
output system [17] (system identification, usually with hidden neurons), or they can
be considered as DSs. In the later case, one of the most important properties of these
networks is their ability to solve optimization problems without the need for a train-
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2 Dynamical Neural Networks

ing (learning) phase. In this case, the training process, always associated with com-
putational complexity, time and free parameter optimization can be avoided. This
relies on the ability of these networks (under specific conditions) to be Lyapunov-
stable. This property is desirable in many engineering fields like signal processing,
communications, automatic control etc.

One of the first and most well investigated applications of the RNNs is the content
addressable memory (CAM). A detailed description of RNN-CAM (two-state neu-
rons) with storage capacity can be found in [20]. Other applications of RNNs are
A/D converter [78] and the traveling salesman problem [31].

We focus in this work on the application of RNNs as vector equalizer and we focus
on the comparison between discrete- and continuous-time models. The dynamical
behavior of RNNs is usually given by the state-space representation.

2.2.1 Continuous-Time Recurrent Neural Networks

Fig. 2.3 shows a continuous-time RNN, to be abbreviated in the following by RNN-1.
The dynamical behavior is given by:

du(t)
dt

Y- =—u(t) + W-o(t)+Wy-e

o(t) = plu()] = [l (O] p2lia(], - onlun(®]] 218
Y= diag{rl,rz, s ,TN}

WO = dlag {wl(), w0, - ,ZUN()} .

In Eq. (2.18) v is the output, u the inner state, e the external input, ¢;(-) the bounded
activation function of the j-th neuron, wj; = Ri’/ the weight coefficient between the
77

) . . R; .
output of the j’-th neuron and the input of the j-th neuron, wijp = R—]’O the weight

coefficient of the j-th external input and N the number of neurons in the network.
v,u,e c CN. W, Wy e CN*N Yy ¢ RN*N W, and Y are diagonal matrices.
By comparing Eq. (2.18) with Eq. (2.2) we notice that:

sc(u) = —u+W-@(u)+Wy-e.

Since we restrict ourself to bounded activation functions, the RNN-1 possesses at least
one equilibrium point [91].
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Figure 2.3: Continuous-time recurrent neural network. v(t) is the output, u(t) the inner state, e
the external input and ¢(-) the activation function.

2.2.2 Discrete-Time Recurrent Neural Networks With Serial Update

The dynamical behavior of the discrete-time RNN with serial update, to be abbrevi-
ated in the following by RNN-2, assuming the j-th neuron is being updated, is given
by:
3
ui(p+1) =) wji-vp(p) +wj e
i = ji jo "€ (2.19)
vi(p) = ¢;[uj(0)]-

The parameters in Eq. (2.19) are the same as in Eq. (2.18). Depending on Eq. (2.19), we
define the output vector before and after updating the j-th neuron, i.e. the transition
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from the serial discrete-time index (p) to (o + 1), as follows:

o(6) = [01(0), - 211(0),21(0), 051 (0), - on(p)]

. (2.20)

o(p+1) = [01(0), -+, 9j-1(0), 0 +1), 0511 (p), -+, on(p)

This means, at each time step (p) the output of one neuron is updated, whereas the
others stay unchanged:

vilp+1) =vp(p) = j #]
It is obvious that the order of the update can play a role when applying the RNN-2 to

solve optimization tasks. In addition, N steps are needed to update all neurons one
time.

2.2.3 Discrete-Time Recurrent Neural Networks With Parallel Update and
Without Inner State Feedback

Fig. 2.4 shows the discrete-time RNN with parallel update and without inner state
feedback, to be abbreviated in the following by RNN-3. The dynamical behavior is
given by:
u(l+1)=W-o(l)+ Wy -e
o(l) = @lu(D)].
The parameters in Eq. (2.21) are the same as in Eq. (2.18).
At this step we notice the difference between serial (asynchronous) and parallel
(synchronous) update. In the parallel update mode all neurons are updated at the
same time, whereas in the serial update mode only one neuron is updated every time

step. Combinations of both update modes are possible but they are out of the scope
of this work.

(2.21)

Remark 2.7 Depending on Definition 2.8, RNN-1 and RNN-3 represent twin dynam-
ical systems.

2.2.4 Discrete-Time Recurrent Neural Networks With Parallel Update and
Inner State Feedback

In this thesis we focus also on discrete-time RNNs with inner state feedback. Fig. 2.5
shows a RNN with inner state feedback of memory one. This network is abbreviated
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Figure 2.4: Discrete-time recurrent neural network without inner state feedback. v(I) is the out-
put, u(I) the inner state, e the external input and ¢(-) the activation function.

in the following by RNN-4. The dynamical behavior of RNN-4 is given by:
u(l+1)=A-u(l)+W-o(l)+Wy-e
o(l) = @lu(l)].

The parameters in Eq. (2.22) are the same as in Eq. (2.18). In addition, A € RN*N
and A = diag{ay,az,--- ,an}, where Vj € {1,2,--- N} : a; € [0,1). a; is the inner
state feedback of the j-th neuron.

If the memory of the inner state feedback is two, we obtain the RNN depicted in
Fig. 2.6. This RNN is abbreviated in this work by RNN-5. The dynamical behavior is
given by:

(2.22)

=
-
+
—_
N

I

Au(l-1)+W-o(l)+Wj-e

o(l) = g[u(l)]. (2.23)
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Figure 2.5: Discrete-time recurrent neural network with inner state feedback of memory one.
v(1) is the output, u(I) the inner state, e the external input, a the inner state feedback
and ¢(-) the activation function.

We notice that the difference between RNN-4 and RNN-5 is an additional delay in
the inner state feedback. The parameters in Eq. (2.23) are the same as in Eq. (2.22).

Remark 2.8 If A = Oxn«n, RNN-3, RNN-4 and RNN-5 are identical.

Remark 2.9 As for the RNN-1, it can be proven that the RNN-2, RNN-3, RNN-4 and
RNN-5 possess also at least one fixed point [91].

Remark 2.10 Itis often assumed that g1 = ¢ = --- = oy = ¢.
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Figure 2.6: Discrete-time recurrent neural network with inner state feedback of memory two.
v(1) is the output, u(I) the inner state, e the external input, a the inner state feedback
and ¢(-) the activation function.

2.2.5 Mathematical Preliminaries

In this subsection, Definitions are introduced and many lemmas are proven. This is
indispensable for the rest of this chapter.

Definition 2.9 A set of complex-valued functions g is said to be class g(!) if they fulfill
the following conditions:

e ¢:C—B:BCC, g(u)=gr(ur,u;)+1g;(ur,u;), g(0) =0, u = ur + 1u;
e gare bounded, i.e. there exists a y such that:

lg(u)| <p <oo
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This implies that g, (u,, 1;) and g;(ur, u;) are bounded too.
o ¢, (uy,u;) and g;(ur, u;) are continuously differentiable with respect to u, and u;.

o The real and imaginary parts of the functions g are strictly increasing with re-
spect to u, and u;, respectively. This means:

0< agr(urr ”i)

< )
o < v (2.24)
agi(ur, u;)
0< ou; < (2.25)

e The determinant of the Jacobian matrix of the functions g € g(1) is always posi-

tive, i.e.
_ 0gr(ur,u;)  9gi(ur,u;)  Ogr(ur,ui) Ogi(thr, u;)
o, = ou, ou; ou; ou, >0 (2.26)
e In addition:
ogr (ur, ui) _ 98i(Ur, i) 2.27)

ou; ou,

Based on the condition given above, the following properties of the inverse function
gil can be derived [76]:

e g1 B—C,g7 N (v) =g (v, 0) +1g; Hor,v;),871(0) = 0,0 = v, +11;

o g (v, v;) and g;l (vr, v;) are continuously differentiable with respect to v, and
;.

e The real and imaginary parts of the inverse functions ¢! are strictly increasing
with respect to v, and v;, respectively, i.e.

9g; ! (vr,v:)
0 < St (2.28)
0 < agfl(vrzvi) (2.29)
8vi ’
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2.2 Single Layer Recurrent Neural Networks Without Hidden Neurons

e The determinant of the Jacobian matrix of the inverse functions ¢~ ! is always
positive, i.e.

_ 9 Mo, v) 98 H(onvi)  9grY(vp,v)  98; (orvy)

o vy Jv; Jdv; vy

8

>0 (2.30)

~1
e In addition:

agr (Urr ) ag (Urr )

3, 5, (2.31)

e The derivatives of g, 1 (vy,v;) and g;l (vr, v;) with respect to v, and v; are under
bounded, i.e.

ogr (ur, ui)  9gi(ur, u;) } !

min :
min J 280 @) || { ou; Oty >1
v, Yi NG
(2.32)
. agr(ur/ ui) agi(”r/ H[) 17!
min M = |7 — mm{ ouj dur > 1
dv; ! YIr i
(2.33)

The proofs of Eq. (2.28)-(2.33) are considered in Lemma 2.1.

Definition 2.10 A set of complex-valued functions g is said to be class g if they
fulfill the conditions mentioned in Definition 2.9 and in addition:

ag?’(uﬁui) _ agi(”rrui) -0 o ag;l(vrrvi) _ agfl(vfrvi)
ou; ouy Jv; vy

=0

This means ¢ € g2 = ¢(u) = g (u,) + 1g;(1;). We call this property Separability of
real and imaginary parts.

Definition 2.11 A set of complex-valued functions g is said to be class ¢©® if they
fulfill the conditions mentioned in Definitions 2.9, 2.10. In addition, if g1, g2 € g<3)

and
T

du, du;
N dgo (1) _ dgo i (u;)
Y2, = mMax {Tm ;o Y2, = Mmax Tu;
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then Yo = v, + 1v; € B:
. -
>y [ e @)do > [Tl (0)de
Ui (%3
Y2, > M,i = /0 81, (8)dd > /0 8, (8)dd

This means: if v, , > 1, and 7p; > 71,4, it holds:
v v
R { / g7 (9)do* — / g;l(ﬁ)dﬂ*} <0 (2.34)
0 0

Remark 2.11 ¢©® ¢ ¢ c ¢,

Definition 2.12 A set of real-valued functions g : R — B, : B, C R, g(0) = 0is
said to be class ¢ if they fulfill the conditions mentioned in Definition 2.9, 2.10. In
addition, it holds g;(u;) = 0.

Lemma 2.1 If a function g € g(1), it holds:

§ [ in J 98 (ur i) 0gi(ur i) !
. {agr (Uhvi)} au; oy 1
mngy ———— ¢ = |7 — =z
0, Yi Yr
; min { 28 ) 3gi(wr, ) 117
mind 88 @o) LN Iu; ouy > 1
ov; ' Yr T
Proof
See Appendix A.1.

Lemma 2.2 If a function g € g(l), there exists a function ¢ (v, v;) such that:

39(v,0) _ 39(v,0) _
# = &r (U-,,ZJ,') & # =38 (U-,,ZJ,')
where v € B.
Proof
See Appendix A.2.

Remark 2.12 This Lemma has been mentioned without detailed proof in [41].
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2.2 Single Layer Recurrent Neural Networks Without Hidden Neurons

Lemma 2.3 If a function g € g(1>, it holds:

by
R ["g @00} =0 {(e- 005 00)}
by
where by, by € B. by is unique and lies on the line segment joining the points (by , by ;)
and (by,, b ;) (intermediate point).

Proof
See Appendix A.3.

Lemma 2.4 If a function ¢ € ¢(?) and Vo1, v, € B it holds:
R{(01 —v2)" - (w1 —ug)} 2 0

given that v; = g(u1) and v, = g(up). In addition, u , is between u; , and uy,. 1 ; is
between u; ; and uy ;.

Proof
See Appendix A 4.

Lemma 2.5 If a function g € ¢g?), it holds:

R {/:23_1(19)0119*} <R {(b2 —by)* -g_l(bz)} - % L by — by )?

1 _
— 5 L (by; — by)?

where by, by € B.

Proof
See Appendix A.5.

Lemma 2.6 If a function g € ¢®, it holds:

Yiuq,up € C: §R{(u1 —up)*- [g(ul) - g(uz)] } >0 (2.35)
Proof
See Appendix A.6.
Lemma 2.7 If g € ¢, ¢,(-) & g;(-) are Lipschitz functions.
Proof
See Appendix A.7.
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Lemma 2.8 If g € g(?), there exists > 0 such that:

Vuq,uy € C:|g(uy) —glug)| <1+ |ug —up

Proof
See Appendix A.8.

Lemma 2.9 VM;, M} € No: u = u, + tu;, ¢(u) = ¢, (1y) + 1¢;(4;) such that:

M,

gr(w) = Y. tanh [y, (u, 2 ))]
=M,
M;
pi(w) = Y tanh [y (u;—2-))]
=M,

then ¢(-) € g©.

Proof
See Appendix A.9.

(2.36)

(2.37)

(2.38)

Example 2.1 Fig. 2.7-2.11 illustrate the properties of the functions in Eq. (2.37),(2.38)

for M; = 1and M/ = 0 and different values of v, and ;. In this case:

@r(uy) = tanh ['yr (uy — 2)] + tanh ['yr . ur} + tanh [’Yr (ur + 2)]

@i(u;) = tanh [%‘ : ui]

(2.39)

(2.40)

We notice also that the shape of these functions does not change substantially if 7,

and v; are large enough. In this case Eq. (A.17) tends to zero.

Lemma 2.10 VC € CN*N & Yo, v, € CV it holds:
C, | —C; v
H c. — T T |. 4 [ 2r
%{7’1 ¢ ”2} [ Y1 L ] { G| G } { oy }
Proof

See Appendix A.10.
Lemma2.11 V C = C? e CN*N & o e CN - %{UH~C~1J} =0

Proof
See Appendix A.11. the absolute value here is elementwise.
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T R R H
-1 0 1 2 3 4
Uj

(a) The function in Eq. (2.39).

(b) The function in Eq. (2.40).

Figure 2.7: The functions in Eq. (2.39), (2.40).

abo R

Ur = 99;1 (v,)

(a) The inverse function of Eq. (2.39). (b) The inverse function of Eq. (2.40).

Figure 2.8: The inverse functions of Eq. (2.39), (2.40).
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(a) The derivative of the function in Eq. (2.39). (b) The derivative of the function in Eq. (2.40).

Figure 2.9: The derivatives of the functions in Eq. (2.39), (2.40).

(a) The derivative of the inverse function of (b) The derivative of the inverse function of
Eq. (2.39). Eq. (2.40).

Figure 2.10: The derivatives of the inverse functions of Eq. (2.39), (2.40).
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[ R

%

(a) The integration of the inverse function of (b) The integration of the inverse function of
Eq. (2.39). Eq. (2.40).

Figure 2.11: The integration of the inverse function of Eq. (2.39), (2.40).

Lemma 2.12 If a matrix C = CH € CN*N then Yoq1,v, € CN it holds:
1 1
75~{v{{-va17'U£{-C-v2}:75-(171702)H-C~(v17v2)

- %{(’01 —’02)H- C-’l)z}

Proof
See Appendix A.12.
Lemma 2.13

Vo,ueCN: S“E{vH-u} < |v\T < |ul
Proof
See Appendix A.13.
Remark 2.13 Because g©® c ¢ ¢ ¢():

o All Lemmas proven for functions belonging to g(1> are applicable for functions
belonging to ¢?) and ¢® but not vice versa.

o All Lemmas proven for functions belonging to g are applicable for functions
belonging to ¢g(® but not vice versa.

Remark 2.14 We notice that Lemmas 2.3-2.8 are applicable to functions belonging to
(4)
g'*/ too.
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2.2.6 Local Asymptotical Stability of Recurrent Neural Networks

In this section, we investigate the local asymptotical stability (LAS) of the different
RNNSs presented before. We always follow the same approach: For each RNN, we
introduce a function and derive specific conditions that guarantee that the function
we have given is a Lyapunov function, i.e. it is strictly (monotonically) decreasing
with time along the dynamics of the discussed RNN. Later on, we introduce time-
variant activation functions and discuss the LAS of RNNs with this kind of activation
function.

Locally asymptotically stable RNNs are desirable for some applications. Associa-
tive memory design based on RNNss is a natural and well investigated example. An-
other application is the vector equalization based on RNNs, which is considered in
details in the next chapter.

In case of variables (functions) with double subscripts separated by a comma, the
right one refers to the real/imaginary part of the variable (function) and the left one
refers to the neuron index. For the ease of notation, we drop the dependency of vari-
ables and functions on time, if possible. Parts of this section have been published
in [66].

Theorem 2.1 The RNN-1, cf. Fig. 2.3 and Eq. (2.18), reaches an equilibrium point if
the following conditions are fulfilled:

i) The activation function ¢(-)e g(1).

ii) There exists a diagonal positive definite matrix D = diag{dy,d, ..., dn} such
that D- W = {D - W}

Proof
Under theses assumptions, RNN-1 possesses the following Lyapunov function:
1 u H
Efo(t)] = — 5 - (1) -D~W-v(t)f§R{v (t) -D-W0~e}
N
+ ;dj P [v;,r(t),vj,i(t)] (2.41)
]:
U]‘,y 1 Z)/‘,l' 1
005000 = [ 97, 0,000+ [ (0, 0)d0
Using Lemma 2.2
d(p]-(vj,r, Uj,i) dvj,r dU]',i dU]*
dt =u g T g TR g
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d

3 dot
dt [ 1df'¢i(vj,rlvj,i) :%{7.1),”}
]:

dt

ZJH
‘%{d dt(t) 'D'W'v(t)}

dE[p(t)] 1 do'l(t)
dt 2 dr

From Eq. (2.18):

dE[v(t)] dof (1) du(t)) & duj, doj, du;; doj;
dt =R dt b-Y dt [ derf dt dt+dt dt

ButVje {1,2,...,N}

1 1
duj,  99;, (vj,j;) doj, 99, (Vjr, i) doj;

dt aZ)j’r dt an/i ‘ dt

-1 -1
duj,i B a(P]‘,,' (Uj,rr Z7j,i) . dv]-,, a(P]‘,i (vj,rr Z7j,i) . dvj,i
dt o aZ)]‘,r dt (—)ZJ]',Z' dt

For clarity of presentation, we suppress the dependency of (p]._J1 (0, vj,i) and (Pj_,il (0, 0ji)
on Uj/y,U]'/iZ

dE[v(t)] _ %d T aqp;rl ) de/, 2 n a(P;yl ] de,r ] dZ)]',l'
a7 | o, dt dvj;  dt  dt

(2.42)

-1 -1
(—)(p]-,l- . dvj,r . dZ)]‘,i a(P]‘,i ) dZ)j’l‘ 2
aU]‘,r dt dt av]-,,- dt
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Now we define:

1 2
1 adl
. N 99 ; dv;; v, do;
Eo() =-Y d;-7- =24 . L 2L =7
=1 U aZ)]',i dt aq)j,il dt
an/i
o o\ 2 (2.43)
a(P] rl a(P] 11 B a(Ple
N an,r 8v] i avj,r do: 2
Y47 — < d”)
j=1 aq’]‘,i t
a‘l)]',i

Using Definition 2.9 and Eq. (2.28)-(2.31): E[v(t)] < 0 and the equality holds if and
only if dzi(tt) = On. Depending on Appendix A.14:

dE[o(t)]
dt
do(t)
dt
been reached. Otherwise, the function in Eq. (2.41) is strictly decreasing with the time
along the dynamics in Eq. (2.18). |

=E[o(t)] <0 (2.44)

The equality holds if and only if = 0p. This means an equilibrium point has

Remark 2.15 The original proof in [41] assumes D = I and W = WH | which is a
special case of the proof presented above. We will see later, cf. Eq. (3.26) that the
assumption of D # I is very useful when using RNN-1 as vector equalizer.

Remark 2.16 If the imaginary parts of all variables and activation functions in Eq. (2.18)
are zeros and ¢ € g(*) (sigmoid input-output relation), we obtain the well known
continuous-time Hopfield network. The LAS in this case, where D = I & W = wT
has been proven in [30].

Theorem 2.2 The RNN-2, cf. Eq. (2.19),(2.20), reaches a fixed point if the following
conditions are fulfilled:

i) The activation function ¢(-) € g(2).

ii) There exists a diagonal positive definite matrix D = diag{dy,d,,...,dy} such
that D -W = {D - W}H.

52



2.2 Single Layer Recurrent Neural Networks Without Hidden Neurons

iii) The diagonal elements of W are nonnegative.

Proof
Under these assumptions, RNN-2 possesses the following Lyapunov function:

1
E[o(p)] == 5-0"(0)-D-W-(p) =R {0"(0) -D- Wo e
+R{Y d;- / g (9)de
=0
Assuming that the j-th neuron has been updated, i.e.
vi' € {1,2,---,N} : vi(p+1) =0vp(p) : i #ij

we define AE; = E[v(p + 1)] — E[v(p)].
From Appendix A.15:

* * v](p+1) -1 *

AE; :—dj-éﬁ{[v]»(p—kl) —vj(p)} ~uj(p+1)—/ 9; (¢)do }
vi(p) (2.46)

1 2
— 5 djwj ‘Uj(P+1) - Uj(P)‘

Using Lemma 2.3:

AEj = —d;- R { [vj(p+ 1) — vj(p)] i [u]-(p +1) - uo] } - % d;-wj ]vj(p +1) - ;(p)
o, € ((min{u,(0), (0 + 1)}, max{uy, (o), (0 +1)} )
ug,i € (min{”j,i (), uji(p + 1)}, max{u;;(p), u;i(p + 1)})

Depending on Lemma 2.4, we conclude that AE i <0.
The equality holds if and only if v;(p + 1) = vj(p). The network will reach a fixed
pointif Vj € {1,2,...,N} : AE; = 0. .

Remark 2.17 Because we are aiming to generalize the stability results from the real-
valued case to the complex-valued one, the LAS of the RNN-2 can be proven in an-
other way based on Lemma 2.5 as in the following theorem.
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Theorem 2.3 The RNN-2, cf. Eq. (2.19),(2.20), reaches a fixed point if the following
conditions are fulfilled:

i) The activation function ¢(-) € g(2).

ii) There exists a diagonal positive definite matrix D = diag{d;,d,,...,dy} such
thatD-W = {D- W},

iii) The diagonal elements of W are nonnegative.

Proof
We assume that the RNN-2 possesses the same Lyapunov function as in Theorem 2.2.
From Eq. (2.46):

A =—di- R [or(o+1) = of - [T 1 9)asr
j=—dj- [vj(p+ )—v,-(p)]uj(wr )_/v,-(m ¢ (8)
1 2
=5 djwj ’Uj(P+1)*Uj(P)‘
Using Lemma 2.5:
1 _ 1 _
AEj < -3 -dj- Wj,rl [vj(0+1) = 0j,(0)]* — 5 dj - ’rj,il [vjip+1) —0;i(0)]?
1 2
=5 dj-wjj |oi(p+1) = ()
AE; <0

We have shown in Theorem 2.2 that the equality holds if and only if v;(p+1) = v;(p).
The network will reach a fixed point if Vj € {1,2,...,N} : AE; = 0. |

Remark 2.18 The LAS of RNN-2 with different activation functions than g(z) has al-
ready been investigated. We mention in the list below some of them. However, we
notice that the stability conditions remains the same, regardless of the activation func-
tion.

o If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and the network is composed of two-state neurons, we obtain the discrete-
time Hopfield network (serial update), its LAS (without external inputs e = 0yy)
has been proven in [29].
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o If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and ¢ (1) is a multithreshold function, the RNN-2 in this case can be trans-
formed into a discrete-time Hopfield network with larger number of neurons.
Thus, the LAS results for the discrete-time Hopfield networks are applicable to
the multithreshold RNNs too, cf. [10] and the references therein.

o If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and ¢(u) is strictly increasing within an interval and constant outside it,
the LAS has been proven in [14].

o If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and ¢(u) is strictly increasing, the LAS has been proven in [10].

o If ¢(u) is a complex-valued, multistate function, the LAS (without external in-
puts e = Oy) in this case has been proven in [33],[43]. The stability conditions
have been relaxed in [42],[43].

o In the phasor model RNNs, where the outputs of the network lie on the unite
circle in the complex plane, the LAS ( without external inputs e = 0y) has been
provenin [56].

For complex-valued RNNs (the last two cases mentioned above) we notice that the
activation function is noninvertible.

Theorem 2.4 The RNN-4, cf. Fig. 2.5 and Eq. (2.22), reaches a fixed point if the fol-
lowing conditions are fulfilled:

i) The activation function ¢(-) € g(2.

ii) There exists a diagonal positive definite matrix D = diag{dy,d,,...,dn} such
thatD-W = {D-W}"and D- W > 0.

iii) A = diag{ay,ap,...,an} € RV*N. Vj e {1,2,...,N} : a; € [0,1), ie. Aisa
diagonal and positive semidefinite matrix.

Proof
Under theses assumptions, RNN-4 possesses the following Lyapunov function:
1
Elp()] == 5 -o"(1)-D-W-o(1) - m{vH(Z) D W, e}

(2.47)

N vi(1)
+§R{Zd]»-(1—aj)-/0 cp].l(ﬁ)dﬂ*}
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We define in this case:

A =v(+1)—o() , AE=E[o(l+1)]— E[o(l)]

Using Lemma 2.12:

AE:—%~AvH~D-W-Av—3%{AvH-D-W-v(l)}—éR{AvH-D~WQ-e}

N Uf(l+1)
+ R di-(1—aj)- P71 (8)do*
{]Z; ] ] /v ]

(1)

:—%~AvH-D~W-Av—§]%{AvH~D-[W~v(l)+Wo-e]}

N Z)]‘(I+1)
R di-(1—a;)- “1(9)do*
" {‘1, =ay [ 0@ }

]

Using Eq. (2.22):

AE:—%-AvH-D~W‘Av—§R{AvH-D-[u(l+1)—A-u(l)]}

N uy41) (248)
+§R{Zdj-(1aj)./ (pj_l(é‘)dﬂ*}

=1 v;(1)
Using Lemma 2.3:

AE:,%,AZ,H.D.W.Aqu{AvH.D-[u(l+1)fA-u(l)}}

+R{a0H D [1- A u}
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ug is between u(1) and u(1 + 1), i.e. ug, is between u,(I) and u, (I + 1). ug; is between
u;(1) and u; (1 + 1).

AE:f%-AvH-D-W~Av

—%{AUH~D-[u(l—|—1)—uo]}—%{AvH-D~A~[u0—u(l)]}

Based on Lemma 2.4, D > 0and D - A > 0, we conclude that all three terms in the last
relation are nonpositive and added constructively, i.e. AE < 0. The equality holds if
and only if Av = Oy i.e. v(I + 1) = v(I). This means a fixed point has been reached.m

Remark 2.19 To relax the positive semidefinite condition in the last theorem, the LAS
of the RNN-4 can be proved in another way based on Lemma 2.5 as it is illustrated in
the following theorem. In this case, there is no necessity that D - W > 0. However,
a similar condition must be fulfilled. This can be done by controlling the inner state
feedback A and/or the activation function.

Theorem 2.5 The RNN-4, cf. Fig. 2.5 and Eq. (2.22), reaches a fixed point if the fol-
lowing conditions are fulfilled:

i) The activation function ¢(-) € g(?).
ii) There exists a diagonal positive definite matrix D = diag{dy,do,...,dn} such

that D- W = {D - W} and

W= D W,+D-[I+A]-I;!| -D-W;

0
D W, D-W,+D [I+4]-T.1 |~

where
T, = diag{v1i,~ 72 - INs} . T =diag{yii 72 -+ YN}

iii) A = diag{ay,az,...,an} € RVN.vj e {1,2,...,N} : a; € [0,1),ie. Aisa
diagonal and positive semidefinite matrix.

Proof
We assume that the RNN-4 possesses in this case the same Lyapunov function as in
Theorem 2.4. We define in this case:

Av=v(l+1)—o() , Au=u(l+1)—u(l) , AE=E[p(+1)]—E[x()]
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From Eq. (2.48):

AE:f%-AvH~D~W~A078%{AvH~D-[u(l+1)fA~u(l)]}

N v;(141)
+RIYd (-0 [ gr(8)de*
{jzl, (=g [ o'® }

Using Lemma 2.5 considering that D - [I — A] is diagonal and positive definite:

U/‘(l+1)

N
%{Zdj-u—aj)./(l) ¢j_1(ﬂ)d19*} g?)%{AvH-D-[I—A]-u(l+1)}
=1 o

—%~AvrT-D~[I—A]-1";1~Av,

Aol D [I-A]- T Av;

N~

In this case:

AE57%'AvH-D~W«Avf§R{AvH~D-A-Au}

1 1
—E-AvrT~D~[I—A]-l"r_l~Avr—§~AviT-D~[I—A]~l"l._1~Avi

According to Lemmas 2.7,2.10 taking into account that D - A > 0:

1 1
AEg—E-Av,T-D-[I+A}-F,’l-Avr—E-AvH-D-W-Av
1
— =AM DI+ A] T Ay
2 (2.49)
1 ~ Av
< . T T 7. . r
<-3 [ Ao Aol |- W [Avi]
AE< 0

From Theorem 2.4, the equality holds if and only if Av = Oy, i.e. v(I +1) = v(l). This
implies reaching a fixed point. ]

Discussion

e For complex-valued RNN-4 with complex-valued weight matrix: W > 0.
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e For complex-valued RNN-4 with real-valued weight matrix, ie. W = W,,
W; =0yxn,and D- W = {D - W}T:

D-W+D-[I+A] - I;'>0
D-W+D-[I+A]-T;' >0

e For real-valued RNN-4, T =T,:

D-W+D-[I+A]-T7'>0

This generalizes the results in [52],[92].

Theorem 2.6 The RNN-5, cf. Fig. 2.6 and Eq. (2.23), reaches a fixed point or a limit
cycle of length two if the following conditions are fulfilled:

i) The activation function ¢(-) € g?).

ii) There exists a diagonal positive definite matrix D = diag{dj,dy,...,dy} such
that D-W = {D - W}H,

i) A = diag{ay,ap,...,an} € RVN. Vj e {1,2,...,N} : a; € [0,1), ie. Aisa
diagonal and positive semidefinite matrix.
Proof
Under these assumptions, RNN-5 possesses the following Lyapunov function:

E[o(1)] :we{vH(z) ~D-W-v(l—1)} 78%{[vH(l)+vH(lfl)] -D-W0~e}

N o)
+é7%{‘1dj-(1—aj)-/0] (pjl(ﬂ)dﬁ*}

]

N v;(1-1)
di-(1—a;)- ~1(9)do*
+§R{]g, A=) [ g®) }

(2.50)
We define in this case:

Av=v(l4+1)—v(l—-1) , AE=E[w(l+1)]—Ev(l)]

N vi(l+1)
7ldj.(1—aj)~/v, (pjl(l?)dﬁ*}

i(1-1)

AE:—§R{AvH-D~[W~v(l)+W0-e]}+§R{
]
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Using Eq. (2.23):

AE:—§R{AvH-D-[u(l+1)—A-u(l—1)]}

N Avv(l_;'_l) (251)
{Zd] (1—a)) /] (pj1(19)d19*}
j=1

o;(1-1)
Using Lemma 2.3:
AE = —%{AvH-D- [w(l+1) —uo}} —%{AvH-D-A- [uo—u(l—l)]}
u is between u(l — 1) and u(! + 1). Based on Lemma 2.4, we conclude that AE < 0.
Equality holds if and only if Av = 0p. This occurs in two cases:
e Limit cycle of length two: v(I +1) = v(I — 1) £ v(]).
e Fixed point: v(I 4+ 1) = v(l) = v(l - 1).

n
The LAS of the RNN-5 can be proved in another way based on Lemma 2.5 as in the
following theorem.

Theorem 2.7 The RNN-5, cf. Fig. 2.6 and Eq. (2.23), reaches a fixed point or a limit
cycle of length two if the following conditions are fulfilled:

i) The activation function ¢(-) € g(2.

ii) There exists a diagonal positive definite matrix D = diag{d;,d,,...,dn} such
that D- W = {D - W}H,

iii) A = diag{ay, az,...,an} € RV*N. Vj € {1,2,...,N} : a; € [0,1),ie. Aisa
diagonal and positive semidefinite matrix.

Proof
We assume that the RNN-5 possesses in this case the same Lyapunov function as in
Theorem 2.6 and we define:

Av=v(l+1)—v(l—1) I, = diag{v1r, Y2,/ ---» YN}
Au=u(l+1) —u(l-1) I; = diag{v1,i, 12i,---, YN}
AE = E[o(I +1)] — E[v(1)]

60



2.2 Single Layer Recurrent Neural Networks Without Hidden Neurons

From Eq. (2.51):
AE =R {ao! D [u(l+1) - A u(l - 1)]}
N v;(I41) . .
+§R{j§dj~(1—aj) -/vf(H) 971 (8)do }
Using Lemma 2.5:
AE<—R{ao" - D-[u(l+1)— A-u(l — )]} +R{a0"-D- [T A u(1+1)}

1 1
—7~Av,T~D~[I—A]-F,’1~Av,—§~AviT-D~[I—A]-l"i’l-Avi

2
AEg—éR{AvH.D-A-Au}
1 1
f§~Av,T-D-[IfA]~F;1-Av,fE-AviT-D~[IfA}-l"i_1~Av,-

Using Lemma 2.7:

1 1
AES—E-AZJ,T-D-[I—kA]T,‘LAZJ,—E-Av,-T-D~[I+A]-l"i_1~AzJi

AE <0

Based on Theorem 2.6, the equality holds if and only if Av = 0y. This occurs in two
cases:

e Limit cycle of length two: v(I +1) = v(l — 1) # v(]).
e Fixed point: v(I +1) = v(l) = v(l - 1).
[

Remark 2.20 In contrast to RNN-1, RNN-2 and RNN-4, the RNN-5 can reach a limit
cycle of length two.

Remark 2.21 It is easy to prove that an RNN composed of RNN-4 and RNN-5 is also
locally asymptotically stable.

Remark 2.22 We notice that in all previous cases the inner state feedback A appears
in the third term (and fourth if given) of the Lyapunov functions. By controlling the
values on the diagonal elements of A, the relative importance between the different
terms of the Lyapunov functions is changed (shaping of the Lyapunov function).

Particularly if A — I the third term (and the fourth if given) in the Lyapunov
functions vanish.
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Remark 2.23 Proving the LAS for discrete-time RNNs for activation functions with
dependent real and imaginary parts is more interesting than doing that for activa-
tion functions belonging to ¢(2) “independent real and imaginary parts”. However,
it can be proven that this is not possible if Lyapunov functions of the form as in
Eq. (2.45),(2.47),(2.50) are used. One exception is the phasor model, where the out-
put of each neuron lies on the unit circle in the complex plane [56]. The activation
function in this case is noninvertible.

We focus on Lyapunov functions of the form as in Eq. (2.45),(2.47),(2.50) because
the maximum likelihood function of the vector equalization has a similar form.

In this context, activation functions with independent real and imaginary parts are
important for square M-ary quadrature amplitude modulation (M-QAM) symbol al-
phabets, which are more relevant in practice. This is further investigated in Chapter 3.
The phasor model on the other hand is relevant for M-ary phase shift keying (M-PSK)
symbol alphabets. This is not considered further.

Recurrent Neural Network with Parallel Update and without Inner State
Feedback

In case A = 0n« N, RNN-4 and RNN-5 coincide and both are reduced to the RNN-3,
cf. Fig. 2.4 and Eq. (2.21).

When discussing the LAS of the RNN-3 in the complex-valued case depending on
Theorems 2.4-2.7 we distinguish for ¢(-) € g(2):

e The RNN-3 reaches a fixed point. In thiscase D- W = {D-W}{ and D-W >0
(or W > 0)

e The RNN-3 reaches a fixed point or a limit cycle of length two. In this case
D -W={D W},

Remark 2.24 The LAS of RNN-3 as in Theorems 2.4-2.7 coincides with already known
stability results with different activation functions than g(2). Here are some examples:

o If the imaginary parts of all variables and activation functions in Eq. (2.21) are
zeros and the network is composed of two-state neurons, we obtain the discrete-
time Hopfield network (parallel update), cf. [10] and the references therein.

o If the imaginary parts of all variables and activation functions in Eq. (2.21) are
zeros and ¢(u) is a multithreshold function, then the RNN-3 in this case can be
transformed into a discrete-time Hopfield network, cf. [10] and the references
therein. Thus, the LAS results for the discrete-time Hopfield networks are ap-
plicable to the multithreshold RNNs too [18].
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o If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and ¢(u) is strictly increasing within an interval and constant outside it,
the LAS has been proven in [14].

e If the imaginary parts of all variables and activation functions in Eq. (2.19) are
zeros and ¢(u) is strictly increasing, the LAS has been proven in [10].

o If ¢(u) is a complex-valued, multistate function, the LAS (without external in-
puts e = Oy ) has been proven in [43],[44].

e If ¢(u) is a linear threshold function, the LAS has been proven in [94].
Theorem 2.8 RNN-2 and RNN-3 share the same fixed points.

Proof
This has been proven for the real-valued case in [10]. The generalization to the complex-
valued case is analogue. We introduce here the main idea.

o Imagine that RNN-2 has been updated (in serial) and it reached a fixed point.

If you continue updating it in parallel (RNN-3), no changes on the output do
occur.

e Imagine that RNN-3 has been updated (in parallel) and it reached a fixed point.
If you continue updating it in serial (RNN-2), no changes on the output do
occur.
We conclude that the RNN-2 and RNN-3 share the same fixed points, which are also
the equilibrium points of the RNN-1 according to the definition of twin dynamical
systems. -
Remark 2.25 We notice that the advantage of the RNN-2 is the ability to avoid the
limit cycle of length two in case of the RNN-3 without requiring that D - W > 0. This
takes place at the cost of a new condition, namely the diagonal elements of W are
nonnegative.

Remark 2.26 The RNN-1 combines the update behavior of RNN-3 and the stability
behavior of RNN-2.

Theorem 2.9 RNN-4 and RNN-5 share the same fixed points.

Proof
In both cases the fixed points fulfill:

upy = [I— A" - [W-@(ug,) + Wy -e].
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Remark 2.27 RNN-4 & RNN-5 share the same set of fixed points. This means, an
optimization problem solved by one of them can be solved by the second too. The
choice of using RNN-4 or RNN-5 depends whether the condition D - W > 0is fulfilled
(RNN-4) or not (RNN-5). However, for RNN-5 there exists the possibility to get stuck
in alimit cycle of length 2. This can be understood as the price of not fulfilling D - W >
0.

2.2.7 Stability Analysis of RNNs With Time-Variant Activation Functions

Time-variant activation functions in this work, cf. Definition 2.11 and Lemma 2.9, are
activation functions ¢(-) € g(3), where the factors 7, and +; are time-variant during
the evolution (iteration) process. Parts of this section have been published in [66].

Remark 2.28 In the following, we limit the ¢(3) function class to functions as given in
Lemma 2.9.

Theorem 2.10 The RNN-1, cf. Fig. 2.3 and Eq. (2.18), reaches an equilibrium point if
the following conditions are fulfilled:

e The activation function ¢(-) € g(3) and <, and v; are time-variant and nonde-
creasing for all neurons during the evolution process.

e There exists a diagonal positive definite matrix D = diag{dy,d, ..., dn} such
that D - W = {D - W}H.

Proof
Under these assumptions, RNN-1 possesses the following Lyapunov function, cf.
Theorem 2.1:

Efo(t)] = — % (1) D-Wo(t) - R {o(1) D Wy e}
N
+ Y i 9503 (0,243 (8), 73, (1), 71400 (2.52)
=1

U]‘/, _ 1)/',,' _
00300301 m0) = [ 07t (@)d0+ [V g7l (0)d0

(p,;lly Represents the real part of the inverse activation function of the j-th neuron with
v = max de;,r(ujy)

I du jr
(p,;jll Represents the imaginary part of the inverse activation function of the j-th neuron
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. d(P]',i(”j i)
with 7;; = max duj,
Depending on Theorem 2.1, Lemma 2.2 and the law of the total derivative:
d(P] dZ)]‘/r dU]',l'
@ @ T
) vir 4 dyj, 9 %ii 4 dv;j,i
— S(9)ds| - ~ 2(9)dd| - —=—
- iy Uo #, (%) } dr " 97ji UO #7:(0) } dt
E
According to Eq. (2.44)
dE[v(t) - N _
RO _ Epo(ey + R
]:
e E[v(t)] < 0according to Eq. (2.43).
dvjr d7;i . _
. > 0 and > 0, then according to Definition 2.11 and Lemma 2.9, cf.

also the next example:

. ) ur 4 dvjy 9 Uiy dj
g i Vo #;,(9) dﬂ] dt +f’“rj,i /o Ps0) 0] g~ <0

This leads to:

dEfo(t) _

e —
do(t) dy,(t) _ dyilt)

dt dt dt
Y+ (£), 7i(t) are so large (for all neurons) such that increasing them makes no changes
on the shape of the activation functions, cf. Lemma 2.9, Fig. 2.7-2.11. ]

= 0or

The equality holds if and only if = Oy and either

Example 2.2

1 lnl—i—vr
29 1—v,

Or = @y, (ur) = tanh(yr - ur) < uy = ‘P;,.l(vr) =

"0, 1 1
¢)dd =

a Ur -1 1 2 1+'Ur
- - . _ . <
o [/0 ¢ (ﬁ)dﬂ] 77 {ln(l v;) 4+ vr-In i *Ur} <0

The equality holds in two cases: either v, = 0 or v, > 1.

1+o,
1—o,

. [ln(l —02) + v, -In } s o€ (—1,41)
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Theorem 2.11 The RNN-2, cf. Eq. (2.19),(2.20), reaches a fixed point if the following
conditions are fulfilled:

e The activation function ¢(-) € ¢(® and +, and 1; are time-variant and nonde-
creasing for all neurons during the iteration process.

e There exists a diagonal positive definite matrix D = diag{d,dy,...,dN} such
thatD-W = {D- W},

o The diagonal elements of W are nonnegative.

Proof
Under these assumptions, RNN-2 possesses the following Lyapunov function, cf.
Theorem 2.2:

E[o(p)] == 5 0"(p) - D- W (o) =R {0"(0) -D-Wo e
N v;(p)
+%{]Zidj-/() ’ q;,nl(p)(ﬂ)dﬁ*}

Where q);jl(p) [uj(p)] = (p;]ly © [uj(0)] + lq’;;i © [uji(p)] refers to the inverse activation

(2.53)

function of the j-th neuron at discrete-time step (p) such that

de.,. ) (u; de.,. o) (1i;
Vir(p) = max{W} , 7j,i(p) = max {(W}

du]-/r duj,l-

We build AE; = E[v(p +1)] — E[v(p)] assuming that the j-th neuron has been up-
dated. In this case, as long as j' # j it is fulfilled:

vi(e+1)=vp(0) , Yo+ =77.(0) . vpile+1)=7(p)

Following the same steps as in Theorem 2.3 taking into account that according to
Definition 2.11, Lemma 2.9 and Eq. (2.34),(A.17)

- vile) 4 . vile) 4 »
g _§R{/O 0Ly ()0 7/0 0,1, (8)d0 }so
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yields:

.1

2

1 1 2
— 5 di g, (p+1)- [vj,,(p—i—l) _vj,r(P)]

1 1 2
— 541 0+ D) - (0300 + 1)~ v0(0)]
<0
A fixed point is reached if Vj € {1,2,...,N} : AE; = 0. i.e. vj(p +1) = v(p) and
either 7;,, 7j; become constants or 7;,, 7;; are so large such that increasing them
makes no changes on the shape of the activation functions E"]- — 0, cf. Remark 2.29. m

Theorem 2.12 The RNN-3, cf. Fig. 2.4 and Eq. (2.21), reaches a fixed point or a limit
cycle of length two if the following conditions are fulfilled:

i) The activation function ¢(-) € ¢®® and +, and v, are time-variant and nonde-
creasing for all neurons during the iteration process.

ii) There exists a diagonal positive definite matrix D = diag{dy,d>,...,dy} such
thatD-W = {D - W}H.

Proof
Under these assumptions, RNN-3 possesses the following Lyapuov function, cf. The-
orem 2.6 taking into account that A = Oy« N:

E[o(1)] :fﬁ{vH(l)oD'W»v(lfl)} 7%{[vH(l)+vH(lfl)] .D.wo.e}

N v;(1) N v;(1-1)
R d;- —1 (9)d¢* R d; - -1 9)do*
+ {Jg j /O 4’7/(1)( ) }+ {]Z% j /O 4’7j<1_1)( ) }

(2.54)
We define:
A =o(l+1)-o(-1) L, (1) = diag{y1, (1), v2,(), -, yn (D)}
AE = Elo(I+1)] — E[o(1)] I;(1) = diag{71,i(1), 72:(), -+ ,yni(D) }

Following the same steps as in Theorem 2.7 taking into account according to Defini-
tion 2.11, Lemma 2.9 and Eq. (2.34),(A.17) that:

o 'U/'(l—l) 1 « Z)j(l-l) 1 "
B = m{/o 93110 (8)d0 7/0 931y (#)d0 } <0
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yields:
AE<—1-AUT-D-F’1(I+1)-AU —l-AvT-D-l"*l(ljhl)-AvA—%dw]?
=" r r r 2 i i i 41] ]
=
AE<0

The equality holds in two cases:
e Limit cycle of length two: v(I +1) = v(l — 1) # v(I)
e Fixed point: v(I +1) =v(l) =v(l - 1)

In addition, either I';, I'; become constant or I'y, I'; become so large (E"]- — 0, cf.
Eq. (A.17)) such that increasing them makes no changes on the shape of the activation
functions, cf. Remark 2.29. |

Theorem 2.13 The RNN-3, cf. Fig. 2.4 and Eq. (2.21), reaches a fixed point if the
following conditions are fulfilled:

i) The activation function ¢(-) € g(3) and <, and v; are time-variant and nonde-
creasing for all neurons during the iteration process.

ii) There exists a diagonal positive definite matrix D = diag{dy,d,,...,dy} such
thatD-W = {D-W}and D- W > 0.

Proof
Under these assumptions, RNN-3 possesses the following Lyapuov function, cf. The-
orem 2.4 taking into account that A = Oy« n:

Efo(l)] = — % ®{o (1) D-W o)} ~R{o"(1) D Wo-e)
N o) . (2.55)
+R {]21 d; /0 9,1 (8)d0 }
We define in this case:
Av=o(l+1) —o(]) (1) = diag{y1, (1), v2,(I), -+, yns (D)}
AE = Elo(I+1)] — E[o(1)] I;(1) = diag{y1,i(1), 72,:(1), -+, rNni(D)}

Following the same steps as in Theorem 2.5 taking into account that according to
Definition 2.11, Lemma 2.9 and Eq. (2.34),(A.17)

o (1) 1 % o; (1) -1 %
Ej:%{/() 9 iy (0)d6 7/0 9 (9)d } <0
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yields:

1 . g N
AE <= - Ao -D~W~Av+[%dj'5j
j:
LT -1 Lo -1
f§~Av,-DvF, (l+1)~Av,,f§-Avi ‘DT (141) - Av;

AE< 0

A fixed point is reached if Av = Oy, i.e. (I +1) = v(l) and either T, T; become
constant or I'y, I'; become so large (Ej — 0, cf. Eq. (A.17)) such that increasing them
makes no changes on the shape of the activation functions, cf. Remark 2.29 ]

Remark 2.29 Theorems 2.11-2.13 can also be proven based on Lemma 2.3. In this case
we follow the same steps as in Theorems 2.2, 2.4,2.6 taking into account Definition
2.11, Lemma 2.9 and Eq. (2.34),(A.17). Doing that, it can be shown that the equality
holds for the situations mentioned at the end of Theorem 2.11-2.13.

2.2.8 Global Asymptotical Stability of Recurrent Neural Networks

When solving optimization problems, the RNN is usually designed to have a unique
equilibrium and to be globally asymptotically stable to avoid spurious responses or
the problem of local minima [32]. Therefore, in both the continuous and the discrete-
time cases, the global asymptotical stability (GAS) of RNNs has attracted a lot of
interest compared with the LAS.

Among few GAS results we present the following two theorems which are relevant
to the vector equalization based on RNNs. The stability conditions, in the light of this
application, will be further discussed in Chapter 3.

Theorem 2.14 The RNN-1, cf. Fig. 2.3 and Eq. (2.18), has a unique and globally
asymptotically stable equilibrium point if:

e The activation function ¢(-) € g(?).

e There exists a diagonal positive definite matrix D = diag{dy,d,...,dn} such
that

Q=D (a7 —w|)>0 (2.56)

Q = diag{n1,%2,...,qn} > 0, cf. Lemma 2.8.
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2 Dynamical Neural Networks

Proof
We represent an equilibrium point by u,, € CN and we shift the state-space equation
Eq. (2.18) to uep. For this purpose we define:

() = u(t) —uep = dz(t) _ du(t)

dt dt
From Eq. (2.18) and Definition 2.2:
u(t) =Ueyy = dl;l(tt) =0y = Uep = W '(P(uep) +Wp-e
Substituting these relations in Eq. (2.18) yields:
dz(t) _ s)
Y- = —z(t)+ W@ [z(t)]

(2.57)
o) [2(1)| = @lz(t) + mep] — pluy]

@¥)(-) is the same as ¢(-) but shifted to (—tep, —Vep) : Vep = @luiep).

The network in Eq. (2.57) has an equilibrium point z = 0. To prove that z = Oy
is unique and globally asymptotically stable, we consider the following Lyapunov
function:

1
Elz(t)] = 5 - ZH()-Q-D-Y- z(t) (2.58)
Y, O and D are diagonal and positive definite matrices.
= 0:z(t)=0pn
E[z(8)] : .
> 0 otherwise

E[z(t)] is unbounded.
According to Eq. (2.57),(2.58):
dE[z(t)] _ 1 . dzH (1) .
dt dt
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2.2 Single Layer Recurrent Neural Networks Without Hidden Neurons

According to Lemma 2.13:

dE[z(t)]
dt

IA

—[z()]"- Q- D |z(t)| + |z(1)|" - - D W[ - |p)[z(1)]|

According to the properties of ¢?) functions and Lemma 2.8:

dE[z <_ ‘z

‘ {Q-DfQ-D-‘W‘{l}-‘z(t)‘

‘z ‘ QQQ‘()‘ : Q>0

I/\/\

The equality holds if and only if z(t) = Oy, i.e. u(t) = up. |

Remark 2.30 The original proof [91] is slightly different from the proof in Theorem 2.14.
Small modifications have been done in order to fit our RNN vector equalizer applica-
tion.

Theorem 2.15 The RNN-3, cf. Fig. 2.4 and Eq. (2.21), has a unique and globally
asymptotically stable fixed point if:

e The activation function ¢(-) € g@.

e There exists a diagonal positive definite matrix D = diag{dy,dy,...,dn} such
that
Q=D*>- 02— W' D> |W|>0 (2.59)

Q = diag{n1,12,..., 1N}, cf. Lemma 2.8.

Proof
We represent the fixed point by uy, € CN and we shift Eq. (2.21) to u ¢p- For this
purpose we define:

z(l) = u(l) —ug,
According to Definition 2.1 and Eq. (2.21):

Wo-e=uz, —W-olug]
Substituting these relations in Eq. (2.21) yields:
2(14+1) =W [z(l)]

(2.60)
o) [2(0)] = plz(1) + ) — glug,]
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@¥)(.) is the same as ¢(-) but shifted to (—upp, —v5p) t v5p = @lugyl.
The network in Eq. (2.60) has a fixed point z = 0y. To prove that z = 0y is unique
and globally asymptotically stable, we consider the following Lyapunov function:

E[z(1)] = zH(1) - D? - z(I) (2.61)
I

E[z(1)] is unbounded.
Based on Eq. (2.60),(2.61):

AE = E[z(14+1)] — E[z(])]
ZH(1+1)-D? z(1+1) - 2H (1) - D? - z()

= pUH[=(1)] W D2 W g9 20)] - () - D =()
= oWz WH-D? W [z(1)] - 2(1)| " - D? - |z(D)|

)
)
According to Lemma 2.13:

AE < —|z(D]T - D2+ [2(1)| + [ Hz()]| - [W|T- D2 (W] - [ (1)

For clarity of presentation, we suppress the dependency on the time index (I). Using
Lemma 2.8:
AE <~ |z|T-D*-[z| +|z|"- QT - [W|T-D* - [W|- Q- [z]
< |2T- {D2—0T~|W|T-D2~|w|-0} 2|

<-lzT-0-QQ-zf : Q>0
<0
The equality holds if and only if z(I) = 0, i.e. u(l) = u(l +1) = uy,. ]
Remark 2.31 The original proof [91] has been done for RNN-4. In this case:
Q:(%-be-A-D~A)-0’27|W\T-D~\W| > 0 (2.62)

where b is a positive number and D € RVN*N is any diagonal positive definite matrix
such that Eq. (2.62) is fulfilled.
We presented in Theorem 2.15 a special case where b — oo and A = Oy« .-
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2.3 Single Layer High Order Recurrent Neural Networks

2.3 Single Layer High Order Recurrent Neural Networks

Single layer recurrent neural networks are well known to be a very important tool to
solve classification and optimization problems without the need for a training process
because of their ability to be Lyapunov-stable. This has already been discussed in the
previous sections.

However, one of the largest drawbacks of RNNss is their quadratic Lyapunov func-
tion.Thus, optimization problems associated with cost functions of higher degree can-
not be solved “satisfactorily” by RNNSs. “While preliminary applications using RNNs
were encouraging, others revealed limitations that may be helped by increasing the order of
the Lyapunov function” [8].

For this reason, researchers aim to increase the order of the Lyapunov function and
thus allowing nonlinear feedback (nonlinear interconnections between the neurons).
This increases the class of optimization problems that can be solved by recurrent neu-
ral networks [39]. Doing so, we obtain the single layer high order recurrent neural
network (HORNN). Therefore, HORNNSs can be considered as a generalization of
RNNSs, that allow nonlinear interaction between the neurons.

It is worth mentioning that the term “high order” refers to the interconnection be-
tween the neurons not to the degree of the differential/difference equation, which
describes the dynamics. As for RNNSs this is still of first order.

In order to apply the HORNNS to solve optimization tasks, their stability has to
be investigated. A property without which the behavior of dynamical systems is
often suspect [8]. This was the topic of many publications as in [8],[39],[75],[85]. An
Example of using HORNNS to solve optimization problems can be found in [89],
where it has been focused on the traveling salesman problem.

Depending on the kind of nonlinear interconnection between the neurons, the net-
work possesses different names. Gradient-like (gradient-type) systems (multilinear
objective functions) [1],[85], gradient recurrent high order neural networks [39], high
order absolutely stable neural networks [8], high order dynamic neural networks [75],
high order Hopfield neural networks [2] are just a few examples. However, polyno-
mial interconnection between the neurons is the most common one.

It is worth mentioning that the stability investigation is almost exclusively focused
on the continuous-time case. One of the very few publications considering the local
stability for the discrete-time ”generalized Hopfield model” can be found in [90].

In this section, we focus on real-valued HORNNSs. Using the mean value theorem,
we connect between RNNs and HORNN s such that global stability results of RNNs
can be modified to be valid for HORNNS too. Like RNNs, the dynamical behavior of
HORNN:Ss is given by the state-space representation.
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2 Dynamical Neural Networks

2.3.1 Continuous-Time High Order Recurrent Neural Networks
Figure 2.12 shows the continuous-time HORNN. The dynamical behavior is given by:

Y- dt;it) =—u(t)+W- flo(t)] + Wy -e

o(t) = glu(t)]

The parameters in Eq. (2.63) are the same as in Eq. (2.18) but real-valued. f[v] is
a real-valued continuously differentiable nonlinear vector function and thus locally
Lipschitz function [72]. In addition, f(0y) = Oy.

(2.63)

Infv(t)]
Slo() r vl | P
filv(®)]
R
R P
Currcnt un(
sumnnng, vi(t)
er
R
Currcnt u(t Ay
sumnnng; \P_)() 1’2“)
eg

Figure 2.12: Continuous-time high order recurrent neural network. v(t) is the output, u(t) the
inner state, e the external input and ¢(+) the activation function.
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2.3.2 Discrete-Time High Order Recurrent Neural Networks

Figure 2.13 shows the discrete-time HORNN. The dynamical behavior is given by:

u(l+1)=W- flo(I)]+ Wy -e
o(l) = glu(l)]

All parameters in Eq. (2.64) are the same as in Eq. (2.63).

(2.64)

In[v@®)]

ui()

€2

va(1)

— un(l)

Figure 2.13: Discrete-time high order recurrent neural network. v (1) is the output, u(!) the inner
state, e the external input and ¢(-) the activation function.

Remark 2.32 Depending on Definition 2.8 the discrete- and the continuous-time HORNNSs
represent twin dynamical systems.

2.3.3 Stability Analysis of High Order Recurrent Neural Networks

Theorem 2.16 The continuous-time HORNN, cf. Fig. 2.12 and Eq. (2.63), reaches an
equilibrium point if the following conditions are fulfilled:

i) The activation function ¢(-) € g(4).
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T
ii) There exists a scalar function F[v] such that {V -F [v}} =W f[v].

Proof
Under these assumptions, the continuous-time HORNN possesses the following Lya-
punov function:

Efo(t)] = ~Flo(t)] =7 () - Wo-e+ ). [ ¢ (¢)do (2.65)
According to the second condition, the dynamical behavior of the continuous-time

HORNN Egq. (2.63) can be rewritten as:

y- d‘é(tt) = —u(t) + {V-Flo(®)]} +Wo-e (2.66)

In this case:

&
N dos
- Z;{—u](t)-i-V-F[v(t)]]-i-w]o e]} th)
f=

j=1
B _dvT(t) Y. du(t)
B dt dt
<0

Because ¢(-) € g'¥) is a strictly increasing function.
do(t)

dt
been reached. ]

The equality holds if and only if

= 0p. This means an equilibrium point has

Remark 2.33 The last proof can be found in the literature in different ways [39],[85].
The most important property in this case is that, the left side of Eq. (2.63) is described
by means of the gradient of a scalar function.
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2.3 Single Layer High Order Recurrent Neural Networks

Remark 2.34 If f[v] = v & W = W, the continuous-time HORNN reduces to the
real-valued RNN-1. In this case

F(01102/' Y

N
Z Wjj - vj - Op

I\J\H
||Mz

{V-F[v}}T:Ww

Theorem 2.17 The continuous-time HORNN, cf. Fig. 2.12 and Eq. (2.63), has a unique
and globally asymptotically stable equilibrium point if the following conditions are
fulfilled:

i) The activation function ¢(-) € g(%).

ii) There exists a diagonal positive definite matrix D = diag{dy,do,...,dy} such
that
Q:DA(Q-lf\w-]f[vo]D >0 : Voo e BY 2.67)

Where | f [vg] is the Jacobian matrix of the vector valued function f at the point
vo and QO = diag{n1,72,...,7n} > 0, cf. Definition 2.12 and Lemma 2.7.

Proof
The dynamical behavior of the continuous-time HORNN centered at the equilibrium
point Uep Can be given as:

Y- dfi(tt) = —z(t) + W- {f[v(t)] —f[”ep]}

This can be rewritten considering the mean value theorem on several variables as [70]:

v LU W fo(0)] -0 =)

v (t) is between v(t) and vep. @) (-) is the same as ¢(-) but shifted to (—tep, —vep)-
Assume W(t) = W - J¢[vg(t)], the last relation can be expressed as:

dz(t)
RT

which is similar to Eq. (2.57) except the time variation of the weight matrix.

As we found previously, the weight matrix does not appear in the Lyapunov func-
tion Eq. (2.58) during the GAS analysis of the RNN-1. This means that the same
Lyapunov function Eq. (2.58) can be used and during the time derivation we take into

= —z(t) + W(t) - 9 [z(1)] (2.68)
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account that the weight matrix is time variant. This leads to the second condition
mentioned in this theorem. ]

Theorem 2.18 The discrete-time HORNN, cf. Fig 2.13 and Eq. (2.64), has a unique
and globally asymptotically stable fixed point if the following conditions are fulfilled:

i) The activation function ¢(-) € g(4.

ii) There exists a diagonal positive definite matrix D = diag{dy,d,, ..., dy} such
that

Q-D*.02- ‘W~]f[v0]’T-D2- W Tglool| >0 s vag e BY  269)

Where J [v9] is the Jacobian matrix of the vector valued function f at the point
vo and Q) = diag{#1,%2,...,7n} > 0, cf. Definition 2.12 and Lemma 2.7.

Proof

Following the same approach as in Theorem 2.17, the discrete-time HORNN can be
reduced to the RNN-3, with a time-variant weight matrix, where the results of Theo-
rem 2.15 can be applied. ]

2.4 Chapter Summary

In this chapter, we introduced the structure and the dynamical behavior of recurrent
neural networks and high order recurrent neural networks. They were considered
as nonlinear dynamical systems. Trained neural networks and training algorithms
have not been considered. A major distinction has been done between discrete-time
networks and continuous-time ones.

The stability is one of the most important properties of these networks. So, the main
focus of this chapter was the stability investigation in the sense of Lyapunov, both
locally and globally. We could extend and generalize many already known stability
conditions, especially for complex-valued networks.

One of the most important contributions of this chapter is the stability investiga-
tion of the recurrent neural networks with time-variant activation functions. They
have been already applied (heuristic approach) to solve the vector equalization prob-
lem with good results. In this chapter, we proved that recurrent neural networks
with time-variant activation functions stay Lyapunov-stable if some restrictions on
the characteristic of the time variations are fulfilled.
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2.4 Chapter Summary

Another important contribution is the definition of twin dynamical systems, where
a continuous-time dynamical system can be derived from a discrete-time one. Both
share the same set of fixed /equilibrium points. This plays an important role, when
analog realization of (discrete) iterative methods is required.
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Chapter

Recurrent Neural Networks for Vector
Equalization

RNN structures introduced in Chapter 2. This includes the definition of the RNN
(inputs, outputs, weight matrix, activation function etc.) to act as a vector equal-
izer.

We start this chapter with the parameter estimation problem for general symbol
alphabets, which leads to the optimum estimation function 9(0’”)(), mentioned in
Chapter 1. The properties and special form of §(°P!) () for specific symbol alphabets
are considered as well. This is a quite known problem [10], [11], therefore we mention
only the problem formulation and the result.

IN this chapter we relate the vector equalization discussed in Chapter 1 with the
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We show also the relation between the optimum estimation function 6(°?)(-) and
the classes of g functions in Chapter 2. The evaluation of the optimum estimation
function 8(°?))(.) is investigated afterward. It is shown that for special symbol al-
phabets the optimum estimation function 8(°!)(-) can be approximated by a sum of
shifted hyperbolic tangent functions [65]. This is important for a numerically stable
evaluation of (°P!) (.). The vector equalization based on RNNs (VE-RNNs) with all
related details embody the last part in this chapter.

Vector equalization based on recurrent neural networks (and their modifications)
is not a new idea. In the discrete-time case, they have been considered for example
in [12], [56], [58], [59], [64], [73], [80], [81], [82], [83], [88], [93].

In the continuous-time case, to the best of our knowledge, the analytical investiga-
tion is restricted to the BPSK [36], [37], [55], [62]. This is generalized in this chapter to
square M-QAM. We notice that [58], [59], [62], [64] are our own publications.

In addition, performance improving techniques, like time-variant activation func-
tions, are considered from the stability point of view. Following this way, it can be
understood, why such a technique can improve the performance of VE-RNNs.

3.1 The Problem of Parameter Estimation

Consider the estimation problem depicted in Fig. 3.1. A transmit symbol x € ¥ =
Y1, 92, M} € C:Vj € {1,2,---,M} is transmitted over a channel which
adds noise and/or interference. ¥ is the symbol alphabet, { is the random variable
representing x. X is the received symbol and [ is the random variable represent-
ing #. The estimation function 6(-) has, with given %, to deliver ¥ (an estimate for
x) which has to be as close as possible to x, i.e. minimizing the mean squared er-
ror Exp {\5 —Z|*} where { is the random variable representing ¥. Eyp stands for the
mathematical expectation.

g 4 ¢
——4 Channel 0(-) —
x x X

Figure 3.1: Parameter estimation problem.

If x is an interfering symbol, which needs to be estimated in order to cancel its
influence on other symbols, then Ey, {\Z — P ’3?} is the residual interference power

after eliminating the interference.
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The function 6(+) can be analytically derived if the interference added by the chan-
nel (other symbols, other users) can be modeled as white Gaussian noise. As a conse-
quence, the channel in Fig. 3.1 is modeled by a zero mean, complex-valued, additive
white Gaussian noise where 07, 07 are the variances of the statistically independent
noise components. In this case, it has been found that the optimum estimation func-

tion, taking into account that g, = %, Bi = %, is [10], [11]:

zlort) — glopt) (%)
S vy ep {3 (B 45 92)} e (B w5 ) o (B vy}

Cfyexp {~3- (B 92, + B 93) b oo By %} oxp { B v i)
3.1)

We notice that #(°P!) is not limited to the symbol alphabet .
Separating the real and imaginary parts in Eq. (3.1) yields:

#P = i (x,, 7))

S g o {1 (B 480} e (Bt ) o (B i)

M exp {*% : <5r Y2+ Bi 11’]2,1‘) } “exp {ﬁr P fr} -exp {.Bi i fz‘}
(3.2)

2P = 9P (%, %))

£ iexp {5 (B w? +Bi-v3) | exp {Br oty 5} exp { By %)

Sftvep { =1 (Bl + b w}i) broxp {Browj % | oxp {Bio w5
(3.3)

For the residual interference, it has been found that [10]:

Ep {IC— P} =)+ (34)

_ T 97, exp {—% : (ﬁr Y7, + B 1/’,21)} -exp {ﬁr “Yir fr} -exp {ﬁi'%‘,i : J?i}

T exp =3 (/5r Y2+ B 1/’,21)} - exp {ﬁr Yy fr} - exp {/31 i fz}
3.5)

r r
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e (g (v, o) e (Brew 5} e (B )

EMexp (=3 (B2, +Biv2 ) | ooxp {Br gy B | -exp { By
3.6)

— 72

2
i

Special Case
For M-PSK symbol alphabets, it can be easily shown in case of B, = ; that:

Exp {10 —cP[a} =122

3.1.1 Separable Symbol Alphabets

This subsection depends on [10]. Given two real-valued symbol alphabets

1 1 1 2 2 2
¥ and ¥@ fulfill the following conditions:
e log, M;, log, M; € N/{0}.

N wgl) < 1/’51) < < lpl(\/llz andl/if) <¢§2) < e < 1/}1(\?

e (Lo Mgl = )

i

v {1z MY = g

The last two relations indicate the even symmetry of Y1) and ¥(@). We build now a

new symbol alphabet ¥(5?) = {w(sm 1/; . 1/J } (sp stands for separable) such
that:
i v Y,
e %ep e +l¢§2> w“’” oG mm P P
1P§2> ‘PM,+1 = 1/’1 + “/’éz) ‘»L’M,+z = 4’21) + ”sz) e 4’255:/1, 4’5\}12 + “/’éz)
9 | P = 9 0N | P2 = ¥ W | o | Yhi = Ve 0h

In this case, Eq. (3.2), (3.3) can be rewritten as:

M, (1) _l.g .21, AON
£0pt) _ 9’(,0’”)(327) _ 2]7 ll)] eXp{ ﬁl’ l/)] } exp {ﬁr 1/J] Xr}
rtexp {38V 2} exp Bl %

=
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R B R L A,

(3.8)

u(opt) o (opt) SN
X =0,7(%) = :
E;\/I:H exp {_% Bi- 1/1}2) 2} - exp {‘BZ . 1/;](2) . fi}

Because ¥(1) and ¥(?) are even symmetric, Eq. (3.7), (3.8) can be presented in a more
compact way:

My
£y o -exp {5 iV 2} -sinh [ - [y %]

fﬁopf) _ 95‘4”)(@ _ - 03 O (3.9)
Zjilexp{—%'ﬁr'll’j }'COSh [ﬁrhp] ‘fr]
@) _1l.g . @20 g IS
flgopt) _ Gfow) (321 _ Zj:l |¢] ‘ exp{ 2 ,Bz l/J] } sinh [ﬁz W"] | xl] (3.10)

Z]‘Mzi1 exp {*% Bi 4’](2) 2} - cosh [,3,‘ . |lp](2)| .fi]

We call the group of symbol alphabets ¥ (°?) separable symbol alphabets, because the real
and imaginary parts are separated in the sense of the optimum estimation function in
Fig. 3.1.

Example 3.1 For Quadrature phase shift keying (QPSK) ¥(1) = ¥(2) = {—1,+1} and
YOP) = {1 —1,—141,+1—1,4+1+1}

fy(ow) = 9,<Opt) (%) = tanh(B; - %)
(

The Real-Valued Case:
For real-valued symbol alphabets ¥ = YD) & M = M,, Eq. (3.2), (3.3) can be rewrit-
ten as:

St -op {47} o b )
TM exp{—1 B2 b exp {Broyy ) 3.11)

(Opf 9£0Pf) (%) =

Xy

#P — 0

1

Because the symbol alphabet is even symmetry:
M . ~
£ g -exp {4 -2} -sinn 3, -yl 5]
M
Liiep {~3-Br 93} -cosh B lyyl %] (12

Tgopt) <0Pt) (f —

M — o
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Example 3.2 For BPSK ¥ = {—1,+1}

3.1.2 Evaluation of the Optimum Estimation Function

During the evaluation of Eq. (3.2), (3.3), numerical instability can take place especially
for large values of B, and f; (very low noise). To solve this problem, an iterative
procedure has been described in [10] to evaluate 0P (.)ina numerically stable way.
Because of the discrete-time iterative nature of this procedure, it is not suitable for
continuous-time systems. In the following, we introduce a numerical stable method
for evaluating 6(°P!) (-), which fits continuous-time systems as well. This subsection
is based mainly on [65].

Lemma 3.1 If ¥ = ¥(P) and the distance between any two consecutive elements of
(1) and ¥@ is two, it holds:

given that:

M,—1

o5~ B tanh [pr- (5 =)
0% (1) ~ Ajzll tanh ;- (% —a”) |

V]'€{1,2,"~,Mr71}:a](,1):

Vj€{1,2,~--,Mi71};a](2):

The larger B, and f;, the better the approximation.

Proof
We focus on GV(DP "

(3.13)

(%,) and we prove its related statement for y(1) = {-3,-1,+1,+3}

and we show by simulation that it is valid for ¥(1) with more elements. The whole
analysis is then valid for ¥(2).
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3.1 The Problem of Parameter Estimation

For ¥V = {3, -1, +1,+3},a(!) = {~2,0,42}. From Eq. (3.9):
exp {4-p;} -sinh [,Br . ir] +3-sinh [3 -Br- J?r]
%) = (3.14)
exp {4- B} - cosh [ﬁr - fr} + cosh [3 - Br- 3?7]

We define according to Eq. (3.13):

eﬁopt)

0" (%) = tanh [B, - (¥ —2)| +tanh [, (% +2)] + tanh [B,- %, (3.15)

Using the properties of hyperbolic functions, essentially the sum and product of hy-
perbolic functions, we can rewrite the last relation as follows:

[exp {4-Br}+exp{—4-B:}+ 1] -sinh [,By -fr} +3-sinh {3 - B - fy}

- {exp {4-B/} +exp{—4-B:} + 1] - cosh [,Br . iy] + cosh [3 - Br - 2?,]
(3.16)

g("l’t) (x~

v

IfB, >1:exp{4-Br}+exp{—4-B} +1— exp{4- B/} In this case

5P (2 ) o exp {4 B} -sinh [/Sr . ir] 4+ 3.sinh [3 By - gr] -
P (%) & exp {4- By} - cosh [ﬁr-fr} 4 cosh [3.[37.@} (3.17)

Comparing the last relation with Eq. (3.14) we conclude:

0" (%,) ~ 0P (,) (3.18)
The larger B, the better the approximation. This is illustrated in Fig. 3.2. This analysis
is valid also for QEOPt) (%;). [

Remark 3.1 Activation functions with similar structure as in Eq. (3.13) has been con-
sidered in [48], [95].

Remark 3.2 If the distance between any two consecutive elements in ¥(1) and ¥(2) is

different than two, it is still possible to represent oLp )( %r) and 9(0” )( %;) in Eq. (3.9),
(3.10) as a sum of shifted hyperbolic tangent functions.

opt Z ,1 - tanh { @ “Br (f’ o lxj(l)ﬂ
(3.19)
ol Z a - tanh [aﬁz) i (fi _“]('2>>}
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3 Recurrent Neural Networks for Vector Equalization

_8 L I L I I I L L I

(@) Y = {=3,-1,+1,+3}. (b) ¥V = {-7,-5,-3,—1,+1,43,+5,+7}.

Figure 3.2: Solid lines represent Eq. (3.9), dashed lines represent Eq. (3.13) for different values of

I

where
LR ey D S T IS (L TSI

vie{1,2,-- , M —1} : at =
@ | yp@
Vie {12, ,M—1) : o =01 ang
Flg 3.3 compares between Eq. (3.9) and Eq. (3.19) for ¥(1) = {~5,—-1,+1,+5} and
D ={-8,-1,+1,+8}.
We notice that if the distance between any two consecutive elements in ¥(}) and
y(2) equals two, it holds

1

/\

vie{t,2 o M—1} ¢« =9pV+1 and oV =1 , af) =0
20
{12, M-1 ¢ o =pP+1 and aP =1, «f) =0

In this case Eq. (3.19) reduces to Eq. (3.13).

3.1.3 Properties of the Optimum Estimation Function

Depending on Eq. (3.19) and the properties of the hyperbolic tangent function, it can
be shown that Gr(opt) (%) and Q(OPt)( ;) are:
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3.1 The Problem of Parameter Estimation

p=0.1 >
6f o B=01
. Be03
4 o Be03
Bt p

W ooff < B3

T > B=3
2 -

-4

-6

I L I I L _8 - L L L
-2 -1 0 1 2 3 4 5 -10 -8 -6 -4 -2 0 2 4 6 8 10

(@) YV = {=5,—1,+1, +5}. (b) YV = {-8,—1,+1,+8}.

Figure 3.3: Solid lines represent Eq. (3.9), dashed lines represent Eq. (3.19) for different values of

I

e 01°7(0) = 0" (0) = 0

continuously differentiable

bounded: |6/ (%,)] < g} and |6\ (%,)] <y

strictly increasing. If B, and ; are large enough, it holds

de(opt) i 1
max{%} ~ Br- m]gix{a]( >}
do;"") (%) 2
max{le} ~ B; ~m]jc1x{a](. )}
The larger B, and B;, the better the approximation.
If the distance between any two consecutive elements in ¥(1) and ¥(?) equals two,
the last two relations can be simplified to:

max{cwr(j;(m} ~ Br
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3 Recurrent Neural Networks for Vector Equalization

Remark 3.3 Depending on above mentioned properties of GSOp ) (%) and 91(0117 ) (%;) in
case of ¥ € ¥(5P) and taking into account Definition 2.11 and Lemma 2.9, we conclude
that:
Y c ‘{T(SP) = Q(OPt)(.) c g(3)
Lemma 3.2
. . 1 1 2
Ve 2 My &f e (12 M) o (50) m gl e o (o) ~ gl

Proof
From Eq. (3.7) we have:

1 1)2 M, 1 1 1

g ep {3 By D0 e (B (<0 e ) )

1)2 M, 1)2 1 1

B (Tt e R G R R}
The first terms in the nominator and denominator of the last relation are dominating.
we conclude: (opt) { (1) @
opt N
o (9") ~ v

Following the same approach we conclude that

o () ~ 4

The larger B, and B;, the better the approximation. ]

0" (yy) =

Remark 3.4 If ¢7 — 0 (Br — o0) and Ul-z — 0 (B; — o0) the optimum estimation
function §(°P!) (-) becomes a hard decision device DECI. B, and B; effect the slope of
the optimum estimation function 6(°?!)(-), therefore they are referred in the following
as slope.

3.2 Vector Equalization Based on Recurrent Neural Networks
(VE-RNNSs)

Since the pioneering work of Hopfield on the computational capabilities of RNNs [29],
they have been applied to solve classification and optimization problems in many sci-
entific disciplines.

This is usually done by formulating the cost function of the optimization problem
to have the same structure as the Lyapunov function of the RNN and by choosing
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3.2 Vector Equalization Based on Recurrent Neural Networks (VE-RNNs)

a suitable activation function. Doing so, the parameters of the RNN are defined in
terms of the considered optimization problem. In this section, we do this for the
vector equalization task [55].

The importance of this approach lies in the ability to avoid the training phase,
which is very common for neural networks. Training of neural networks is always
associated with computational effort, time, free parameter optimization etc. The abil-
ity to avoid it is an interesting feature for applications in the engineering field.

To proceed further we need to recall Fig. 1.7 and Eq. (1.10), (1.19). According to
Theorem 2.8, RNN-1, RNN-2 and RNN-3 share the same fixed/equilibrium points.
Thus, we decided to deal with the Lyapunov function of RNN-1 in Eq. (2.41).

3.2.1 Determination of the VE-RNNs

The maximum likelihood vector equalization rule is given by Eq. (1.19):

c(g):%.gH-R-g—ﬂ?{fjH-i} (3.20)

where  is a possible vector of transmit symbols. There are MM possible vectors of
transmit symbols. M is the length of the symbol alphabet. N is the length of the vector
of transmit symbols. R is the channel matrix. ¥ is the vector of receive symbols. R is
decomposed as follows:

R=R;+Ryy
R; = diag {diag {R}} (3.21)
R,;=R-Ry

The diagonal elements of R; are the same as the diagonal elements of R and the off-
diagonal elements of R; are zeros. The off-diagonal elements of R ,; are the same as
the off-diagonal elements of R and the diagonal elements of R /; are zeros. In addition
R,y = Rl/id. In this case Eq. (3.20) can be rewritten as:

c@) =5 & Ry g-R{E )+ 8 R 62)

The Lyapunov function of RNN-1 is given as, cf. Eq. (2.41)

N
E[v]:—%-vH~D-W-v—§R{vH~D-W0~e}+Zd]--cpj(v]-) (3.23)
=1
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3 Recurrent Neural Networks for Vector Equalization

Comparing the first two terms in Eq. (3.22), (3.23) we conclude [36]:

D-W=-R;,; DECI(0)=¢ e=%

D-Wy=1I v=% (3:24)

This comparison is valid also for RNN-2, RNN-3, RNN-4 and RNN-5 based on Theo-
rem 2.8, 2.9. We notice that D - W > 0 is not fulfilled. Therefore Theorem 2.4, 2.13 are
excluded from further investigations. In addition we assume:

Vi€ {1,2,-- ,N}:gi(-) =00P)() (3.25)
A quite reasonable assumption to normalize the vector of receive symbols is:
Wo=R;'=D=R;>0 (3.26)
This justifies our proof of the stability for RNN-1 for D # I, cf. Remark 2.15.

In this case the parameters of the RNNs to act as vector equalizer can be defined as
follows:

v=X
DECI(v) =¢
e=Xx

W = R;l (3.27)

W=I-R;'R
9()=0"()

We notice that the diagonal elements of W are forced to be zero. This is important
for RNN-2, cf. Theorems 2.2, 2.3, 2.11. Originally, this has been assumed such that
the RNN-1 with high slope possesses equilibrium points near the corners of the unite
hypercube [0,1]N [85]. Thus, by operating RNN-1 with high slope, it is possible to
minimize the Lyapunov function Eq. (2.41) over the discrete set {0,1}". To proceed
further, we recall Eq. (1.10) and define 71, = Rd_l - 1.

The dynamical behavior of RNN-1 under the above mentioned conditions, cf. Eq. (3.27)
can be given as:

du(t)

Y=g

= —u(t) +x+11, + <Rd_1 .R—I) : <x—5c(t)) (3.28)

residual interference
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3.2 Vector Equalization Based on Recurrent Neural Networks (VE-RNNs)

If an equilibrium point has been reached

hep = % + Fie + (R;1 ‘R— 1) : (x - yep) (3.29)

residual interference

If a correct equalization took place ¥¢p = x:
Uep = X + 71, (3.30)
The dynamical behavior of RNN-3 considering Eq. (3.27) can be given as:

u(l+1) = x + fip + (R;1 -R—I) : (x—ic(l)) (3.31)

residual interference

If a fixed point has been reached

wpy =x+ie+ (R R—1) - (x—%p,) (332)

residual interference

If a correct equalization took place ¥f), = x:
Upy, =X+ (3.33)
Vj € {1,2,---,N} the dynamical behavior of RNN-2 considering Eq. (3.27) can be

given as:

N oy,
j=1# ]

residual interference
If a fixed point has been reached
i Noorp y
Uppi=xj+ i, + Z P (x]-/ — xfp,j’) (3.35)
j=1j% Tii

residual interference
If a correct equalization took place X7, = x:
Ufpi = Xj + ﬁe,]' (3.36)
If Eq. (3.30), (3.33), (3.36) are fulfilled, we obtain depending on Lemma 3.2 in the
noiseless case ¥ ~ x.

Remark 3.5 For the rest of this chapter we assume ¥ € ¥(°?). Depending on Re-
mark 3.3 and Eq. (3.27) the stability of VE-RNNSs in Chapter 2, Theorems 2.1-2.3, 2.5-
2.7,2.10-2.12 is fulfilled.
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3 Recurrent Neural Networks for Vector Equalization

3.2.2 The Slope of the Activation Function for VE-RNNs

Depending on Eq. (3.27), we notice that all parameters of the RNN to act as vector
equalizer have been fixed. The only parameter, which can be seen as a free parameter,
is the slope of the activation function 8, , B; for each neuron in the RNN. They can be
defined by one of the following methods.

Constant Slope

In this case, it is assumed that , and B; for each neuron in the RNN are constant
during the iteration/evolution process. Theorems 2.1-2.3, 2.5-2.7 are applicable. One
possibility is to relate the values of B, and B; with the covariance matrix of 7, by
means of B, = B; = %. Other possibility is to optimize the constant values of j,
and B; such that a minimum error rate is achieved. However, the optimum value of
the slope and the number of iterations (the duration of the evolution time) have to be
optimized for every channel matrix R. The constant slope of the activation function
is especially interesting for RNN-1 because of its continuous-time nature.

Deterministic Time-Variant Slope

In this case, the slope is assumed to be time-variant during the iteration/evolution
process according to a given rule. The most common rule is the linear increasing one.
We have proven in Chapter 2 that the LAS stays preserved if the slope is nondecreas-
ing [60], [66], [64]. Theorems 2.10-2.12 are applicable. The idea behind this approach
is the possibility to skip local minima. This is discussed further in Sec. 3.2.5. However,
the optimum increasing step related with a given number of iterations (duration of
the evolution process) has to be found by simulation for each channel matrix R.

Statistical Time-Variant Slope

This approach is especially interesting for the discrete-time VE-RNNs and uses the
power of the residual interference in Eq. (3.31), (3.34), based on (3.4), (3.5), (3.6). For
more details we refer to [10]. In this case, the slope can increase and decrease dur-
ing the iteration process. Thus Theorems 2.10-2.12 are not applicable any more and
the stability can not be proven. Nevertheless, simulations show that this approach
leads to good results in the serial update case. However, it is computationally more
demanding. This is explained further in Sec. 3.2.5.
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3.2 Vector Equalization Based on Recurrent Neural Networks (VE-RNNs)

3.2.3 The Suboptimality of VE-RNNs

The ability to apply RNNs as vector equalizer arises from the comparison between the
maximum likelihood vector equalization rule and the RNNs-Lyapunov functions in
the LAS case. However, VE-RNNSs is a suboptimum scheme for the following reasons:

e For continuous-time RNNs and general symbol alphabets ¥ # ¥(°P), the op-
timum estimation function 6(°?Y)(-) does not necessarily belong to g(l). For
discrete-time RNNS, the LAS could not be proven for ¢(-) € g(1). An exception
is the case where the output of the RNNss lie on the unite circle of the complex
plane (phasor model).

o The assumptions under which the optimum estimation function has been de-
rived are not fulfilled. This includes the correlation of the noise 1, as well as
modeling the interference from other symbols as complex-valued white Gaus-
sian noise with statistically independent components.

o If the slope of the activation function is updated according to the statistical time-
variant rule, Theorems 2.10-2.12 are not fulfilled, because the slope in this case
can increase and decrease. However, simulation results show that the VE-RNNs
in this case deliver the best performance compared with other slope update
rules. More about this observation in Sec. 3.2.5.

e Only the first two terms of the Lyapunov functions in Theorems 2.1-2.3, 2.5-2.7,
2.10-2.12 coincide with the maximum likelihood vector equalization rule, cf.
Eq. (3.22). Thus, the VE-RNNs minimizes an approximation of the maximum
likelihood vector equalization rule Eq. (3.20).

For RNN-4 & RNN-5 the inner state feedback A can be controlled such that
the nonequivalence because of the above mentioned third term between the
Lyapunov functions and Eq. (3.20) is minimized, because A appears in the third
term of the Lyapunov functions in case of RNN-4 and RNN-5, cf. Remark 2.22.

e The maximum Likelihood vector equalization rule minimizes Eq. (3.20) globally
with respect to ¢, whereas the VE-RNNs minimizes an approximation of the
maximum Likelihood vector equalization rule locally. More about this point in
Sec.3.2.4.

3.2.4 Globally Stable VE-RNNs

In Theorems 2.14, 2.15 the global asymptotical stability of RNN-1 and RNN-3 has been
investigated, which led to the conditions given in Eq. (2.56), (2.59). Taking Eq. (3.27)
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into account, Eq. (2.56), (2.59) can be fulfilled only by reducing the slope of the acti-
vation function B;, B; [59].

If the channel matrix R does not include a lot of interference, i.e. small off-diagonal
elements, Eq. (2.56), (2.59) can be fulfilled even if the slope is large. We believe that
this is one of the cases, where the VE-RNNs deliver near ML-performance.

3.2.5 Time-Variant Slope and Local Minima

Locally asymptotically stable RNNs may get stuck in local minima, where the global
one is desired. This is exactly the case for VE-RNNs. On the other side, globally
asymptotically stable VE-RNNs may require small slopes such that no interference
cancellation takes place. This motivated the idea of the time-variant slope.

At the beginning of the iteration/evolution process, the slopes are small such that
the RNNs possess only one globally asymptotically stable fixed/equilibrium point,
where the output of the RNN moves toward it. During the iteration/evolution pro-
cess, the slopes are increased and other local minima arise. Depending on the dura-
tion of the first phase, the RNNs may avoid some local minima, which arise in the
second phase and the output of the RNN reaches the attraction domain of the global
minima.

However, in case of statistical time-variant slopes, the slope can increase and de-
crease. This enables the RNNs to skip local minima even in the second phase, which
can be seen as a kind of simulated annealing [10].

3.3 Simulation Results

Simulations have been done for the following channel impulse responses [67] :

ha=1[004 —005 007 —021 —05 072 036 0 021 003 007 ]
h, =] 0407 0815 0.407 ].

The first channel suffers from a little interference, whereas the second one represents
a channel with a strong interference. The following simulation parameters have been
assumed:

e Symbol alphabet: QPSK
e N=32

e Y=1-1
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3.3 Simulation Results

e fr=p=p
e Sampling step for the first Euler method /At = 10

VE-RNN-1 with Constant Slope

Fig. (3.4) shows the bit error rate (BER) vs. the slope of the activation function § and
the evolution time T, (multiple of 7) for the channel i, at E,/N, = 8 [dB] and VE-
RNN-1. We notice from Fig. 3.4 that for enough large slope and long evolution time
the BER reaches a minimum and does not change any more. From Fig. 3.4, we expect
that VE-RNN-1 for the channel ki, achieves almost maximum likelihood performance.

The same simulation is repeated for the channel &, at E, /N, = 15 [dB], cf. Fig. 3.5.
We observe that the VE-RNN-1 fails for the channel /1, and an error floor occurs.
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R
3 4

8 10 12 14 16 18 20 2 5 6 7 8 9 10
Evolution Time (T.) Slope (B)

(a) BER vs. the evolution time T, (multiple of 7) for (b) BER vs. the slope of the activation function f for
different slopes of the activation function j. different evolution times T, (multiple of 7).

Figure 3.4: BER vs. the slope of the activation function B and the evolution time T, (multiple of
T) for RNN-1, channel &, and QPSK. N = 32, E;, /Ny = 8 [dB].

T4 6 8§ 1012 14 16 18 20

Evolution Time (T Slope (B)

(a) BER vs. the evolution time T, (multiple of 7) for (b) BER vs. the slope of the activation function  for
different slopes of the activation function f. different evolution times T, (multiple of 7).

Figure 3.5: BER vs. the slope of the activation function B and the evolution time T, (multiple of
T) for RNN-1, channel i, and QPSK. N = 32, E,/ Ny = 15 [dB]
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VE-RNN-2 & VE-RNN-3 with Constant Slope

The BER vs. the slope of the activation function B and the number of iterations for the
channel i, at E;,/ N, = 8 [dB] is shown for VE-RNN-2 (serial update) in Fig. (3.6) and
for VE-RNN-3 (parallel update) in Fig. (3.7).

The results have a similar behavior as explained for VE-RNN-1. However, we no-
tice here that the improvement of the BER starts to degrade when the slope exceeds
some value.

By comparing Fig. (3.6), (3.7) we notice that the difference is only at the first three
iterations. In this case the BER of the VE-RNN-2 is better than the one of the VE-RNN-
3.

The same simulation has been done for the channel k;, at E,/N, = 15 [dB]. This
is depicted in Fig. (3.8) for VE-RNN-2 and in Fig. (3.9) for VE-RNN-3. In this case,
we notice that VE-RNN-3 fails for the channel /i, and a limit cycle behavior can be
observed. On the other side, VE-RNN-2 delivers good results. However, the BER is
sensitive to small changes of the slope.

VE-RNN-2 & VE-RNN-3 with Linear Increasing Time-Variant Slope

The BER vs. the number of iterations and the maximum time-variant linear increasing
slope Bmax of the activation function for the channel h, at E, /N, = 8 [dB] is shown in
Fig. 3.10 for VE-RNN-2 and in Fig. 3.11 for VE-RNN-3.
The same simulation has been done for the channel #;, at E;,/N, = 15 [dB]. The
results for VE-RNN-2 & for VE-RNN-3 are depicted in Fig. 3.12, 3.13, respectively.
In both cases, the BER of RNN-2 is independent of 4y (in the simulated range)
and quite few iterations are enough. For RNN-3 optimum S, has been obtained.

99



3 Recurrent Neural Networks for Vector Equalization

wb -
IS

i
10 12 14 16 18 20 2 5 6 7 8 9 10
Iteration Slope (B)

N
N
ob
®

(a) BER vs. the number of iterations for different (b) BER vs. the slope of the activation function p for
slopes of the activation function . different number of iterations.

Figure 3.6: BER vs. the slope of the activation function g and the number of iterations for VE-
RNN-2, channel i, and QPSK. N = 32, E;, /Ny = 8 [dB].

. H A . . A 10 i i i i i i i i
8 10 12 14 16 18 20 1 2 3 4 5 6 7 8 9 10
Iteration Slope (B)

[N}
IS
o

(a) BER vs. the number of iterations for different (b) BER vs. the slope of the activation function  for
slopes of the activation function f. different number of iterations.

Figure 3.7: BER vs. the slope of the activation function p and the number of iterations for VE-
RNN-3, channel i, and QPSK. N = 32, E,/ Ny = 8 [dB].
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A - B e S R S
8 10 12 14 16 18 20 2 3 4 5 6 7 8 9 10
Iteration Slope (B)

(a) BER vs. the number of iterations for different (b) BER vs. the slope of the activation function § for
slopes of the activation function f. different number of iterations.

Figure 3.8: BER vs. the slope of the activation function  and the number of iterations for VE-
RNN-2, channel #j, and QPSK. N = 32, E, /Ny = 15 [dB].

n R n n n R n 10
2 4 6 8 10 12 14 16 18 20 1 2 3 4 5 6 7 8 9 10
Iteration Slope (B)

(a) BER vs. the number of iterations for different (b) BER vs. the slope of the activation function 8 for
slopes of the activation function f. different number of iterations.

Figure 3.9: BER vs. the slope of the activation function f and the number of iterations for VE-
RNN-3, channel /i, and QPSK. N = 32, E;, /Ny = 15 [dB|.
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Iteration Slope (Bmax)
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(a) BER vs. the number of iterations for different (b) BER vs. the maximum time-variant linear in-
maximum time-variant linear increasing slope B.x creasing slope B,y of the activation function for dif-
of the activation function. ferent number of iterations.

Figure 3.10: BER vs. the maximum time-variant linear increasing slope Bax of the activation
function and the number of iterations for VE-RNN-2, channel /1, and QPSK. N = 32,
E,/No = 8 [dB].
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Iteration Slope (B,.,)
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(a) BER vs. the number of iterations for different (b) BER vs. the maximum time-variant linear in-
maximum time-variant linear increasing slope Bqx creasing slope B« of the activation function for dif-
of the activation function. ferent number of iterations.

Figure 3.11: BER vs. the maximum time-variant linear increasing slope B¢ of the activation
function and the number of iterations for VE-RNN-3, /1, channel and QPSK. N = 32,
Ey/No = 8 [dB].
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(a) BER vs. the number of iterations for different (b) BER vs. the maximum time-variant linear in-

maximum time-variant linear increasing slope B,y creasing slope By of the activation function for dif-
of the activation function. ferent number of iterations.

Figure 3.12: BER vs. the maximum time-variant linear increasing slope B¢ of the activation

function and the number of iterations for VE-RNN-2, channel i, and QPSK. N = 32,
E,/No = 15 [dB].

A S R 10— ; i i i

2 4 6 8 10 12 14 16 18 20 i 2 3 4 5 6

Iteration Slope (B,.,,)

(a) BER vs. the number of iterations for different (b) BER vs. the maximum time-variant linear in-

maximum time-variant linear increasing slope B.qx creasing slope By of the activation function for dif-
of the activation function. ferent number of iterations.

Figure 3.13: BER vs. the maximum time-variant linear increasing slope B of the activation

function and the number of iterations for VE-RNN-3, channel &, and QPSK. N = 32,
Ey/No = 15 [dB].
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VE-RNN-2 & VE-RNN-3 with Statistical Time-Variant Slope

The BER vs. the number of iterations for the channel h, at E,/N, = 7 and 8 [dB]
and the channel hy, at E;, /N, = 12 and 13 [dB] based on VE-RNN-2 & VE-RNN-3
with statistical time-variant slope is shown in Fig. (3.14). In both cases, we notice that
the serial update (VE-RNN-2) performs better than the parallel update (VE-RNN-3).
VE-RNN-3 for the channel k;, seems to be unstable.

> - ANN-2, E/N, - 12 [d5)
«-RNN-2,E/N = 13[dB
| —e—RNN-3, E/N, = 12[dB
=13 [dB

- «-RNN-2,E/N, =8[dB

—e—RNN-3, E/N, =7 [dB
10 RNN-3, E//N, = 8 [dB]

RNN-3, E/Ng

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Iteration Iteration

(a) BER vs. the number of iterations for different val- (b) BER vs. the number of iterations for different
ues of E, /Ny for VE-RNN-2 and VE-RNN-3 and the values of E, /Ny for VE-RNN-2 and VE-RNN-3 and
channel /1,. Statistical time-variant slope. the channel ;. Statistical time-variant slope.

Figure 3.14: BER vs. the number of iterations for different values of E; /Ny for VE-RNN-2 and
VE-RNN-3, Channels /1, and ;, and QPSK. Statistical time-variant slope. N = 32.

VE-RNN-4 & VE-RNN-5

The BER vs. the (constant) slope of the activation function  and the inner state feed-
back a for VE-RNN-4 and the channel h, at E;,/N, = 8 [dB] is depicted in Fig. 3.15.
We notice that the inner state feedback for the channel /1, does not improve the results
if the slope is larger than some value.

The same simulation has been done for the channel iy, at E;,/N, = 15 [dB]. The
results are depicted in Fig. 3.16. In contrast to the channel /i, the inner inner state
feedback improves the BER for the channel ki, cf. Fig. 3.9. We notice that the limit
cycle of length two disappear as well.

In Fig. 3.15, 3.16 the number of iterations equals 20.

Remark 3.6 VE-RNN-5 delivers similar results as VE-RNN-4. Inner state feedback
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3.3 Simulation Results

0.4 0.6 0.8 3 5
Inner State Feedback (a) Slope ()

(a) BER vs. the inner state feedback a for different (b) BER vs. the slope of the activation function g for
slopes of the activation function f. different inner state feedback a.

Figure 3.15: BER vs. the slope of the activation function § and inner state feedback a for the
channel h;, QPSK and RNN-4. N = 32, E,/Ny = 8 [dB]. Number of iterations
equals 20.

i i i i
0 0.2 0.4 0.6 0.8 1 1 2 3 4 5 6 7 8 9 10
Inner State Feedback (a) Slope (B)

(a) BER vs. the inner state feedback a for different (b) BER vs. the slope of the activation function f for
slopes of the activation function f. different inner state feedback a.

Figure 3.16: BER vs. the slope of the activation function § and inner state feedback a for the
channel i, QPSK and RNN-4. N = 32, E;/Ny = 15 [dB]. Number of iterations
equals 20.
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3 Recurrent Neural Networks for Vector Equalization

has a similar influence as the time variation of the activation function. Therefore,
VE-RNN-4 and VE-RNN-5 are not considered further.

BER vs. Eb/NO

Using the optimized values for the slope 8, number of iterations and duration of the
evolution time T, from the above mentioned simulations, we simulated the BER vs.
Ey/ Ny based on the RNN-1, RNN-2 and RNN-3. The results are depicted in Fig. 3.17,
3.18.

In Fig. 3.17, a comparison between VE-RNN-2 (serial update) and VE-RNN-3 (par-
allel update) for different types of slopes  has been performed. We notice that for
the channel /1, all simulated RNNs, except VE-RNN-3 with linear time-variant slope,
performs equally well. For the channel /;, the serial update is superior to the parallel
one.

RNN-3-LIN
RNN-2-LIN
= <4 - RNN-3-CONY
—<— RNN-2-CONY
=+ = RNN-3-NOI
—+— RNN-2-NOI

i RNN-2-LIN
']- <~ RNN-3-cONg
| —— RNN-2-cONg]

10° 10°k{ - + - RNN-3-NOI
| —— RNN-2-NOI
|——Awan
) H 10
0y 2 4 6 8 10 O 5 15
E,/N, [dB] E,/N, [dB]
(a) Channel h,. (b) Channel h,,.

Figure 3.17: BER vs. E; /Ny for VE-RNN2 and VE-RNN-3 and the channels h,, h;, with different
slope types. QPSK and N = 32.

The comparison between discrete- and continuous-time RNNs is depicted in Fig. 3.18.
As we expected before, the maximum likelihood performance is achieved for the
channel h,. For the channel /;, an error floor does appear. This result is not surpris-
ing, since it is known that VE-RNNSs are especially suitable for channels with mod-
erate interference [46]. The continuous-time RNN performs better than discrete-time
RNN with parallel update.
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ZF
- MMSE
= 4 - RNN-3-CONY
—<— RNN-2-CONY
RNN-1
—*— AWGN

ol i i i i b R R Tk

| ZF
| -e- mmse
| - <~ RNN-3-cong\
10} | —¢— RNN-2-CONY
! RNN-1
| —— awan

4 6 5
E/N, [dB] EN, [dB]

(a) Channel &,. (b) Channel h;,.

Figure 3.18: BER vs. E; /Ny for different RNNs for the channels h,, hy. QPSK and N = 32.

3.4 Chapter Summary

In this chapter we connected the different structures of recurrent neural networks
investigated in Chapter 2 with the vector equalization task introduced in Chapter 1.
This has been done by reviewing the problem of parameter estimation and using the
resulted optimum estimation function as activation function for the RNNs.

By investigating the properties of the optimum estimation function for separable
symbol alphabets, we have shown that the optimum estimation function belongs to
the class of functions g3, introduced in Chapter 2. This enables the stability proofs
in Chapter 2.

A novel method to approximate the optimum estimation function in this case as a
sum of shifted hyperbolic tangent functions enables a numerically stable evaluation
of the optimum estimation function, even in continuous-time systems.

The parameters of the RNNs have been defined in terms of the discrete-time vector-
valued transmission model such that the RNN acts as a vector equalizer.

Many methods for updating the slope of the activation function and their inter-
relation with the local/global minima (local/global stability) have been discussed.
In addition, the suboptimality of the RNNs has been discussed. Finally, simulation
results have been shown.
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Chapter

Dynamical Representation of Probabilistic
lterative Decoding Algorithms

shown to achieve an error rate performance very close to the Shannon limit
for the AWGN channel. Both are decoded iteratively. To achieve a better in-
depth understanding of these powerful error correcting codes, they are considered
as dynamical systems to utilize the well-established theory of nonlinear dynamical
systems.
Most of the work on the dynamics of iterative decoding schemes is based on their
discrete-time representation. However, improving the power-to-speed ratio has moti-
vated the design of iterative decoders in the continuous-time domain (analog decod-

TURBO codes [4] and low-density parity-check (LDPC) codes [15] have been
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4 Dynamical Representation of Probabilistic Iterative Decoding Algorithms

ing). For this reason, several proof-of-concept analog decoders for short codes have
been implemented [19], [25].

Far away from proof-of-concept, the continuous-time iterative decoder has been
modeled as a first order nonlinear differential equation [22], [23], [24], [26], [27] be-
cause of its strong relation to the behavior of a passive first order low pass filter.
In [27] as an example it has been shown that the analog min-sum iterative decoder in
the LLR domain can be considered as a piecewise linear dynamical system. Never-
theless, the dynamics of iterative decoding algorithms in the continuous-time domain
has not been attracting interest, in contrast to the discrete-time case.

In this chapter, we focus on the decoding part of the detection process. We nei-
ther construct new codes nor new decoding algorithms but we consider some al-
ready known iterative decoding algorithms, particularly belief propagation (BP) and
iterative threshold decoding (ITD) as DSs (discrete and continuous-time). We are in-
terested especially in the continuous-time representation. A connection with the high
order recurrent neural networks in Chapter 2 is also established. Fig. 1.8 and Eq. (1.12)
are applied.

We begin this chapter with a very brief historical overview of coding theory. More
details have been already presented in Sec. 1.4. Afterward, we introduce the required
tools for dealing with probabilistic iterative decoding algorithms.

The main part of this chapter focuses on formulating BP and ITD as DSs (discrete
and continuous-time). This is essential for considering the stability issues and has
been already done for discrete-time BP in [69]. We extend it here to the continuous-
time case. The major contribution of this chapter is the formulation of ITD as a dy-
namical system, where close form solutions have been obtained and compared with
BP for repetition codes.

The dynamical representation of iterative decoding algorithms in this chapter holds
for binary linear block codes with systematic encoding. If the information word is a
column vector of length k, the codeword is a column vector of length n, where the
first k elements are the information word and the rest m = n — k elements represent
the redundancy part. However, an equivalent representation can be obtained for the
nonsystematic case, too.

This chapter has been strongly influenced by [22]-[27], [69].

4.1 Introduction

Shannon'’s statement [74] saying that an arbitrary reliable communication over a noisy
channel can be achieved if information are transmitted at a rate smaller than the
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4.1 Introduction

channel capacity is understood to be the begin of coding theory. This includes two
steps [35]. In the first one (encoding at the transmitter) a ”structured” redundancy
is added to the original message and both are sent over the noisy channel. In the
second step (decoding at the receiver) the redundancy is used to detect/correct pos-
sible errors in the original message. Obviously, the research in this field is twofold:
How to generate the redundancy at the transmitter “code construction” and how to
use the redundancy at the receiver to detect/correct the errors “decoding algorithm”.
More about the basics of encoding/decoding process has been already introduced in
Sec. 1.4. To proceed further we need to introduce Tanner graph.

Tanner Graph

The Tanner graph [79] is a bigraph. It consists of two types of nodes: variable nodes
and check nodes, connected to each other by edges according to the parity check
equations of the considered code. The Tanner graph visualizes in a very efficient way
the parity check equations of binary linear block codes. Furthermore, it gives good
insight into the code structure and the structure of iterative decoding algorithms.

Each code symbol (there exist n code symbols) is represented by a variable node
and each parity check equation (there exist m = n — k parity check equations) is
represented by a check node.

A variable node, representing the j-th code symbol j € {1,2,---,n}, is connected
to a check node, representing the j/-th parity check equation j' € {1,2,--- ,m}, if the
j-th code symbol appears in the j’-th parity check equation, i.e. Hy(j’,j) = 1. Fig. 4.1
shows the Tanner graph of the Hamming code (7,4,3) with the parity check matrix
Hp:

0111|100
Hy={1 0 1 1[0 1 0
110 1|00 1

In the following, we define:
T
ch,1s ch2/' o /Lch,n }

[ L
[ fufo i 1"
[ Ly, Ly, , Ly, ]T

h
f “.1)
L

. v N o T

X = [ X1,X2, ", Xn ]

1y, is the number of the nonzero elements in H, which equals the number of the edges
in the Tanner graph. In the above mentioned example n;, = 12.
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Lena
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Figure 4.1: Tanner graph of the systematic Hamming code (7,4,3).

Vj € {1,2,---,n} : Ly, is the intrinsic L-value of the j-th code symbol, which
depends on the transition probability of the channel. For the AWGN-channel and
BPSK modulation, cf. Eq. (1.38), (1.39), (1.40).

f is the “message” sent from the check nodes to the variable nodes.
L is the "message” sent from the variable nodes to the check nodes.
X is the soft decided codeword.

Remark 4.1 Enumerating the entries in Eq. (4.1) and Fig. 4.1 has been done in a
symbol-ascending order and for each symbol in an ascending order depending on
the check nodes. Tanner graph is usually drawn, where all variable nodes are on one
side and all check node on the other side. The Tanner graph in Fig. 4.1 does not fol-
low this rule because it can be depicted without crossing edges, which is better for
introductory purposes.

Definition 4.1 A cycle in the Tanner graph is a sequence of connected nodes which
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4.2 Probabilistic Iterative Decoding Algorithms

starts and ends at the same node without passing a node twice [35]. The shortest
cycle of the Tanner graph of a code affects the performance of iterative decoding al-
gorithms. Codes with cycle-free Tanner graph represent a very special case as we will
see later.

4.2 Probabilistic Iterative Decoding Algorithms

Despite intensive research, the Shannon limit was unachievable till the beginning of
the nineties. It is the favor of the soft iterative decoding approach introduced by
turbo codes [4], which enabled extremely near Shannon limit decoding performance.
Later on, it has been realized that the idea of soft iterative decoding has been already
introduced in the sixties by Gallager [15]. However, the idea of Gallager sank into
oblivion because of its computational complexity for that time. With the introduction
of turbo codes and the huge development of computers, Gallager’s work has been
"“rediscovered”.

4.2.1 Sum-Product Decoding

The sum-product decoding, also known as belief propagation, has been first intro-
duced by Gallager in 1962 [35]. It aims to approximate the aposteriori probability
(APP) of the code symbols, i.e. approximating Eq. (1.43), by iterative exchange of the
LLRs on the Tanner graph. BP delivers the exact APPs if the code (Tanner graph of
the code) is cycle free [35]. We will see later that this is the case for repetition codes.

BP (and many modifications of it) depends on the iterative exchange of soft values
between the variable and the check nodes as illustrated in Fig. 4.2.

E(1+1)

L(l+1)
(]

FILD)]

Figure 4.2: General structure of belief propagation (and many modifications of it).
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In the following, we specify the structure in Fig. 4.2. For this purpose we define
the following binary matrices: Sy, xn,, Pny,xn,, Bu,xn. These definitions are slightly
different from those in [69]. However, we are following the same approach.

thxnh = {Sj]" S {0,1} : Vj,j/ S {1,2,--- ,ﬂh}}. S]']'/ =1 lf] * j/ & L]', L]'/ are
connected to the same check node. For example, the first row of S for the code given
in Fig. 4.1is
[00 000101001 0]

and
Ly
fj =2-atanh ) H tanh( 5 )
j'epos(S(j;)=1]

a9y (42)

dL;

o

aLj
pos [S(j,:) = 1] gives the positions of the nonzero elements in the j-th row of S. Be-
cause of the last row in Eq. (4.2), f; is a Lipschitz function [20]. Because of the system-
atic encoding, the low right part of S is 0.

Py, xn, = {p]-j/ € {0,1} : vj,j’ € {1,2,--- ,nh}}- pjp = 1ifj # i & fis fj are

connected to the same variable node. For an example, the seventh row of P for the
code given in Fig. 4.1 is

[00 0 0OOOO0OT1T10 0 0]

€ [-1,+1]

Because of the systematic encoding, the last m-rows of P represent 0,;x,,. For codes
where each column of the parity check matrix contains two nonzero elements, each
row of P contains one nonzero element.

By, xn:Vj € {1,2,--- ,n} the number of nonzero elements in the j-th column equals
the number of nonzero elements in the j-th column of the parity check matrix. Each
row contains only one nonzero element. For an example, the first and second columns
of B for the code given in Fig. 4.1 are

1 1 0 0

000000 01"
001100000 0 0
W

- o o

Because of the systematic encoding, the lo
size m X m.
Using the above mentioned definitions it can be shown that B - BT =P+1.

right part of B is an identity matrix of
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The Dynamical System of BP
In the discrete-time case:

L(I+1)=P-f[L()]+B- Ly

T (4.3)
¥(14+1)=B" - f[L(1)] + Ly,
This has been already described in [69].
In the continuous-time case according to Eq. (2.14), cf. Sec. 2.1.4:
dL(t)
Y- —— =—-L(t)+P- fI[L(t)]+B-L
d ()+ f[ ()]+ ch (4.4)

t
x(t) = BT - fIL()] + Lo,

Remark 4.2 Min-sum decoding is a special case of BP and is based on simplifying
Eq. (4.2) as:

fi= { 11 ]sgn(L]-/)} . min(|Ljr|> (4.5)
1

feposiS(is)= jreposiS(js)=1]

However, this will not be investigated further, since the analog implementation of
Eq. (4.2) can be obtained directly by bipolar junction transistors [19].

4.2.2 Iterative Threshold Decoding

Threshold decoding is a kind of majority logical decoding. It was first introduced
by Massey [53] for convolutional self-orthogonal codes (CSOCs). ITD is the iterative
version of the threshold decoding. In this case, it is the soft decision ¥, instead of the
LLRs L, that is exchanged iteratively. In a series of papers Haccoun et. al. [6], [21]
have shown that the less complex ITD achieves the same error rate performance as
BP for a special class of convolution codes, namely convolution self (and self-doubly)
orthogonal codes. Before introducing the dynamical system of ITD we define the
following matrices:

! ! ! n T
w(()u) _ [w%“ ),wgu b ;(f,tf)m}
T
w(()br) _ [wgbr)/wébr) o /WErIzN)] 4.6)
T
wgul) _ [wgul)’wéul) o ,ﬁ@(:]:lzm}
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. b
0m><(n],7m) ‘ dlag{w(() ")

Wirp = [ diag{wi“l)} ‘ 011 —m) xm }

mx (ny—m) ‘ Omscm

Wirpo = [ diag{wé”l)} ‘ O(HIIHI)Xm} ]

4.7)

Wirp,o and Wrrp 1 are diagonal positive semidefinite matrices.

The Dynamical System of ITD

In the discrete-time case:

L(I+1) =Wyrp1-B-BT - f[L(I)] + Wirpo - B - Ly,

%(1+1) =BT fIL()] + Ly, “5)

In the continuous-time case according to Eq. (2.14), cf. Sec. 2.1.4:

dL(t
Y. 7(:1( ) = —L(t) + Wirp1-B-BY - f[L(t)] + Wirpo - B - Ly,

t (4.9)
x(t) = BT - fIL(t)] + Lo,
Remark 4.3 Because of the systematic encoding, the structure of Wrp 1 prevents the
variable nodes of the parity symbols in the corresponding Tanner graph from sending
back exactly what they obtained from the check nodes in the previous time step. This
has been assumed because it leads to compact close form solution for the stability in
case of repetition codes as explained in Sec. 4.3.1. Even if this is not the case ( the low
right part of Wirp 1 is a nonzero diagonal matrix), our experience is that BER are not
essentially influenced. This is further discussed in Remark 4.6.

4.3 Stability Analysis

In this section we investigate the stability of BP and ITD depending on their dynamics
as described in Eq. (4.3),(4.4) and Eq. (4.8),(4.9). For this purpose we consider at first
the linear case, where Eq. (4.3),(4.4) and Eq. (4.8),(4.9) become linear for special codes.
After that, the investigation based on the linearization method is done as described
in Sec. 2.1.3. The last step is the graphical representation of BP and ITD based on
HORNN:s as introduced in Chapter 2.
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4.3 Stability Analysis

4.3.1 Repetition Codes: The Linear Case

This is based on [63]. If each row of the parity check matrix contains exactly two
nonzero elements, then every check node in the Tanner graph of the corresponding
code is connected to two variable nodes. In this special case, every row in the matrix
S contains only one nonzero element and S becomes a permutation matrix. This is
fulfilled in case of repetition codes, as we will see in the following.

The generator and parity check matrices of repetition codes with 1 code symbols,
k = 1 information symbol, and m = n — 1 parity check symbols are given as follows:

G=[1]1,]

(4.10)
Hy=[ 1y | Inxm |

As illustrated in Fig. 4.3, the Tanner graph of repetition codes is a tree, i.e. it is cycle-
free. Important to mention in this case is also

ny,=2-men,—m=m

From Fig. 4.3 and based on the definition of P, S and B it can be shown that:

P= [ (1_I)m><m ‘ Omxm ]
L Owxm | Omxm
I Ome Im><m :l

S — 411
L Im><m 0m><rn ( )
I 111’! 0m><m :|

B:
L 0 Imxm

For repetition codes, Eq. (4.2) can be rewritten as: f; = Ljy. This has been already
found in [69]. In this case, Eq. (4.3),(4.4) and Eq. (4.8),(4.9) can be rewritten as:

BP: Discrete-Time

L(I+1)=P-S-L(I)+B- Ly,

(I+1)=B"-S-L(I)+ Ly (412

=
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Leny

Len,n

Figure 4.3: Tanner graph of repetition codes.

BP: Continuous-Time

dL(t)

Sdt
%(t) =BT -S-L(t) + Ly,

The stability in this case depends on the eigenvalues of P - S where I — P - S is non-

singular, cf. Sec. 2.1.4.

Y- =—L(t)+P-S-L(t)+B- Ly,

(4.13)

BP: Fixed/Equilibrium Points
Ly =Ly =[—P-S|""-B-Ly

(4.14)
Ry = Rop = {BT.s- [I—P-S]_1~B+I}-Lch
Depending on Eq. (4.11), (4.14) we find that:
P.S— [ O m (1*I)m><m :|
OH1><WI Omxm
I 11 (4.15)
I*P~Sil: mxim — mxm}
[ ] [ Omxm Liyxm
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and
Xfp = ¥ep = Luxn - Loy (4.16)

The hard decision of X rp (Or Xep) in the last relation leads necessarily to a valid code-
word.

This has been already shown in [69] for the discrete-time case. Here, we have
proved it using the detailed structures of S, P, and B. In addition, we generalized
this result to the continuous-time case.

The eigenvalues of a triangular matrix are the elements on the main diagonal [68].
We notice that P - S is a strictly upper triangular matrix, i.e. the eigenvalues of P - S are
0 with multiplicity 2 - m. This leads to the fact that BP for repetition codes is always
(globally) stable in both discrete and continuous-time cases.

ITD: Discrete-Time
L(I+1)=Wjrpy1-B-BT-S-L(I) +Wirpo-B- Ly,

T (4.17)
X(I+1)=B"-S-L(I)+ Ly,
ITD: Continuous-Time
dL(t) T
Y- —~> = —L(t w -B-B"-S-L(t w -B-L
a (t) +Wirpa (t) +Wirpyo ch (4.18)

%(t) =BT -S-L(t) + Ly,

The stability in this case depends on the eigenvalues of Wirp1 - B - BT - S where
I—Wirps - B-BT-Sisnonsingular, cf. Sec. 2.1.4.

ITD: Fixed/Equilibrium Points

-1
Ly =Lep = [I* Wirp1-B-B"- 5] “Wirpo - B- Ly,

1 (4.19)
Xfp = Xep = {BT'S' [I*WITDJ 'B-BT-S} -WITD,o-B+I}-Lch
Depending on Eq. (4.6), (4.7), (4.11), (4.19) we find that:
. (u) .
WITD,l'B'BT‘S: |: Ormscm dlag{w1 } Limxm :|
P O (4.20)

Ome IHle

[I —Wirp1-B- BT. S] - = |: Tniscm diag{wgul)} *Linxm :|
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and

1 ‘ w(()br),T

.. Ly (421
Xfp = Xep W ‘ Imxm—kdiag{wg”l)}-lmxm-diag{wéb’)} o (421)

The eigenvalues of Wirp1 - B - BT . S are 0 with multiplicity 2 - m because it is a
strictly upper triangular matrix. We conclude that ITD for repetition codes is always
(globally) stable for both discrete and continuous-time cases. In contrast to BP, the
hard decision of ¥ fp (or X,p) in Eq. (4.21) does not lead necessarily to a valid code-
word. This depends on Wirp o, Wirp 1.

Remark 4.4 We notice that in the linear case the weight matrices Wrp 1, Wirp,0 do
not play any role for the stability. However, they define the fixed /equilibrium point
itself Eq. (4.21).

Remark 4.5 Comparing Eq. (4.16) and Eq. (4.21) we notice that the fixed /equilibrium

point of BP does not coincide with the fixed /equilibrium point of ITD. However, If

w(()br)’T =[1,1,---,1] they coincide for the information symbol.

Remark 4.6 The compact close form solution as in Eq. (4.20), (4.21) owes to the as-
sumption in Remark 4.3. If the low right part of W;rp 1 equals diag {wgbr) }, such

that wgbr) = {u“}%br), d)gbr), cee, u“JSfr)] , Eq. (4.19) leads to:

v, X A l Ayy
Xfp = Xep = { AZZ A, } “Ley, (4.22)

such that
Ay =1

+ 10, [T — diag{eo]™ } - diag{eof" } - 1y o diog{w)"” } - diag{aw(" § -1
Aur = 11+ [T — diag{w]" } - diag{ w0} } - 11cn| _1diag{wébr)}

Ay — [Imxm _ diag{wgul)} Ay ~diag{w§br)H -1 -wéul)

Abr = Luxm

(L — diag ™} 1 - ding {0} diag{w{™ } Ly - diag e}
(4.23)
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given that Iy xm — diag{wgbr)} . diag{wgul)} - Lyxm and
I di { (ul) . (br) i )
mxm — diagy w, } Ly - dlag{w1 } are invertible.
If diag{wgb”} = Oy, Eq. (4.22), (4.23) reduce to Eq. (4.21).

4.3.2 Stability Analysis Based on Linearization Method

This subsection is based on Sec. 2.1.3 and Sec. 2.1.4. Depending on Eq. (4.2) we con-
clude that the Jacobian matrix J¢[L] has the same structure as S. Both share the same
”zero” entries, however the “one” entries in S are real numbers between ”-1” and
"+1”in J ¢[L].

BP

A fixed point L), in this case is locally asymptotically stable if
’eig{P JflLgy) H < 1. This leads, according to Sec. 2.1.4, to {eig{P “J¢[Lep] }} <

0, which means that the corresponding equilibrium point Ly in the continuous-time
case is also locally asymptotically stable.

ITD

A fixed point L), in this case is locally asymptotically stable if
‘eig{W,TD’l .B-BT. ]f[pr} H < 1. This leads, according to Sec. 2.1.4, to
R {eig{WITD’l -B-BT. ]f[Lgp} }} < 0, which means that the corresponding equi-

librium point L) in the continuous-time case is also locally asymptotically stable.

Remark 4.7 In contrast to the linear case, the weight matrices Wirp 1 influences the
stability of the fixed/equilibrium points.

Remark 4.8 Even with the knowledge about the structure of P - J¢[L] and
Wirp1-B- BT.J 7 [L], no close form solution of their eigenvalues have been found.

4.3.3 Stability Analysis Based on HORNNs

This is based on [57], [61]. In this subsection we reformulate Eq. (4.3), (4.4), (4.8), (4.9)
such that they possess the same structure as Eq. (2.63), (2.64). After that a stability
analysis based on Theorems 2.16-2.18 is done.
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4 Dynamical Representation of Probabilistic Iterative Decoding Algorithms

Based on Sec. 2.3 we define:

N = ny
u=1~L
e=B- Lch
¢(-) = tanh (5) (4.24)
v=¢(L)

fj—2~atanh{ 1_[ v]-,}
j'€pos[S(j,:)=1]

and
- { P : BP (4.25a)
| Wirpy-B-BT : 1TD (4.25b)
In addition:
I : BP (4.26a)
Wo = {
WITD,O :ITD (426b)

We notice that ¢ € ¢4, cf. Definition 2.12.
By comparing the stability conditions mentioned in Theorem 2.16 with Eq. (4.24)-

T
(4.26) we notice that a scalar function F[v] must exist such that {V - F [v}} =W

flo]-
One of the most important questions, arising from this comparison and exposed to
future work is: For which codes can the scalar function F[v] be found, which fulfill

T
the condition {V -F [v]} = W - f[v] and how much powerful are they?

For Theorems 2.17, 2.18, Q™! = 2. I and the stability is again dependent on the
Jacobian matrix of f[v], cf. Eq. (2.67), (2.69).
4.3.4 Stability Analysis: Closing Remarks

We notice from the above mentioned discussion that the LAS of a fixed /equilibrium
point depends on the eigenvalues of the Jacobian of some matrix, which is not really
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meaningful, because no bounds for the eigenvalues could be found, even if the struc-
ture of the Jacobian matrix is known. In addition, the convergence to a fixed point is
not the sole observed behavior of iterative decoding schemes. In [38] it states:

”All the iterative decoding schemes in use today exhibit similar qualitative dynamics. In
particular, a whole range of phenomena known to occur in nonlinear systems, such as existence
of multiple fixed points, oscillatory behavior, bifurcation, chaos, and transit chaos are found in
iterative decoding algorithms”.

However, a common consensus is that the SNR value is crucial for the dynamical
behavior of iterative decoding schemes. Fixed points are reached at “relatively” high
SNR [38].

4.4 Simulation Results

Simulations have been done for two LDPC codes (called in the following codel &
code2) and further two tail-biting CSOCs (called in the following code3 & code4). For
LDPC codes Eq. (4.3), (4.4) have been simulated. For CSOCs Eq. (4.8), (4.9) have been
simulated as well. Evolution time T, in the following is multiple of 7. Moreover, it

has been assumed that Wirp o = I and wgul) = [wy,wy, -+ ,w1]7T, cf. Eq. (4.6), (4.7).

The parity check matrices of codel & code2 have been obtained from [51]. Other
properties are listed in Table 4.1. Properties of Code3 & code4 are listed in Table 4.2.

[51] n k r column weight
codel 96.3.963 96 48 0.5 3
code2 | 408.33.844 | 408 | 204 | 0.5 3

Table 4.1: Properties of codel & code2.

n k r memory | connected places in the shift register
code3 | 256 | 128 | 0.5 6 0,1,4,6
coded | 256 | 128 | 0.5 11 0,1,4,9,11

Table 4.2: Properties of code3 & code4.
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4 Dynamical Representation of Probabilistic Iterative Decoding Algorithms

Code1 & Code2

Fig. 4.4 shows the BER performance vs. E;/Nj for codel & code2 depending on
Eq. (4.3), (4.4) (discrete- and continuous-time BP) and T, = 20 - 7. We notice that
the discrete- and continuous-time BP lead to the same BER performance. Fig. 4.5
shows the BER performance vs. evolution time/iteration for codel & code2. We see
that the BER performance improves with longer evolution time/iterations. However,
the quantity of this improvement decreases with longer evolution time/iteration.
Comparing Fig. 4.5(a) with Fig. 4.5(b) we notice that code2 needs longer evolution
time/iteration than codel because the codeword in this case is longer. Thus, messages
need longer time to propagate on the Tanner graph.

Code3 & Code4

Simulations have been done to find the optimum value of the weight factor w; related
with the evolution time/iteration, in both discrete- and continuous-time cases. For
code3 this is depicted in Fig. 4.6. (continuous-time) and Fig. 4.7 (discrete-time). For
code4 this is depicted in Fig. 4.8. (continuous-time) and Fig. 4.9 (discrete-time). We
mention that both cases (discrete- and continuous-time) lead to the same optimum
value of the weight factor, which is around w; = 0.7 for code3 and w; = 0.9 for
code4. In addition, the longer the evolution time/iteration, the lower is the BER. This
does not hold after some threshold value of evolution time/iteration.

The BER vs. E, /Ny for code3 & code4 at the optimized weight factor is depicted in
Fig. 4.10. In addition, Fig. 4.10 compares between BP and ITD, where we see that
BP performs better than ITD, in both discrete- and continuous-time cases, for the
simulated codes.

124



4.4 Simulation Results

—— UNCODED BPSK|
—&— CO-BP
—=&— DI-BP

—— UNCODED BPSK|
-|—*— CO-BP
—=&— DI-BP

2 3
E/N, [dB]

(a) BER vs. E; /Ny for codel.

1 2
E/N, [dB]

(b) BER vs. E, /Ny for code2.

Figure 4.4: BER vs. E,/Nj for codel & code 2 with evolution time equals 20 - 7. Discrete- and

continuous-time belief propagation.

10 —a DI-BP, E)N, = 5[dB] 10 —a DI-BP, £)N, = 3.5 (dB]
- | —e—co-BP.E/N, -5 (B . —o— CO-BP, E/N, = 3.5 [dB
10 10°

0 10° 10°
107 10”
10° y 10°
10°

6 8 10 12 14 16 18 20
Evolution Time/lteration

(a) BER vs. evolution time/iteration for codel.

6 8 10 12 14 16 18 20
Evolution Time/lteration

(b) BER vs. evolution time/iteration for code2.

Figure 4.5: BER vs. evolution time/iteration for codel at E, /Ny = 5 [dB] and code2 at E,/ Ny =
3.5 [dB]. Discrete- and continuous-time belief propagation.
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4 Dynamical Representation of Probabilistic Iterative Decoding Algorithms

5|

i i i i i H i i
0.1 02 03 04 05 06 07 08 09 1
Weight Factor Evolution Time

10

(a) BER vs. weight factor at different evolution (b) BER vs. evolution time at different weight fac-
times for code3. tors for code3.

Figure 4.6: BER vs. evolution time and weight factor for code3 at E;, / Ny = 5.5 [dB]. Continuous-
time iterative threshold decoding.

| H H H : H H H B
0.1 02 03 04 05 06 07 08 09 1
Weight Factor Iteration

10

(a) BER vs. weight factor at different iterations for (b) BER vs. number of iterations at different weight
code3. factors for code3.

Figure 4.7: BER vs. number of iterations and weight factor for code3 at E,/Ny = 5.5 [dB].
Discrete-time iterative threshold decoding
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10
B 2
o o

10k

10°

10’5 i i i i

0.1 02 03 04 05 06 07 08 09 1
Weight Factor Evolution Time

(a) BER vs. weight factor at different evolution (b) BER vs. evolution time at different weight fac-
times for code4. tors for code4.

Figure 4.8: BER vs. evolution time and weight factor for code4 at E,/Ny = 5.25 [dB]
Continuous-time iterative threshold decoding.

10°° i i i < i i i i
0.1 02 03 04 05 06 07 08 09 1
Weight Factor Iteration

(a) BER vs. weight factor at different iterations for (b) BER vs. number of iterations at different weight
code4. factors for code4.

Figure 4.9: BER vs. number of iterations and weight factor for code4 at E,/Ny = 5.25 [dB].
Discrete-time iterative threshold decoding
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—— UNCODED BPSK| —— UNCODED BPSK|
CO-ITD

-1 0 1 5 6 -1 0 1

2 3 2 3
Ey/N, [dB] Ey/N, [dB]

(a) BER vs. E; /Ny for code3. (b) BER vs. E, /Ny for code4.

Figure 4.10: BER vs. E;,/ Ny for code3 & code 4 for evolution time equals 10 - 7. Belief propaga-
tion and iterative threshold decoding, discrete- and continuous-time.

4.5 Chapter Summary

In this chapter we considered two iterative decoding schemes, namely BP & ITD, as
high dimensional nonlinear (discrete- and continuous-time) dynamical systems using
the state-space description. A connection with HORNNS has been established as well,
which might be useful from the implementation point of view.

For repetition codes, close form solutions have been obtained. In this case, both
discrete- and continuous-time representations lead to the same solution.

The major contribution of this chapter is, together with Sec. 2.1.4, showing that
modeling continuous-time decoders as first order nonlinear differential equation has,
beside its behavior as passive first order low pass filter, important dynamical proper-
ties as well.
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Chapter

Continuous-Time Joint Equalization and
Decoding

mission over nonideal channels can not be generally achieved by separating the

detection process into cascade processes, namely equalization and decoding. How-
ever, the complexity of the maximum likelihood detection is too high to be imple-
mented in real applications from computational complexity and power consumption
point of view. This motivated the idea of joint equalization and decoding. In this
case, cf. Fig. 1.10, a "knowledge” exchange takes place between the decoder and the
equalizer. This improves the performance of the detection process as a whole at the

IN Sec. 1.2 we mentioned that the maximum likelihood detection for coded trans-
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5 Continuous-Time Joint Equalization and Decoding

cost of a realistic increase of the complexity. However, almost all research in this area
is done for the discrete-time case.

Motivated by the advantages of the continuous-time realization mentioned in the
introduction, we aim to give an overview about how a joint equalization and decod-
ing can take place in the continuous-time case.

The goal of this chapter is to stimulate thoughts of how already available knowl-
edge about joint equalization and decoding in the discrete-time case can be used for
the extension to the continuous-time case, rather than introducing the whole theoret-
ical background. This can be found in [9], [73].

5.1 Discrete- and Continuous-Time Model

A block diagram of the joint equalization and decoding in the discrete-time case is
shown in Fig. 5.1 [9]. We notice that the decoder and the equalizer are exchanging
some “knowledge” through a (de)interleaver. For the continuous-time case, we ig-
nore the (de)interleaver.

A o 1

1 W)

Figure 5.1: Joint equalization and decoding.

In Chapter 3 we introduced vector equalizers based on continuous-time RNNs. In
Chapter 4 we introduced vector decoding based on HORNNS. All what we need to
perform joint equalization and decoding in the continuous-time domain is a proper
connection between the RNN and HORNN (both in continuous-time). This is de-
picted in Fig. 5.2, 5.3, which must be understood as a single figure.

The following explanation is for BP. However, it can be easily modified for ITD.
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5.1 Discrete- and Continuous-Time Model

Depending on Fig. 5.2, 5.3, we define:

Loy, (t) = 0,1 [u(t)]
L(t) = BT - fIL(t)] + Loy (t) (5.1)
o(t) = 0 s[L(t)]

0s,/L(+) converts the soft symbols (inner state of the RNN) to LLRs-values (channel
L-values for the decoder) depending on the symbol alphabet ¥ and the noise power
(or the noise and residual interference power). The opposite duty is done by 6y /(-).
The exact formulation of 6g,1,(-) and 6y ;5(-) can be found in [73]. For BPSK, they are
”simple”, cf. Eq. (5.2). However, realizing them for higher symbol alphabets in the
continuous-time domain is a challenging task.

0o (1) = (52)
. 52

(1) =uomn ()

Fig. 5.2, 5.3 generalizes the discrete-time joint equalization and decoding principle
suggested in [73] to the continuous-time case. The dynamical behavior is described
by the following couple of differential equations, taking into account Eq. (5.1):

vo SO py b fLm] + B L)
ddf (5.3)
Y. Zit) =—u(t)+ W-o(t)+Wp-e

Assuming that Y; = 75 - I & Y, = 7. - I, we distinguish:
e T; > T, the equalizer is faster than the decoder

e T, > T4 the decoder is faster than the equalizer

The relation 7;/7, is comparable in the discrete-time case to the scheduling issue.
Namely, after how many iterations the equalizer (decoder) should feed its output to
the decoder (equalizer). This is optimized usually by simulations and is case depen-
dent.

The stability of the continuous-time dynamical system given by Fig. 5.2, 5.3 and
Eq. (5.1), (5.3) is a very challenging topic and opposed to future work.
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5 Continuous-Time Joint Equalization and Decoding

on(t) 0500) | S
\—‘ T - .
va(t) : W : & : T ' From the decoder
. B 7l
e
Lepa(t
. ( Current- ; ch1 (t)
Riy summing :
Junction I —
Leh,m, (1)
Ty
Current- > decode:
Ron : summing B To the decoder
Jjunction B- L.,
Ty
Ry
Current-
summing
Jjunction —
Lenn(t)

Figure 5.2: Continuous-time joint equalization and decoding. Equalization part.

Remark 5.1 From Fig. 5.2, we notice for an uncoded transmission, cf. Chapter 3, that:

9(0pt> (u) = 9L/S[BS/L(1")]

Based on Eq. (5.2) and for BPSK:
9(0pt) _ h Uj
(uj) = tan (—%>

which is the optimum estimation function (activation function) for BPSK, cf. Example
3.2.
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5.2 Simulation Results

fun[L(®)]
To the equalizer FilL(1)]
fIL] : HIL®)]
R,
R
Ly(t
i Current- 1)
R} : summing ’
junction
R’ >\J (ol R
L.
4 : 1 :
G :
Ly(t
, X Current- 5(®)
R} : summing ’ L - f[L]
Jjunction
R u /
From the equalizer 4 >\J (€ By R;
B Ly
J;
Ry,
Ly, (t
, . Current- #(2)
R, : summing o
Jjunction
R, cl, == R,
1T

No full connection =
connection controlled by P

Figure 5.3: Continuous-time joint equalization and decoding. Decoding part.

5.2 Simulation Results

We have simulated the dynamical system as in Eq. (5.1)-(5.3) and Fig. 5.2, 5.3. More-
over, the block length equals the codeword length. We assumed that Y; =Y, = 7- L.
We applied codel as in Table 4.1 with the following channel impulse responses [67]
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5 Continuous-Time Joint Equalization and Decoding

(the same as in Chapter 3) :

hy=]004 —005 007 —021 —05 072 036 0 021 0.03 0.07 ]
h,=[ 0407 0815 0.407 ]

In addition, we simulated the system for continuous-time separate equalization and
decoding. As references we show the performance of the uncoded transmission (only
continuous-time equalization) and the (un)coded AWGN-BPSK. The evolution time
for the whole system is in all cases 20 - T. For the case of separate equalization and
decoding, the evolution time of the equalization equals the evolution time of the de-
coding and equals 10 - 7. The results are shown in Fig. 5.4.

We notice that the joint equalization and decoding overcomes the separate one for
the same whole evolution time. For the channel /,, the BER is close to the coded
AWGN-BPSK curve. For the channel i, there exists a huge gap between the obtained
results and the AWGN-BPSK curve. This reinforces once more the suboptimum na-
ture of the equalization and decoding schemes considered in this work.

—e— Uncoded & EQ
Separate EQ & DEC]

—— Joint EQ & DEC

Uncoded AWGN

—e— Uncoded & EQ
Separate EQ & DEC

—— Joint EQ & DEC

Uncoded AWGN

—_—

i i
8 10 2

i
0 2

4 3 4 6
E,/N, [dB] E,/N, [dB]

(a) BERvs. E,/Nj for h, channel and code 1. (b) BER vs. E, /Ny for h; channel and code 1.

Figure 5.4: BER vs. Ej,/ Ny for evolution time equals 20 - . Continuous-time joint equalization
and decoding

Red curves in Fig. 5.4 must be understood as low bounds. The simulation results
in Fig. 5.4 confirm the continuous-time joint equalization and decoding concept as
depicted in Fig. 5.2, 5.3. Nevertheless, substantial work is still needed to be done in
this field.
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Summary and Conclusions

though this has been done in both domains, discrete- and continuous-time, our

major interest was focused on the continuous-time representation because of
its advantage for improving the power-to-speed ratio when implemented by an ana-
log VLSI circuit. These advantages have been shown by many previous publications
"proof of concept”.

In this thesis, dynamical neural networks played an essential role. We did a deep
analysis of their dynamics. Applying this approach, there is no need for learning
(training) strategies.

The main outcomes of this thesis can be summarized as follows:

THIS thesis has studied some iterative equalization and decoding schemes. Al-

Stability Analysis

This has been done essentially in Chapter 2. Our contribution includes the defini-
tion of twin dynamical systems. In this case, a discrete- and a continuous-time dy-
namical system are twin if they share the same set of fixed/equilibrium points. In
addition, a locally asymptotically stable fixed point of the discrete-time dynamical
system represents a locally asymptotically stable equilibrium point of the continuous-
time dynamical system. This definition is important, because if these fixed points are
the solutions for some task, these solutions can be reached by the continuous-time
dynamical system, which is twin with the original discrete-time one. In addition,
many local asymptotical stability conditions for discrete-time recurrent neural net-
works have been extended from the real-valued case to the complex-valued one. For
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serial update cf. Theorem 2.2,2.3, for parallel update cf. Theorem 2.4,2.5. Addition-
ally, the local asymptotical stability of a discrete-time recurrent neural network with
parallel update and inner state feedback of memory equals two has been proven, cf.
Theorem 2.6,2.7. This has been done, to the best of our knowledge, for the first time.
Furthermore, the local asymptotical stability of recurrent neural networks with time-
variant activation functions has been proven. The activation functions in all these
cases are complex-valued, invertible and independent with respect to the real and
imaginary parts.

Equalization

This has been performed in Chapter 3. The major output comprises modifying and
interpreting the local and global asymptotical stability conditions of recurrent neural
networks in the light of the vector equalization task. Moreover, it has been shown
that the optimum estimation function for square quadrature amplitude modulation
is a qualified activation function which serves all the stability conditions related with
the activation functions. A numerically stable approach to evaluate the optimum es-
timation function for square quadrature amplitude modulation has been introduced
too. This approach is especially interesting for an analog implementation. Many
performance-improving heuristic schemes for vector equalization based on recurrent
neural networks, as time-variant slope, have been interpreted based on the stability
conditions of the corresponding recurrent neural network as well. As shown by previ-
ous publications, the vector equalizer based on recurrent neural networks with serial
update has a superior performance compared with the parallel update. The vector
equalizer based on continuous-time recurrent neural networks performs as well as
the one based on parallel updated recurrent neural networks.

Channel Decoding

This was the topic of Chapter 4. In this case, belief propagation and iterative thresh-
old decoding have been described as dynamical systems (discrete- and continuous-
time). This description has been interpreted as a high order recurrent neural network,
which might be useful during the implementation. However, the stability of these al-
gorithms could be proven only for repetition codes, where the corresponding dynam-
ical system becomes linear. For all other cases, the question of stability is still open.
Using the definition of twin dynamical systems, the simulation results show that the
bit error rate performance of belief propagation and iterative threshold decoding in
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the continuous-time case is as good as in the discrete-time case.

Joint Equalization and Decoding

The first steps towards continuous-time joint equalization and decoding have been
performed. We have shown how to connect the continuous-time recurrent neural net-
works and the continuous-time high order recurrent neural networks, as investigated
in Chapter 3,4, for a continuous-time joint equalization and decoding. This includes
also defining all needed functions and operations. The first simulation results are
encouraging.

Future Work

The work presented in this thesis can be extended for future work in different direc-
tions. We suggest:

o The stability investigation for general quadrature amplitude modulation, where
the activation function is nonseparable with respect to the real and imaginary
parts.

o A deeper understanding of the joint equalization and decoding based on the
methods of dynamical systems is required. Utilization of EXIT charts is also
envisaged.

o Continuous-time Equalization and decoding for optical transmission because
of the high data rate.
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Appendix

Mathematical Derivations

A.1 Proof of Lemma 2.1

We use the properties mentioned in Definition 2.9 and we build the Jacobian matrices
of g(uy,u;) and g~ (vy,v;). For clarity of presentation, we drop the dependency of
g(uy,u;) and gil(v,, v;) ON Uy, U;, Uy, U;:

g o L

| ou, ou; - v, v;

Jo= ] oz 0w Jor = agt agt D
duy  Ju; dv, 0
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A Mathematical Derivations

The determinant of | ¢isé Te

The determinant of J g1 1s ) Jor =

From [76], cf. Eq. (2.30):

JgJgr1=1 <

It

Comparing Eq. (A.1) with Eq.

to, cf. Eq. (2.28),(2.29),(2.31):

ot 1 3
dvuy 7(5]g du;
og 1 _ 1 g
E)v,- _5]q Bu,
9g; ! _ 9g;!
Jv; vy

9gr 98 _ 9gr 0%
w ou  ou o > 0, cf. Eq. (2.26).
_ogrt og ' agrt ot
v, dv; dv; vy
Jor=Jg' 0,0, =1=4 _, >0 (A2)
agi agr
1 qu;  ou;
= A.
o, | _9& 98 (A3
ouy Ju,

(A.3), taking into account Eq. (2.24), (2.25), (A.2), leads

98r  98i ]
1 ogr Ju; Juy
- S - LA M A >0 A4
LT T (A4
&' Ju; ou;
g 9gi ]

_ 1|98 _ 0w duy >0 (A.5)
g %8 | 98 '
Ts du, du,

(A.6)
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A.2 Proof of Lemma 2.2

From Eq. (A.4) and using Eq. (2.24),(2.25),(2.27):

98!
dvu,

(]

9r  98i

ogr  du;  duy
ou, 9gi
au,-

9 98]
d9¢ | . Ju; Juy
aur} min 7%

au,-
d9gr 08

_ [ogit
min a’(]i

Special case: If g € g

A.2 Proof of Lemma 2.2

We assume:

Uy Vi
#on0) = |87 (0,008 + [ g7 (00, 0,)d0;

& } _ ou; Ouy
ou, og;
max { A
. -1
min { 9%8r  9gi }
ou; Juy > 1
Yi Yr

1
- AT
} - (A7)
| |
(A.8)
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A Mathematical Derivations

a(P Ur, 0
dvuy av,

ag v, )

Uy

Using Eq. (2.31):

op(vy, v 0, Bgr (vr, 8;) ‘
oplor, vi) aw/ 27 1(8,,0) dt9,+/ 28 2l o,

vy i
=g '(vr,0) + g (vr,0:) — & ' (vr,0)
=8 (or,v7)

Following the same approach yields:

op(vr, v;) _
# =& 1(Ur,Ui)

A.3 Proof of Lemma 2.3

Lt = R { /:Zg’l(ﬁ)dﬂ*}
_ a%{/bb |87 (8:,8;) + 187 (81, )] - {d"r‘ldﬁ"]}

b -1
- /b {18,949, + g7 1(8,,8;)d8; }
1

/g (9,,0)d0, + %, /gl vy, 0;)d0;

(A.9)

Because of Eq. (2.31), the integral I,;; is path independent [40] and there is a function

¢(6;,6;), cf. Lemma 2.2 and Eq. (A.8), such that:

V98, 8) = [g (0 8) g (0, 9)]

Substituting Eq. (A.10) into Eq. (A.9):

_ a‘P(ﬂ‘N ) a‘P(ﬂ‘N )
Int—Al {Tdﬁy Tdﬁ}

Total derivative

by

- /:Zd(l’(l‘/’r,l?i) = [0(6,89)]," = p(b2) ~ 91

(A.10)
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A.4 Proof of Lemma 2.4

According to the mean value theorem on two variables [70], there exists an interme-
diate point by such that:

by, —b
Iy = (P(bz) — ‘P(bl) =-V. ¢(19r/l9i) . { bZ,r, - bl'f }
| S ——2 i 1,i
O,=bo, , 9i=bo,;

Using Eq. (A.10) leads to:

It = R {(b2 1) g7 (bo) |

A.4 Proof of Lemma 2.4
The Equality holds for v; = v;. Otherwise:
R{(01 —v2)" - (w1 —uo)} = (v1,, —02) - (w1, —th0y) + (V1 = v2,4) - (1,0 — ;)
Depending on Eq. (2.24) and Definition 2.10 we distinguish :
® Vi, > U, Uy, > Uy > U,

® U1y < Upp = Uy < U, < Uy

In both cases (v1, — vp,) - (i1, — tg,r) > 0.

Using a similar approach based on Eq. (2.25) and Definition 2.10, we conclude that
(01, —02,) - (u1,; — ug,) > 0.

This means $ {(v; — v2)* - (ug —ug)} > 0. |

A.5 Proof of Lemma 2.5
From Lemma 2.3, Eq. (A.9) we have:
by 4 b
Lyt = /b ¢ 1(8)do + /b g7 1(9)do (A1)
1r 1,i
We define new twice continuously differentiable functions:

Gl = ["g @0, Gilo) = [ g (0)as (A12)
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Using Eq. (A.7):

mm{w}:m. [dgr (or q:%lw

do? do,
X . (A.13)
.| d%G;(v;) .| dg; (v -1
min #12' = min [ldv,l =

This means G, (vy), G;(v;) are strongly convex functions [28]. Using Eq. (A.12):

by, by,i
J, & @40 =Grlb) = Gt L [ T (9)40 = Gilbas)  Gilbn,)

1i

This leads to:
Int = Gr(bay) — Gr(b1,r) + Gi(bai) — Gi(by,i) (A.14)
Using the properties of strongly convex functions [28]:
dG; (v 1 _
Grlbay) — Golbr,) < (ba —br,) - SSD Ly
Or vr:bz,r

_ 1
< (bZ,r - bl,r) & 1(b2,r) - E “Yr L. (bZ,r - bl,r)z

dG;(v; 1 _
Gi(by,i) — Gi(by,i) < (b — byji) - 70{1() ) .2 it (by — by)?
1 vi=Dby

_ 1
< (byi —bayi) - g (b)) — 5 V(b — by,)?

This means using Eq. (A.14):

L.,

—5 (by; — b1,)*

A.6 Proof of Lemma 2.6

The equality in Eq. (2.35) holds for u; = uy. We focus now on the case uj,up € C
with u1 # up and we use the properties mentioned in Definition 2.9, Eq. (2.24),(2.25),
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A.7 Proof of Lemma 2.7

taking into account Definition 2.10.

g = R{ (11 = 12)* - [g(m1) - g(2) ] }

= (1, = 03,) - [r(01,) = o 02, + (i = w2,) - [gio01 ) — i (2,)|

)
)2 gr(u1,r) — gr(uay) g — 1) 8i(u1,i) — 8i(ua,i)

Uy — Uy Uy, —Up,
—,,———
>0 >0

= (”1,1’ — Uy

>0

A.7 Proof of Lemma 2.7

A differentiable real-valued function with bounded derivative (in absolute value)
by ki is Lipschitz continuous [13]. kp acts as Lipschitz constant. We mention that
gr(+) & g;(+) fulfill this condition with Lipschitz constants y, & 7;, respectively.

This means Vuq,u; € C:

gr(uy) — gr(uay)| < vr - fur,y — uayl

Qiu1i) — &iugi)| < i~ luq; — ugl

A.8 Proof of Lemma 2.8

The equality in Eq. (2.36) holds for 1; = u, and any # > 0. We focus now on the case
uq, up € C with uy # up and we use the properties mentioned in Definition 2.9 taking
into account Definition 2.10.

By squaring Eq. (2.36):

2
l8(101) = gua)|” < 12y — 2

2 2
[&(ul,r) - 8r(uz,r)] + [gi(ul,i) - gi(uz,i)] <P [uny — up P+ P [ug; — up )
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The last relation is fulfilled if
2
[ (01,) = gr(uz,)|” < 1y — 1 2
2
[gi(ul,i) - gi(”z,i)] <n? - [un; —up)?

Taking into account Lemma 2.7, this leads to:

n? >q2 (A.15)
>0 (A.16)
But#, vy, v >0 = 5 > max{vy:, 7} u
A.9 Proof of Lemma 2.9
. o¢r(ur) _ 09i(u;) _
Obviously . ou 0
e ¢(0) = 0and ¢(u) is bounded
o ¢, (ur), ¢i(u;) are continuously differentiable with respect to u, and u;
e 0 < d(f;{iliuy) <7vrand 0 < dqgiyl) < 9; if 7, and 7; are larger than some v,
r i

cf. Fig. 2.9.

The determinant of the Jacobian matrix of the functions ¢(u) is positive:

_ dor(ur) der(u;)
o, = du, du; >0

® Y2, > 71, and vy ; > 71, then Vo € B it holds, cf. Fig. 2.11
Oy oy
| el @de > [T sl (0)a0
‘Ui "0i
| ot @de= [" gl (0)d0

This leads to: ) )
R{ [ ot o)a0 - [Cgt0)ae ) <o

(A.17)
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A.10 Proof of Lemma 2.10

A.10 Proof of Lemma 2.10

H T T T T
v) - Cvp =01, Cr -0y, +01; Cr-vp;+0y,;-Ci v, =01, -Ci-vp
+1{271T,r -Ci-vo, +U{i -Ci vy J”’lT,r cCrrvpi— UlT,I- -Gy - UZ,r}

H T T T T
R {vl -C- vz} =01, Cr 02, +01; Cr-vp;+v7,-Ci- v, =01, -Ci- v

C | —C; v
— T T |. r i 2,r
=[ ol o] { G| G ] [ oy }

]
A.11 Proof of Lemma 2.11
cC=Clsesc=C&C = —Cl-T. Depending on Lemma 2.10 assuming that
v1 = vp = v, we notice that:
ol .C.v= (Z)H-C~'(J>*:>%{UH-C~U} =0
This can be rewritten as v/ - C- v = §R{vH~C~v}. ]

A.12 Proof of Lemma 2.12

Depending on Lemma 2.11

Iyg = f%-%{(vl fvz)H-C'(vlfvz)} 79?{('017'02)H'C-02}

1
:—5~§R{v{i‘C-vl—v§~C~v2+v¥-C~vz—v?‘C-vl}

1 H H 1 H H
:—E-S‘E{vl -C-v1— 1y -C-vz}—i-ﬂ%{vl -C vy — vy -C-vl}

Depending on Lemma 2.10, the second term in the last relation equals zero for C =
CH . This leads to:

1
qu:75'%{17{{-C"017v?'c-v2}

1
:—E-{v{{-c-vl—v?~c‘vz}
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A Mathematical Derivations

A.13 Proof of Lemma 2.13
This can be easil by taking i N bt =yN i

y proven by taking into account that % § ;=1 bj p = ¥4 % { bj » and
Vb e C: R {b]-} < |bj|. Following the same approach, it can be proven that Vu €
CN& CceCVN R {uHf . C} <|u|T - |C|. In this case, |.| is applied elementwise. m
A.14 Continuous-Time RNNs

Starting from Eq. (2.43) and using Eq. (2.31) we find that:

1 2
1 1 a(pj'i
: S 09, (dui\® N 99, (dv,\* | Bvy,
o) == 3 d- v 50 - () ~ L e () | 52
j:lj J aU]',i dt j:lj J avj,,' dt a(p/‘,il
a‘()j,i
-1
1 aqu’i
NN, 2% vy doy, 0oy,
Ldj72 dv;; dt dt -1
j:1 U]/l aquli
an,,‘
0! 90-1 901 2
Pir P [ 9%
% 801', aZ)]',i av]-/, dvjr 2
R ( )
77 -1
j=1 a(pj’i dt
aZJ]",'

- a(p;rl ) d‘U]‘/r ) dU]',,' aq’;il ] d‘U]',r ) d‘U]‘,l‘ 94);,1 ) dvj,i 2
d;; dt dt ' o, dt dt ' oo, \ df

-1 -1 1\ ?2 -1\ 2
8(p].,r 8(p].,l. a(,;j,i a(p].,l.
v, ;|\ 9 T\ o0
) ( dojr > 2 o " i i

-1
ago].,i
a'U]',i
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A.15 Serial updated RNNs

N Ip;!  sdvi,\2 99} do;, doj;

Elo(t)] = — T s Jr L A

[v( )} ]; d] T] { avj,r < dt + a'U]',i dt dt

-1 -1
+a(Pj,i Lo doji 99;; (dvji\?
aZJj,r dt dt an,l‘ dt
By comparing the last relation with Eq. (2.42), we find that:
dE[v(t)] &
2 — Eo(e))
A.15 Serial updated RNNs
1 N N N
E['(J(p)] = —E . ,,,21 .,21 d]'u . w]'//j/ . U;k//(p) . U]/(p) - R 121 d]/ . U}(/ (p) . w]'/o . €j/
j'=1j'= j’=
v (p) 1 "
+R Y dy /0 g7 (8)dd
j=1
1 N N
E[v(p + 1)] =— 5" 421 1djr/ “Wjngr 'U}'k// (p + 1) o) (p + l)
]//: ]'/:
N N N 'U'r(p+1) B N
*?R { .Zld]'/ ‘U]/(p+1) 'wj’O -eir} +§R{ Zld]'/ /0 ! (p]/1(19)d19 }

]/: j/:
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A Mathematical Derivations

Taking into account that D - W = {D - W}

1 N N . N .
Efp(p)l = =5 Y )} dpr-wpry-0ju(p) vy (p) =R ; dj v (p) - wyo - ey

]//:1]‘/:1
7127 1'% %]
N (o) " o *
+R j;ld], /’ 97 (8)do +%{ / 971 (8)do }
74

N
* 1
-R Uj(p)-d]--[;1-wjj/-vj/(p)+wj0-ej] fi-dj-wjj-’vj(p)
=

j'#i

‘ 2

p — p + 1: Updating the j-th neuron = vji (0 +1) = vy (p), Vj' #]j

1 N N . N .
E[’U(p =+ 1)} = — E . Z Z d]// . w]'//j/ . Uju(p) . Z}]/(p) — §R Z d]/ . Uj/(p) ZU]/O E]/
j1=1j=1 i'=
I'# # J'#i

N 21(0) 0y (p+1)
R Zd]-,./’ " o (9)d0" we{d,--/ojp <p-_1(19)d19*}

]
1 0
]1" ]
- v (p+1)- [Z ‘wjp - v (p —&—wjo-ej}
]—l
/'#

% ;- wj; - ’v]-(p+ 1))2
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A.15 Serial updated RNNs

AE; =E[v(p +1)] - E[0(p)]

AE; =—R{d;- [ Ho+1) o} ] [Zw]]/ v (o -‘rZUjo-e]‘]

]¢]
Ul<p+1) 1 N 1 2 2
*ﬁ{df'/v,@) ¢; ' (8)d8 }fi.dj.wjj-{\v,«(wl)\ f(vj(p)\ }
vi(p+1) .
AE; :—dj-%{u]-(p+l)- [v;‘(p-kl) —vf(p)} —/vj(]p) P; L(9)do }
1

2
— 5 djwj ‘Uj(P‘i‘l) - Uj(P)‘
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Appendix

List of Symbols, Functions and Abbreviations

Abbreviations

APP
AWGN
BER, Py,
BP
BPSK
CAM
CMF
CODc
CO-BP
CO-ITD
CSOC

Apposteriori probability

Additive white Gaussian noise

Bit error rate

Belief propagation

Binary phase shift keying

Content addressable memory
Channel matched filter

Channel coding

Continuous-time belief propagation
Continuous-time iterative threshold decoding
Convolutional self-orthogonal code
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B List of Symbols, Functions and Abbreviations

CTDS Continuous-time dynamical system
DEC Decoding

DECI Decision device

DET Detector

DI-BP Discrete-time belief propagation
DI-ITD Discrete-time iterative threshold decoding
DS Dynamical system

DTDS Discrete-time dynamical system

EQ Equalization

ESTI Estimation function

GAS Global asymptotical stability
HORNN High order recurrent neural network
It. Iteration

ITD Iterative threshold decoding

LAS Local asymptotical stability

LDPC Low-density parity-check

LLR Log-likelihood ratio

MC-CDM  Multicarrier-code-division multiplexing
MIMO Multiple-input multiple-output

MMSE Minimum mean square error

ML Maximum likelihood

MODg;q Digital modulation

M-PSK M-ary phase shift keying

M-QAM  M-ary quadrature amplitude modulation
OFDM Orthogonal frequency-division multiplexing

QPSK Quadrature phase shift keying
RNN Recurrent neural network
SNK Sink

SNR Signal-to-noise ratio

SRC Source

s/s APP Symbol-by-symbol apposteriori probability
s/s ML Symbol-by-symbol maximum likelihood
VE-RNN  Vector equalizer (equlization) based on recurrent neural network

VLSI Very-large-scale integration
WGN White Gaussian noise
ZF Zero forcing
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Symbols

1) .(2)

a), al

A

A = diag{ay,az,--- ,an}

bO/ bl/ b2
B
5,

Cls
C

Cls
dls

D = diag{dl,dz, ce ,dN}

Dls
Ep

e
G
H
Hp
Int

Log

1

i, ]-/ /]-//

Irr Ji

Js.[u], Js,u]
k

L
le

L
Lch
Lext
m
M

Needed parameters to approximate the optimum estimation

function

Neighborhood of a fixed/equilibrium point
Inner state feedback of the RNN

Complex numbers

Value domain of functions of class g(l), g<2), g(3>
Value domain of functions of class g(*)

Needed matrix for iterative decoding
Capacitance of the j-th neuron

Codeword

Code book

External input of a continuous-time linear dynamical system

Hermitian matrix
Matrix of a continuous-time linear dynamical system

External input of a discrete-time linear dynamical system

Diagonal positive definite matrix
Matrix of a discrete-time linear dynamical system
Energy per information bit

External input of the RNN/HORNN
Generator matrix

Channel impulse response matrix
Parity check matrix

An integral

An equality

Identity matrix of suitable size

Flexible neuron indices

Power of the residual interference

The Jacobian matrices of the functions s, s; at u
Length of the information word
Discrete-time variables (parallel update)
Length of a limit cycle

Vector of log-likelihood values

Vector of intrinsic L-values

Vector of extrinsic L-values

Number of the parity symbols

Length of the symbol alphabet
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B List of Symbols, Functions and Abbreviations

M;
M,
Mtx
MTX
n

ny

gw\z‘m&>$& ’UNSOZQZZ

Srx

Wirpo, Witpa

RO R R

Length of the distinct imaginary part of the symbol alphabet
Length of the distinct real part of the symbol alphabet
Length of the vector of transmit symbols/signals
Length of the vector of receive signals

Length of the codeword

Number of the nonzero elements in the parity check matrix
Dimension of a dynamical system /neural network
Block length

Noise power spectral density

A sample function of a white Gaussian noise vector process
A Sample function of a colored WGN vector process
Needed matrix for belief propagation

vector of uncoded bits of length k (information word)
vector of coded bits of length 1 (codeword)

vector of decided bits of length k (information word)
Matrix for global stability condition

Code rate

Resistance of the j-th neuron

Discrete-time channel matrix on symbol basis

Vector of transmit signals

Vector of receive signals

Needed matrix for iterative decoding
Continuous-time variable

Symbol duration

Evolution time (multiple of T)

State vector of a dynamical system/inner state

of a neural network

Real/imaginary part

Fixed/equilibrium point

Initial value of a dynamical system/neural network
Matrix of basic waveforms

Output of the RNN/HORNN

Channel matched filter matrix

Weight matrix

Diagonal weight matrix for external inputs

Needed matrices for iterative threshold decoding
Vector of transmit symbols

Vector of "receive” symbols

Vector of soft estimated symbols




N R

NEVNe)

Br, Bi

T, =diag {v1,, Y2, - » YN}

I'; = diag {71,7',72,1‘, T ,’YN,i}

oy
At

7o

Q

Y = diag{n, ™, -, v}

w(sp)

Q = diag{m, 12, .-
On

1N

ONxN

INxN

N}

Vector of decided /hard estimated symbols

Output of the matched filter

Shifted inner state

needed parameters to approximate the optimum
estimation function

Slopes of the real and imaginary parts of the

activation function, respectively

Maximum derivation of the real part of the activation
function with respect to the real part of the argument
Maximum derivation of the imaginary part of the
activation function with respect to the imaginary

part of the argument

The determinant of the matrix |

Sampling step for the first Euler method

Random variables representing the transmit,

receive and estimated symbol, respectively

Lipschitz constant

Integration variable

The j-th eigenvalue of the matrices Cj5, Dy, respectively
Bound of the function g

Possible vector of transmit symbols

Discrete-time variable (serial update)

Noise power

Variance of the real and imaginary part of the

AWGN process, respectively

Relaxation time matrix of a continuous-time dynamical
system/neural network

Relaxation time of the j-th neuron

Relaxation time matrix of the continuous-time decoder
Relaxation time matrix of the continuous-time equalizer
Correlation matrix of the stochastic vector-valued
process n

Symbol alphabet

Separable symbol alphabet

Matrix of Lipschitz constants

A column vector of zeros of length N

A column vector of ones of length N

Matrix of zeros of size N x N

Matrix of ones of size N x N
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B List of Symbols, Functions and Abbreviations

Functions

cosh

Gr(vr), Gi(v;)
In

sgn

sinh

S4,Sc

Sd,rr Scr
Sd,isr Sc,i
tanh
glopt)
Os/L
OL/s

¢

¢

Hyperbolic cosine function

Exponential function

Lyapunov function

Expectation

A scalar function

Vector valued function

Function classes

A function belong to g1), ¢, ¢3) or ¢4
Real/imaginary part

Inverse function

Real/imaginary part

Strongly convex functions

Natural logarithm

sign function

Hyperbolic sine function

Function rule of a discrete/continuous-time dynamical
system

Real part

Imaginary part

Hyperbolic tangent function

Optimum estimation function

Function Converting symbols to L-values
Function Converting L-values to symbols
Activation function of a neural network
A scalar function
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Notation

arg;naxf(x)
R(-)

3(-)
max{-}
max{-,-}
min{-}

p()

Prob

Imaginary unit /1 = —1

Transpose

Conjugate

Hermitian

Denotes the value of x that maximizes f(x)

Real part of a complex number
Imaginary part of a complex number
Maximum of a real-valued variable

The maximum of a two real-valued numbers
Minimum of a real-valued variable
Probability density function

Probability

Set of natural numbers

Set of natural numbers including the zero
Set of real numbers

Set of complex numbers

Eigenvalues

Absolute value

Position

Continuous/discrete Dirac delta impulse
Gradient of a function
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