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ABSTRACT

Well-posedness of systems describing the motion of fluids in the class of strong
and weak solutions represents one of the most challenging problems of the mod-
ern theory of partial differential equations.

To overcome the problem of existence, one suitable idea is to consider a larger
class of solutions. In the first part of the thesis we identify a measure-valued solu-
tion, characterized by a parametrized Young measure, of the compressible Euler
system with damping on a general (unbounded) domain as a vanishing viscosity
limit for the compressible Navier-Stokes system. Afterwards, we establish the
weak (measure-valued)-strong uniqueness principle, and, as a consequence, we
obtain convergence of the weak solutions of the Navier-Stokes equations in the
zero viscosity limit to the strong solution of the Euler system, as long as the latter
exists.

To handle the problem of uniqueness, one possible way is to perform a semiflow
selection, identifying, among all the solutions emanating from the same initial
data, the one satisfying the semigroup property. In the second part of the thesis
we study under which assumptions it is possible to guarantee the existence of a
semiflow selection for autonomous and non-autonomous systems, choosing the
Skorokhod space of caglad functions as trajectory space. Subsequently, we adapt
this abstract machinery to the compressible Navier-Stokes system, for which we
will be able to prove the existence of a semiflow selection depending only on the
initial density and momentum, and to models describing general non-Newtonian
fluids. In this latter case, we prove the existence of dissipative solutions for a
linear pressure and we will analyse under which conditions it is possible to guar-
antee the existence of weak solutions.






ZUSAMMENTFASSUNG

Die Wohlgestelltheit von Problemen, die aus der Beschreibung der Bewegung von
Fluiden stammen, in der Klasse von starken oder schwachen Losungen zu zeigen,
ist eine der herausforderndsten Aufgabenstellungen in der modernen Theorie
partieller Differentialgleichungen.

Eine Moglichkeit, um die Existenz von Losungen zu zeigen, ist den
Losungsgebriff passend zu erweitern. Im ersten Teil dieser Arbeit identifizieren
wir eine mafiwertige Losung der geddampften kompressiblen Euler-Gleichungen
auf einem allgemeinen (unbeschrédnkten) Gebiet, die durch ein parametrisiertes
Young-Maf3 charakterisiert wird, als den Grenzwert der kompressiblen Navier-
Stokes-Gleichungen bei verschwindender Viskositdt. Anschlieflend zeigen wir
ein Prinzip der schwach- beziehungsweise mafSwertig-starken Einzigkeit und er-
halten als Konsequenz die Konvergenz schwacher Losungen der Navier-Stokes-
Gleichungen bei verschwindender Viskositidt gegen starke Losungen der Euler-
Gleichungen, falls letztere existieren.

Ein Weg die Frage nach der Einzigkeit von Losungen zu behandeln ist die
Auswahl eins Halbflusses, das heifit aus der Menge aller Losungen zu gegebe-
nen Anfangsdaten diejenige auszuwéhlen, die die Halbgruppeneigenschaft be-
sitzt. Im zweiten Teil der Arbeit untersuchen wir, unter welchen Voraussetzungen
eine solche Auswahl eines Halbflusses fiir autonome und nicht-autonome Sys-
teme moglich ist, wobei wir als Raum fiir die Trajektorien den Skorochod-Raum
der Caglad-Funktionen wéahlen. Anschliefend adaptieren wir die abstrakten Re-
sultate fiir die kompressiblen Navier-Stokes-Gleichungen, fiir die wir die Exis-
tenz einer Halbfluss-Auswahl zeigen kénnen, welche nur von den Anfangswerten
der Dichte und Impulsdichte abhéngt, sowie fiir eine Klasse von Modellen zur
Beschreibung nichtnewtonscher Fluide. Fiir Letztere zeigen wir die Existenz dis-
sipativer Losungen unter Annahme eines linearen Drucks und untersuchen unter
welchen Bedingungen die Existenz schwacher Losungen gesichert ist.
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INTRODUCTION

From the blood flowing in our bodies to the air we breathe, fluids play an essential role in
our everyday lives. As the etymology of the word suggests (from Latin fluere,“to flow”), a
fluid is a substance tending to flow or conform to the outline of its container, not resisting
any shear force applied to it; the most common examples are gases, liquids and plasmas. In
view of their importance for many real world problems and thus the need of a rigorous an-
alytical description, it has already been figured out during the 18th century that the motion
of fluids can be modelled through a system of partial differential equations, a mathematical
transcription of (mainly) two physical conservation laws. Assuming that the fluid is a con-
tinuum, contained at a given time ¢ € R in a certain spatial domain ) of the d-dimensional
Euclidean space RY, the first principle, known as conservation of mass, gives birth to the fol-
lowing equation

9t0 + divy(ou) =0, (1)

while the second one, known as conservation of momentum, has in general the following ex-
pression

dt(ou) + divy(ou®@u) + V,p = div, S. (2)

In both (1) and (2), the unknown quantities are the density 0 = o(t, x) and the velocity u =
u(t, x) of the fluid, while the pressure p and the viscous stress S are determined by the material
properties of the fluid. Depending on the choice of S, i.e. the capacity of the fluid to resist
to deformation at a given rate, we obtain different systems. If we deal with an inviscid flow
and thus S = 0 in (2), we get the compressible Euler system; in this case, instead of velocity, the
momentum m = (ou)(t, x) is often considered as state function along with the density. Even
though there are only few examples of inviscid fluids in the real world, better known as
superfluids, Euler equations are a matter of great interest in fluid dynamics as they represent
the optimal model to describe gases and the behaviour of some vortex-like phenomena with
vanishing viscous forces, such as the formation of tornados. In ordinary conditions, several
fluids are isotropic, i.e. their properties are the same in all directions, and satisfy a constitutive
equation known as Newton’s rheological law under which viscosity is a linear function of
the velocity gradient. More precisely,

S=8(Vyu)=u (qu + Vzu — %(divx u)]I) + 7 (divy u)l,

where u > 0, 7 > 0 are constants. With this particular choice of S we obtain the compressible
Navier-Stokes system. Water belongs to this class, even though it is modelled as an incompress-
ible fluid, i.e. the density ¢ is constant and thus equation (1) reduces to div, u = 0. However,
not all the fluids that we might encounter in nature are Newtonian, just think of blood,
honey and paint to name some: viscosity can change to either more liquid or more solid
when under force. We can then consider a general compressible viscous fluid system, assuming
the viscous stress tensor S to be related to the symmetric velocity gradient

D,u = ~(V,u+ Viu)

N =
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through a general implicit rheological law
S : Dyu = F(Dyu) + F*(S),

with F a proper lower semi-continuous function and F* its conjugate. The physical back-
ground of writing the constitutive equation for S in this form is the fact that S is monotone
in the velocity gradient and vice versa, as clearly explained in the recent survey on a new
classification of incompressible fluids by Blechta, Malek and Rajagopal [10]. For more details
on how to deduce equations (1) and (2) one can consult, for instance, the monograph by
Chorin and Marsden [24].
According to Hadamard, every mathematical system modelling physical phenomena should

be well-posed, meaning that the following three issues must be verified.

e Existence: for any fixed data, a solution exists.
o Unigqueness: for any fixed data, the solution is unique.

e Stability: small perturbations of the data should result in small variation of the corre-
sponding solutions.

The data of our problem (1)—(2) are the initial and boundary conditions, i.e. the values of the
state variables ¢ and u (or m according to the system) at the initial time and on the boundary
of the domain, respectively. In order to verify the aforementioned properties, it is first im-
portant to specify the notion of solution. Intuitively, one would say that the couple (o, u) of
smooth, or at least continuously differentiable, functions constitutes a solution if it satisfies
equations (1) and (2) pointwise. This is the definition of strong or classical solution. However,
whether or not system (1)-(2) admits a unique strong solution for any fixed data is still an
open question and it represents one of the most challenging problems of the contemporary
theory of partial differential equations. The idea is then to look for a more general concept
of solution, for which the derivatives may not all exist but which satisfy system (1)-(2) in
some sense. Roughly speaking, we may multiply both equations (1) and (2) by test functions,
i.e. smooth and compactly supported functions, integrate over our domain and through an
integration by parts transfer all the derivatives to the test functions. In this way, we get the
concept of weak or distributional solution. In order to establish some a priori bounds necessary
to determine the function spaces framework where the distributional solutions are looked for,
and in order to guarantee the problem to remain well-posed in the class of weak solutions,
system (1)—(2) is often coupled with a third integral relation known as energy inequality and
given by

d/ 1Q|u|2 + P(o)| dx —i—/ S:V,udx <0, (3)

where the pressure potential P is the solution of the following ordinary differential equation:

oP'(0) — P(0) = p(0).

It is worth noticing that equality holds in (3) if we deal with strong solutions, i.e. the density ¢
and the velocity u are smooth functions, but it may not be true if we consider weak solutions.
The point is that there may be some sources of dissipation due to possible singularities
and, if this occurs, a non-negative measure must be added to the left-hand side of the energy
equality, or we can equivalently consider the inequality as in (3). We say that the couple (o, u)



constitutes a dissipative weak solution to system (1)—(2) if equations (1), (2) and inequality (3)
hold in the distributional sense. Nevertheless, even with this weaker notion of solution, the
problem of well-posedness has a lot of open tasks. Let us first focus on the Euler system.
In 1965 Glimm [47] proved the existence of dissipative weak solutions when d = 1 and
sufficiently small (in the BV-norm) initial data, while uniqueness and stability under the
same conditions were shown later on by Bressan, Crasta and Piccoli [15]. There are, of course,
a lot of available results but well-posedness in the context of dissipative weak solutions when
d > 2 is far from being solved. Moreover, the recent developments achieved by means of the
convex integration technique lead us to conclude that the barotropic Euler system is ill-posed
in the class of dissipative weak solutions in the multidimensional setting. More precisely,
De Lellis and Székelyhidi [28] proved the existence of bounded initial data for which there
are infinitely many dissipative weak solutions, also known as wild solutions. Similarly, for
a periodic domain, Chiodaroli [23] and Feireisl [34] showed with two different approaches
that for any continuously differentiable initial density there exists a bounded initial velocity
which generates wild solutions. The overall picture is quite different when we turn our
attention to the Navier-Stokes system. Well-posedness for d = 1 was completely solved by
Kazhikhov [52]. In higher dimension and with the isentropic pressure p(¢) = ao”, existence of
dissipative weak solutions for any finite initial data when the adiabatic exponent 7 is strictly
greater than d/2 was proved by Lions [57] and Feireisl [33] with homogeneous boundary
conditions, and by Girinon [46], Chang, Jin and Novotny [21] for general inflow-outflow
boundary conditions, to cite few results. The case d = 2 and v = 1 was solved by Plotnikov
and Weigant [67]. However, as for the Euler system, uniqueness is still an open problem.
Finally, not much can be said for systems describing general viscous fluids, if we look for
global-in-time solutions with large data. The existence of large-time weak solutions was
proved by Mamontov [60], [61] in the case of exponentially growing viscosity coefficients
and linear pressure p(0) = ag, by Feireisl, Liao and Malek [40] in the case where the bulk
viscosity A = A(] divyu|) becomes singular for a finite value of |divyu|, and by Matusu-
Net¢asovd and Novotny [62] in the case of linear pressure.

To overcome the problem of existence, one suitable idea is to consider a larger class of so-
lutions. More precisely, we may look for a measure-valued solution, i.e. a map returning for
every point in the domain a probability distribution of values and satisfying the equations
only in an average sense. The advantage of relaying on this very weak concept of solution
is that they can be easily identified as limits of weakly convergent subsequences of approx-
imate solutions, even in presence of oscillations and concentrations, which actually become
part of the definition. Moreover, recently they have been used in the analysis of convergence
of certain numerical schemes, see e.g. [41]. In the context of the isentropic Euler system
with d = 1, DiPerna [29] was able to show that a measure-valued solution obtained through
convergence of approximated solutions is not just a measure but actually a weak solution.
In higher dimension, the existence of dissipative measure-valued solutions, i.e. satisfying an
analogous of the energy inequality (3), was first proved by Gwiazda, Swierczewska-Gwiazda
and Wiedemann [48] and later by Breit, Feireisl and Hofmanova [14] with a slightly differ-
ent approach involving energy defects instead of the description of concentrations via the
Alibert-Bouchitté defect measures, cf. [4]. In the context of a general compressible viscous
fluid system, Abbatiello, Feireisl and Novotny [2] showed the existence of dissipative solu-
tions, i.e. weak solutions satisfying the system modulo a defect measure, with an isentropic
pressure and adiabatic exponent ¢ > 1. However, the problem of uniqueness seems to be
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even harder to solve in such a wide class of solutions. Fundamental in this connection be-
comes the weak-strong uniqueness principle: if the system admits a solution in the classical
sense then it must coincide with the measure-valued solution emanating from the same ini-
tial data. Because of its importance, the proof of existence of measure-valued solutions goes
hand-in-hand with the one of weak-strong uniqueness and it is actually present in all the
aforementioned works.

In the same spirit, in the first part of the present thesis we identify a class of measure-
valued solutions of the isentropic Euler system with damping, an extra term modelling fric-
tion, as a vanishing viscosity limit for the Navier-Stokes system, cf. Chapter 2. The strategy
here pursued can be seen as the “compressible” counterpart of the pioneering work from
Di Perna and Majda [31] in the incompressible case. The compressible case was treated by
Sueur [74] on a bounded domain by means of the relative energy method. Our goal is to
propose an alternative approach based on the concept of dissipative measure-valued solu-
tions and extend the result to a more general class of domains. A similar limit problem was
also considered by Bifezina and Macha [17] on the flat torus, where the starting system is
the compressible Navier-Stokes one with some extra terms modelling non—local interaction
forces, and by Chen and Glimm [22] on the whole domain R3, with a Kolmogorov-type hy-
pothesis. It is worth noticing that, unlike the standard Euler system, the linear damping term
guarantees the existence of a global-in-time strong solution at least for certain small initial
data and therefore the result can be applied to concrete examples, cf. [65], [70] in the case of
a bounded domain, and [50], [58], [72] for the whole space.

To handle the problem of uniqueness, one possible way is to perform a sort of selection in
order to identify, among all the solutions emanating from the same initial data, a suitable one
such that the resulting selection enjoys the semigroup (or semiflow) property: letting the system
run from time 0 to time s, restarting it and letting it run from time s to time ¢ is equivalent
in letting it run directly from time O to time . We refer to the procedure of identifying this
kind of solution when possible as semiflow selection. The construction of the semigroup arises
from the theory of Markov selection in order to study the well-posedness of certain system; it
was first developed by Krylov [54] and later adapted by Flandoli and Romito [44], Cardona
e Kapitanski [20] in the context of the incompressible Navier-Stokes system. In the same
spirit, Breit, Feireisl and Hofmanové [14] proved the existence of the semiflow selection for
dissipative measure-valued solution of the isentropic Euler system. Note that this strategy
provides a suitable alternative to establish well-posedness in contrast to problems, where
uniqueness can be achieved as a consequence of intrinsic stability, cf. e.g. DiPerna-Lions
theory [30] and its extension by Ambrosio [5], or the theory of viscosity solutions for scalar
parabolic equations, see Crandall, Ishii and Lions [26]. The main advantage of this approach
is the possibility to identify the class of solutions that maximize the energy dissipation rate.
They reflect many important properties with (hypothetical) smooth solutions in the long run:
convergence to equilibria and/or certain stable waves, see Feireisl, Kwon and Novotny [39],
Feireisl and Novotny [43].

The second part of this thesis will be entirely dedicated to the semiflow selection. More
precisely, inspired by [14], [20], we will first analyse under which assumptions it is possible to
guarantee the existence of a semiflow selection in an abstract setting, cf. Chapter 3. The main
novelty of the present work is the choice of the Skhorohod space of cdglad, i.e. left-continuous
and having right-hand limits, functions as trajectory space 7. Actually, one could think that
a more natural choice for 7 would be the space of continuous functions as in [20]. However,



this option can be too strong: if we want to apply the abstract setting to the typical systems
arising from fluid dynamics, it is difficult to ensure the energy of the system to be continuous
since it is at most a non-increasing quantity with possible jumps. For the aforementioned
reason, in the context of the isentropic Euler system [14], the authors considered the energy in
the L!-space. But the space of integrable functions as trajectory space is still not an optimal
choice as it is better to work with a space whose elements are well-defined at any point.
Afterwards, we will adapt this abstract machinery to the compressible Navier-Stokes and
general viscous fluid systems, cf. Chapters 4 and 5 respectively.

STRUCTURE OF THE THESIS

We conclude this introductory part summarizing what will be treated in the present thesis.

In Chapter 1, we collect all the mathematical tools that will be used throughout the thesis,
with close attention to the Orlicz and Skorokhod spaces, cf. Sections 1.2, 1.3 respectively,
and to the Young measures, cf. Section 1.4. In particular, we derive a proper metric for the
Skorokhod space on an unbounded domain and taking values in a separable Hilbert space,
cf. Section 1.3.2.

The first main goal of Chapter 2 is to identify a class of generalized - dissipative measure-
valued solutions - for the Euler system with damping on a general (unbounded) domain as
a vanishing viscosity limit of the Navier-Stokes equations. More precisely, we will work on
two fronts considering, on one side, a family of new domains obtained as intersection of the
balls of radius R with the primordial domain, and, on the other side, a family of viscous
coefficients of the compressible Navier-Stokes system rescaled by 1/R. For each fixed R > 0,
the existence of dissipative weak solution in this context has already been established by
Feireisl [33] for any finite energy initial data and thus, thanks to some a priori estimates, we
will be able to perform the limit R — oo simultaneously in the domain and in the viscosity.
In particular, the dissipative weak solutions of the Navier-Stokes system will generate for
R — o0 a Young measure, which will be identified with a dissipative measure-valued solution
for the Euler system with damping, cf. Theorem 2.5.2. The second fundamental goal of
Chapter 2 is the validity of the weak-strong uniqueness principle for the compressible Euler
system with damping: if the system admits a strong solution, it must coincide with the
dissipative measure-valued one emanating from the same initial data, c¢f. Theorem 2.6.1.
Finally, combining these two achievements, we can conclude that the solutions of the Navier-
Stokes system converge in the zero viscosity limit to the strong solution of the Euler system
with damping as long as the latter exists, cf. Theorem 2.7.1. The work presented in this
chapter can be found in [9].

In Chapter 3, we study under which conditions it is possible to guarantee the existence of
a semiflow selection in an abstract setting. In the first part we will focus on an autonomous
system for which the time variable does not appear explicitly in the equations. More precisely,
denoting with H a separable Hilbert space, with X C H the phase space and with 7 =
D([0,00); H) the trajectory space associated to the system, we will show the existence of a
Borel-measurable map U : X — 7 such that for any initial data up € X, U(ug) represents
that particular solution satisfying the semigroup property:

U(ug)(t1 +t2) = U[U(ug)(t1)] (t2) for any ty,t, >0,

vii
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cf. Theorem 3.1.2. Following Cardona and Kapitanski [20] and Breit, Feireisl and Hofmanova
[14], the key point of the proof is to assume that the set-valued map U : X — 27, associating
to every initial data ugp € X the family ¢/ (ug) of solutions that arise from uy, satisfies five
properties: non-emptiness, compactness, Borel-measurability, shift-invariance and continua-
tion. In the second part we will examine the case of a non-autonomous system, where the time
variable appears explicitly in the equations and thus it is always necessary to specify the
starting time to > 0. Introducing the trajectory space Ty, = D ([to, o0); H) for any tp > 0, we
look for a semiprocess {P, },>0, with Py, : X — Ty, such that for any initial data vo € X,
Py, (vo) represents that particular solution satisfying an analogous of semigroup property for
autonomous systems:

Pty (vo)(t2) = Py [Py (vo)(t1)](t2) forany to <t < fo. (4)

As already done by Cardona and Kapitanski [19], the rather standard method how to prove
the existence of such semiprocess is to convert the system into an autonomous one consider-
ing the time as a new unknown. However, there are possible drawbacks of this method. Let
ho denote the time-dependent quantities appearing in the system.

1. If hy is independent of time, do we get the natural condition that P}, (v) is independent
of tp meaning
Py, (vo) >~ Py (vo) for every tg, t1 >0,

for every fixed initial data vo € X?
2. If hy is periodic in time for some constant T > 0, do we get the natural condition that
Py, +1(vo) > Py(vo) for every tg > 0,
for every fixed initial data vo € X?

3. Let h} and hj be two different time-dependent quantities appearing in the system and
let {Ptio}foZO be the selection associated to ki, with i = 1,2. If

h(t) = h3(t) foranyt>T >0,
do we get the natural condition that
P! (vo) = P*(vg) forallt>T >0,
for every fixed initial data vo € X?

In order to guarantee all the above properties, it is more convenient to consider various
time dependent quantities iy € Hp represented by the forcing but also possibly boundary
conditions as data, specifically not as quantities fixed from the beginning but as part of the
(initial) data along with the initial condition vy € X. More precisely, inspired by the works
of Capelato, Samprogna and Simsen [18], [69], we will first define an exact generalized semipro-
cess as a family {Gy, }1,>0 of set-valued functions Gy, : X x Hp — 270 that associated to every
initial data (v, hp) € X x Hp the family Gy, (vo, ho) of solutions arising from (v, ho) and sat-
isfying the same five properties of the analogous set-valued map U for autonomous system.
In this way, we will be able to prove the existence of a semiprocess {P;, },>0 associated to
every exact generalized semiprocess, satisfying (4) and the three aforementioned properties,



cf. Theorem 3.2.3 and Proposition 3.2.4. The first part on autonomous systems can be found
in [8], while the second part on non-autonomous systems is new and does not appear in any
published article.

Chapter 4 is entirely devoted to the compressible Navier-Stokes system. It is well-know
that the system admits global in time dissipative weak solutions, see e.g. Lions [57] and
Feireisl [33]; uniqueness, on the other side, is still an open problem. The idea is then to
adapt the abstract machinery introduced in Chapter 3 to prove the existence of a semiflow
selection in this context, cf. Theorem 4.3.1. Moreover, we will show that it is possible the
select only the admissible solutions minimizing the total energy, cf. Definition 4.2.2. Following
the same strategy performed by Breit, Feireisl and Hofmanové [14] to show existence of a
semiflow selection for dissipative measure-valued solutions of the isentropic Euler system, at
first we will consider the energy E as a third state variable along with the density ¢ and the
momentum m. However, while for the Euler flow the expression of the energy only in terms
of [0, m] is a delicate issue as it may contain defect due to possible oscillations/concentrations,
such a problem does not occur for the Navier-Stokes system, where the energy is indeed a
function of [o, m] at least for a.e. t € (0,00). Due to the aforementioned reason, we will be
able to prove the existence of a restricted selection not depending on the initial energy Ey, cf.
Theorem 4.4.1. The work presented in this chapter can be found in [7].

The goal of Chapter 5 is to prove the existence of a semiflow selection for models of general
compressible viscous fluid described by equations (1), (2) for which we assume a barotropic
pressure p(¢) = ag”, v > 1, and the viscous stress tensor S to be related to the symmetric
velocity gradient ID,u through a general implicit rheological law of the type

S :DDyu = F(IDyu) + F*(S),

with F a proper lower semi-continuous function. It is worth noticing that Newton’s rheolog-
ical law 4.1.5 can be obtained choosing

F(Dyu) = %y]Dqu + %\ div,ul?>, with u >0, % +A>0,

and thus one may wonder why the Navier-Stokes system was studied in a separate chapter.
The reason is that in this context we cannot guarantee the existence of weak solutions and a
more general notion of solution must be considered, namely dissipative solutions, containing
the defects arising from possible oscillations and/or concentrations, cf. Definition 5.2.1. In
order to prove the existence of a semiflow selection in this context, there are two main diffi-
culties we have to overcome: the weak sequential stability of the family of dissipative solutions
and the existence of dissipative solutions, arising from a fixed initial data. While the first
problem will be solved for any v > 1, cf. Theorem 5.4.1, the second issue will be handled
only for v = 1, cf. Theorem 5.5.12, as the case v > 1 was recently solved by Abbatiello,
Feireisl and Novotny in [2]. It is interesting to note that for v = 1 and particular choices of
the function F, the defect in the momentum equation vanishes and the latter is satisfied in
the sense of distributions, cf. Theorem 5.6.2. Thus our approach represents an alternative to
the “standard” measure-valued framework applied in this context by Matust-Necasova and
Novotny [62]. The work presented in this chapter can be found in [8], apart of Sections 5.5
and 5.6, which can be found in [6].

ix
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AT = [“jz‘]?,j:l

Tr[A] = Y4, a;
a-b= Z?:l Elibi

A:B= Z?J:l aijbij
a®b = [aibj]gjzl

d
ayif = TJI

ONf = ot ... 9

Vyof = By fo - 9y, f]
Dyf = 3(Vyf + Vi f)

div, v = y4 9y, ;i
Ayf =div, V,f
2X

|- lIx

() x=,x

span(M)

supp(f) ={y € Q: f(y) # 0}

<

~

d-dimensional Euclidean space, d > 1
domain - an open connected subset of RY
closure of a set Q C R?

boundary of a set Q C RY

vector in RY, d > 2

square matrix in R4 4 >2

d
ij=1

transpose of a square matrix A = [a;;]
trace of a square matrix A = [ui]-]gjzl
scalar product of two vectors a = [ay,...,44],
b=[b,...,b4]

scalar product of two matrices A = [”ij]zjzlr B = [bij]ﬁjzl
tensor product of two vectors a = [a1,...,44],
b=[b,...,b4]

partial derivative of a function f = f(v), y = [y1,..., V4],
with respect to the variable y;

partial derivative of order |a| = Y%, a;

of a function f = f(y)

gradient of a function f = f(y)

symmetric gradient of a function f = f(y)

divergence of a vector function v, v(y) = [v1(y), ..., v4(v)]
Laplace operator of a function f = f(y)

family of all subsets of a space X

norm on a normed linear space X

duality pairing between a vector space X and its dual X*
space of all linear finite combinations of vectors
contained in M C X, with X a vector space

support of a function f : Q - R, Q C R¥

inequality holds modulo a multiplicative constant
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PRELIMINARIES

The aim of this chapter is to collect all the mathematical tools that will be used throughout
the thesis. For the well-known results, a reference will be given without further details, while
proofs will be provided for the ones derived for the specific purposes of this work.

1.1 COMMON FUNCTION SPACES

We start recalling the definitions and fundamental properties of the function spaces the
reader will encounter during the treatment.

1.1.1  Spaces of continuous functions

Let Q C IR be an open set and X a Banach space. We denote with

e C(Q; X) the space of continuous functions on Q and ranging in X.

If Q is bounded, C(Q; X) is a Banach space with norm

Iflle@x) = sup If)llx;
yeQ

¢ Cyueak(Q; X) the space of functions defined on Q and ranging in X which are continuous
with respect to the weak topology.

If Q is bounded, we say that
fo— f in Cheak(Q;X) asn — oo

if for all g € X*

sup (g fu(y) — f(y))x=x| =0 asn— oo
veQ

e CF(Q; X), with k a non-negative integer, the space of k-times continuously differentiable
functions on Q.

If Q is bounded, C*(Q; X) is a Banach space with norm

1flcx@x) = maxsup [|9°f (y) x-
In<k yeq

Moreover, we set

C*(Q;X) = ﬁ cH(Q; Xx);
k=0

e D(Q; X) = C2(Q; X) the space of functions belonging to C*(Q; X) and having compact
support in Q;

e Cp(Q) the completion of C.(Q) with respect to the uniform norm || - ||co.
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1.1.2  Spaces of measures

Let Q C R? be an open set. We denote with

e M(Q;R™) = [Co(Q;R™)]* the space of vector-valued Radon measures, which can be
identified as the dual space of Co(Q; R™).

If O C R? is a bounded domain, then M (Q) = [C(Q)]*.
e M™(Q) the space of positive Radon measures;

o MH(Q; R‘siyxn‘f) the space of tensor—valued Radon measures R such that

R:((®) e MT(Q),
forall ¢ € R4, and with components R; ; = R, ;

e D'(Q;R™) = [CZ(Q;R™)]* the space of distributions, which can be identified as the
dual space of D(Q; R™).

1.1.3 Lebesgue spaces

Let Q C IRY be a measurable set and X a Banach space. We denote with

e LP(Q;X), with1 < p < oo, the Banach space of Bochner-measurable functions f defined
on Q and ranging in X such that the norm

1
p
e = ([ 1015 ax)", tor1<p<os

[ fllz=(0;:x) = esssup || f(y)[[x
yeQ
is finite;
° LfOC(Q; X), with1 < p < oo, the vector space of locally LP-integrable functions, meaning
that f € LI (Q; X) if f € LP(K; X) for any compact set K C Q.

loc

Let Q C R? be a measurable set and LP(Q) := L’(Q;R). Then, the following inequalities
hold.

(i) Holder’s inequality:

/8l @ < Ifllr@llgliza) (1.1.1)
with

L —f—} 1<pqr<oo

r p q 7 e V4 — 4

for any f € LP(Q) and g € L1(Q) (see e.g. Adams [3], Theorem 2.3).
(if) Minkowski’s inequality:

If +8llr) < 1 fllrg) + 1gllizeq) (1.1.2)

forany 1 < p < oo (see e.g. Adams [3], Theorem 2.4).
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(iii) Interpolation inequality:

HhHU(Q) < ||h||gP(Q)||h||iq_(9Q)/ (1.1.3)
with 1 6 1-6
=, 1<p<r<g<oo,
rp q

for any i € LP(Q) N L1(Q) (it follows from (i) choosing f = K%, ¢ = h!~9).

(iv) Young's inequality:

1 1
Hfg||L1(Q) < EHJ[HE(Q) + allglliq(Q) (1.1.4)
with
. + ! 1<pg<oo
p q 7 4 7
for any f € LP(Q) and g € L1(Q) (it easily follows using the concavity of the logarithm
function

log(|fs]) = log(|f]) +log(|g]) = ;log(lfl”) + ;1og<|g|q> < log (;Ifl” n ;w) ,

exponentiating and integrating over Q).

There is another way how to introduce the Lebesgue spaces, namely to consider completion
of the space D(Q; X) with respect to the norm || - [|;,(0:x), when 1 < p < c0. To this end, we
need the following definition.

Definition 1.1.1. A family of reqularizing kernels in R? is a sequence {6 }~¢ such that

_ 1,0y d
O:(y) == 8719 <3) for any y € R,

where § € C®°(RY) is a non-negative, bell-shaped function such that

o) =oyl), [ 6w dy=1

Let Q C R be a measurable set. Given a function f € LF(Q;X), with 1 < p < oo, the
convolution of 8, with f is given by

(6 % f)(y /9 —z)f(z)dz foranyy € RY,

where f has been extended to be zero outside Q.

Lebesgue functions can be approximated by smooth functions, as stated in the following
result.

Theorem 1.1.2. Let Q C IRY be a measurable set, X a separable Banach space and {0 }e~o a family
of reqularizing kernels in R?,

(i) Forany f € LP(Q; X), with 1 < p < oo, extended to be zero outside Q,
0 f € C2(R% X),
and the derivatives can be transferred to the smooth term:

0%(0: * f) = (0%0) * f  for any partial derivative 9*.



4

PRELIMINARIES

(i) Forany f € LP(Q; X), with1 < p < oo,
O« f — f in LP(Q; X)
as e — 0.
Proof. See e.g. Brezis [16], Proposition IV.20 and Theorem IV.22. ]
We conclude reporting some properties of the LP-spaces.

Theorem 1.1.3. Let Q C IRY be a measurable set and X a separable Banach space.

(i) LP(Q; X), with 1 < p < oo, is separable.
Moreover, the space CX(Q; X) is dense in LF (Q; X), with 1 < p < co.

(ii) If X is reflexive, then LP(Q; X), with 1 < p < oo, is reflexive.

More precisely, any continuous linear functional £ € [LP(Q; X)|*, with 1 < p < oo, admits a
unique representation f; € LV'(Q; X*) such that

(6:8) (L)) (@) = /Q elw)i ) x dy,

forall g € LP(Q; X), where
—+—==1. (1.1.5)
P

We say that p’ is the conjugate exponent of p is (1.1.5) holds.

Proof. (i) is a direct consequence of Theorem 1.1.2. For (ii), see [45], Theorem 1.14. O

1.1.4 Sobolev spaces

Let Q C R? be an open set. We denote with

e WEP(Q;R™), with 1 < p < oo and k a positive integer, the Banach space of functions
f having all distributional derivatives 0*f up to order |a| = k in LP(Q;R™), where
9“f € D'(Q;R™) is defined as

(0 f;9)pr(qrm) DR = (—1)* /Qf'a“(l’ dy,

for any ¢ € D(Q;R™). The norm is defined as

|—

m r
Hf”WkrP(Q;]R'”) = (Z Z ||8”‘fz-HZp(Q)> , forT<p<oo

i=1|a|<k

| i) = max 0o
la| <k

We will often write H*(Q; R™) := WK2(Q;R™);

. Wg’p(Q; R™) the completion of CZ*(Q; R™) with respect to the norm | - [|yykpo;rm;
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o WKV (QR™), with 1 < p < c0 and k a positive integer, the dual space of Wg’p(Q; R™);

e WPP(Q;R%), with 1 < p < oo, the Banach space of functions f € LP(Q;IR?) whose
trace-free distributional symmetric gradient

1
D, f — - T[D, f]1
belongs to L”(Q; R?*?). The norm is defined as

7

LP(QiRé#xd)

1
Ilwosian = Il igre) + Do ~ § DA

o W(])D 7(Q; R?) the completion of CZ°(Q;RY) with respect to the norm || - wor(Qire)-

Let QO C R? be a bounded Lipschitz domain and 1 < p < co. Then, the following two
inequalities hold.

(i) Poincaré inequality: there exists a positive constant ¢ such that
1 fllrmrey < lIVyfllumraxe) (1.1.6)

holds for any f € W&’p(Q; R?) (see e.g. Ziemer [76], Theorem 4.5.1);

(if) Trace-free Korn inequality: there exists a positive constant c such that

(1.1.7)

D,f %Tr[]Dyf]]I

HvnyLV(Q;]RdXd) <c
LP(Q;R#)

holds for any f € W(])D P(0;RY) (see Breit, Cianchi and Diening [11], Theorem 3.1).
In the following result, we report some properties of the Sobolev spaces.
Theorem 1.1.4. Let QO C IRY be a bounded Lipschitz domain.
(i) WEP(Q), with 1 < p < oo, is separable.

Moreover, the space C*(Q)) is dense in W5P (Q), with 1 < p < 0.

(ii) Wg’p(ﬂ), with 1 < p < oo, is reflexive.
Wk (Q), with 1 < p < co and p’ the conjugate exponent of p, is a proper subspace of the
space of distributions D'(Q2).
More precisely, any continuous linear functional £ € W5V (Q)), with 1 < p < oo, admits a
unique representation f, € LV (Q) such that

8wy = 2 (D /Q faly) 98(y) dy,

o<k

forall g € Wg’p(ﬂ).
Proof. See e.g. Adams [3], Theorems 3.8 and 3.16. O

We report the embedding results connecting Sobolev and Lebesgue spaces.
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Theorem 1.1.5. Let Q) C RY be a bounded Lipschitz domain, k > 1 and 1 < p < co. The continuous
embedding

WhP(Q) < L1(Q) (1.1.8)
holds if
(i) kp <dand 1 < q < p* with
«__dp
A (1.1.9)

(ii) kp =dand 1 < g < oo;
(iii) kp > dand 1 < g < co.
Moreover, in all cases the embedding is compact except from kp < d and q = p*.
Proof. See e.g. Ziemer [76], Theorem 2.5.1 and Remark 2.5.2. O
Consequently, we get the following embedding theorem for dual Sobolev spaces.

Theorem 1.1.6. Let QO C RY be a bounded domain, k > 0,1 < p < co and p’ the conjugate exponent
of p. The compact embedding
LI(Q) —— W' (Q) (1.1.10)

holds if
(i) kp < d and % < g < oo with p* defined as in (1.1.9);
(ii) kp =dand 1 < q < oo;
(iii) kp > dand 1 < g < co.

Remark 1.1.7. In Theorem 1.1.5, for kp > d we have the stronger embedding

a1y —
WhP(Q) — c* H 1’V(Q), (1.1.11)
with
— |4 _d if 4
L=l if ¢ €7,
arbitary value € (0,1) if % ¢,

where [-] denotes the integer part and C"™"(Q) C C™(Q) denotes the space of functions
having their m-th derivative v-Holder continuous in (). Moreover, the embedding is compact

ﬁo<u<[ﬂ+1—%

1.1.5 Space of functions of bounded variation

Let [a,b] C R. The total variation of a function f defined on [a, b] is the quantity

ﬂp—l

VI(f) =sup Y |f(tiz1) — f(£:)],

PeP i=0
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where the supremum is taken over the set
P = {P = {to,...,tn, }| Pis a partitionof [a,b], a =ty <t < --- < tp, = b}.

We say that f is a function of bounded variation, and we write f € BV ([a,b]), if V?(f) is finite.
In particular, every monotone function f defined on [a, b] belongs to BV ([a, b]). Indeed, for
every partition P = {to,...,ty,}

np—1 np—1
;) [f(tipn) = f(t)] =+ ;) (f(tirn) = f(t) = £(f(0) — f(a))
and thus V?(f) = |f(b) — f(a)|, which is finite.

We conclude reporting Helly’s theorem.

Theorem 1.1.8. Let {f,}nen C BV([a,b]) be a uniformly bounded sequence, meaning that there
exists a positive constant c is independent of n such that

sup V;'(fa) <,
nelN

Moreover suppose that there exists a positive constant K such that

sup |fu(t)| < K foranyt € [a,b].
nelN

Then there exists f € BV ([a,b]) such that, passing to a suitable subsequence as the case may be,
fu(t) = f(t) foranyt € [a,b],
as n — oo,

Proof. See e.g. Natanson [63], Helly’s First Theorem, page 222. O

1.2 ORLICZ SPACES

In this section we are going to recall the definition and basic properties of Orlicz spaces,
which can be seen as a natural generalization of Lebesgue spaces. They will play a fun-
damental role in the study of a general compressible viscous fluid with linear pressure, cf.
Chapter 5.

Definition 1.2.1. (i) We say that ® is a Young function generated by ¢ if

t
d(t) = / ¢(s) ds foranyt >0,
0

where the real-valued function ¢ defined on [0,00) is non-negative, non-decreasing,
left-continuous and such that

»(0) =0, lim ¢(s) = oo.

S—0
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(ii) Let ® be a Young function generated by ¢. We say that ¥ is the complementary function
to @ if it is given by
t
Y(t) = / P(s)ds foranyt >0,
0
where

P(s) := sup r foranys > 0.
o(r)<s

(iii) A Young function ® is said to satisfy the Ay-condition if there exist a positive constant
K and ty > 0 such that

®(2t) < KP(t) foranyt > to. (1.2.1)
(iv) Let @1 and P, be two Young functions. We write

- ®; < P, if there exists a positive constant ¢ and tp > 0 such that
Dy (t) < Dy(ct) forany t > ty;

- O << Dy if
m q>1(t)
t—o0 (I)z ()\t)

=0 forany A > 0.

Lemma 1.2.2. A Young function ® is continuous, non-negative, increasing and convex on [0, 00).
Moreover

®(0) =0, tlgg d(t) =00

1im@:0, lim%:oo
t—0t t t—oo t
Proof. See e.g. Kufner, John and Fu¢ik [55], Lemma 3.2.2. O

Example 1.2.3. (1) ®(t) = %, with 1 < p < o0, is a Young function generated by ¢(s) = s/ ~1

and satisfying the A,-condition with K = 27 and t; = 0. Moreover ¥(t) = % is its
complementary function, with g the conjugate exponent of p;

(ii) ®(t) = tlog™ t is a Young function generated by

0 if0<s<1,
PLs) = .
logt+1 ift>1.

Its complementary function is given by
t if 0 <t <1,
Yt =9 1 .
e ift > 1.

Definition 1.2.4. Let Q C R? be an open bounded set, ® a Young function and ¥ its comple-
mentary one. We denote with

(1) Zq:.(Q) the Orlicz class of all real-valued measurable functions f defined a.e. on Q such
that the quantity

o(f;®) = /Q o(|f(y)]) dy

is finite;
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(ii) Lo(Q) the Orlicz space of all real-valued measurable functions f defined a.e. on Q such
that the quantity

sup [ |f(y)g(y)| dy (1.2.2)

is finite. It is a vector space with norm || f||r,, defined by (1.2.2) (see Kufner, John and
Fudik [55], Theorem 3.6.4);

(ili) Ee(Q) is the closure with respect to the Orlicz norm || - ||z, of the set of all bounded
measurable functions defined on Q.

We are now ready to state some properties of the Orlicz spaces.
Theorem 1.2.5. Let Q C R? be an open bounded set and ® a Young function.

(i) Lo(Q) is a Banach space.

(ii) Eq(Q) is separable.

(iii) Any continuous linear functional ¢ € [Eq(Q)]* admits a unique representation f; € Ly(Q)
such that

(6:8) (o)) o) = /Q F)g(y) dy,

forall g € E¢(Q), where ¥ is the complementary function to .
Moreover, let Young function ® satisfy the Ay-condition.
(iv) Lo(Q) = Eo(Q) and thus Lo (Q) is separable;
(v) Lo(Q) is reflexive if and only if the complementary function ¥ satisfies the Ay-condition, too.

Proof. See Kufner, John and Futik [55], Theorems 3.9.1, 3.12.9, 3.13.6, 3.13.9 and Lemma
3.12.3. 0

We have the following comparison of Orlicz spaces.
Theorem 1.2.6. Let Q C IRY be an open bounded set and @1, ®, be two Young functions.

(i) If @1 < Dy, then the following continuous embedding holds:
La,(Q) = Lo, (Q)-
(ii) If &1 << Dy, then the following continuous embedding holds:

Le,(Q) — Eo,(Q).

Proof. See Kufner, John and Fuéik [55], Theorems 3.17.1, 3.17.5 and 3.17.7. O

As in the Lebegue-spaces case, we can approximate Orlicz functions with smooth func-
tions.

Theorem 1.2.7. Let Q C R? be an open bounded set, ® a Young function and {6; }¢~o a family of
reqularizing kernels in RY.
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(i) Forany f € Eq(Q) extended to be zero outside Q
0. * f € C=(RY).

(it) Forany f € E¢(Q)
O: % f = f in Es(Q)

as e — 0.

Proof. See Kufner, John and Fuéik [55], Theorem 3.18.1.1. O

1.2.1  Compactness in Orlicz spaces

We will need the following characterization of compactness in Orlicz spaces.

Theorem 1.2.8. Let Q C R? be an open bounded set and let ®1, @, be two Young functions such
that &1 << Dy. Let K be a bounded subset of Le,(Q) that is relatively compact in the sense of
convergence in measure. Then K is relatively compact in Le, (Q).

Proof. See Kufner, John and Fuéik [55], Theorems 3.14.11 and 3.17.8. O

We are now ready to prove the following result.

Proposition 1.2.9. Let Q C RY be a bounded domain and let ® be a Young function. Then, for a
fixed g > 1

X = W, N L2 (Q) =< Lo(Q).
Proof. Let K be a bounded set of X and let ®; be a Young function such that ® << ®;. In
particular, K is bounded in the Orlicz space Lg, (Q)); indeed, denoting with ¥ the comple-

mentary Young function of ®, we have that for every f € K and every g belonging to the
Orlicz class Ly (Q))

/Q fFWgWI dy < | fll=)llglia) < Iflli=o) o(&F),

and thus
1 fllLe, () = sup fWeWl dy < [[flli=) < Ifllx <¢

where | f[|x = max{| fllwiqy | fllz=)} and the constant c is independent of the choice
f € K. Furthermore, since

WH(Q) —— L1(Q),

the set K is relatively compact in L' (Q)) and consequently it is relatively compact with respect
to the convergence in measure. Now, it is sufficient to apply Theorem 1.2.8. O
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1.2.2 De la Vallée—Poussin criterion

Strictly connected to the Dunford-Pettis theorem 1.5.4, the De la Vallée—Poussin criterion relates
the equi-integrability of a sequence in L! with being uniformly bounded in an Orlicz space.

Theorem 1.2.10. Let Q C R? be a bounded measurable set and let { f, } e be a sequence in L'(Q).
Then, the following statements are equivalent.

(i) The sequence { f, }neN is equi-integrable, meaning that for any € > 0 there exists 6 = 5(¢) > 0
such that

/ |fu(y)| dy <& forany M C Q such that | M| < 4,
M

independently of n.

(ii) There exists a Young function ® satisfying the Ar-condition (1.2.1) such that the sequence
{fu}nen is uniformly bounded in the Orlicz space Lo (Q).

Remark 1.2.11. Condition (ii) can be replaced considering the following one, involving the
notion of superlinearity.

(ii") There exists a superlinear non-decreasing function F : [0,00) — [0, 00) such that

sup [ F(lfuly)]) dy < oo,
nelN JQ

where superlinearity means that

lim M = +4o00.
z—+oo Z

Proof. (ii) = (i) See Pedregal [66], Chapter 6, Lemma 6.4.

(i) = (ii) We report the proof as we require the stronger condition, with respect to the
standard version of the criterion, that the Young function & satisfies the A;-condition. For
n € IN and j > 1 fixed, let

wilfn) = Hy € Q: |fu(w)l > j}.

As the sequence { f, } e is equi-integrable, from the Dunford-Pettis theorem 1.5.4, condition
(ii), there exists a strictly increasing sequence of positive integers {C,, } men such that for each

m
1
su |fu(y)| dy < —.
HEHI\)I/{‘fn|>Cm} f y y zm

Forn € N and m > 1 fixed

n - dy > N, i\Jn) = Hj n)] = . i\Jn)-
[P ES v N CCETES IR B wls

In particular, we obtain

I TED W NN LE o
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For m > 0, we define

- 0 ifm< C1,
" max{k: Cy <m} ifm>C.
Notice that
[ Cj < m. (1.2.3)

It is straightforward that a,, — oo as m — oo. We define a step function ¢ on [0, o) by

= Y @wX(mm+1)(s) forany 0 <s < co.

m=0
It is clear that ¢ is non-negative, non-decreasing, left-continuous and such that ¢(0) = 0,
lims_;o ¢(s) = oo. Then, we can define the Young function ® generated by ¢ as

t
:/ @(s)ds, forany 0 <t < oo.
0

At this point, notice that we have the freedom to take the constants C;, j > 1, as large as we
want and consequently, the constants &,,, m > 1, will be as small as we want. More precisely,
we may find a positive constant ¢ such that

Koy < cay  forany m > 1.

We then obtain, for all s € [0, 00),

= i X (gm0 (5) = i QX (iy 1) (8) S € i X (g1 1) (8) = € @(s);
m=0 k=0 k=0

consequently, for all t € [0, c0),
2

d(2t) = ; ¢(s) ds = Z/Ot ¢(2z) dz < 2c /Ot ¢(z) dz =2c ®(t),

and thus we get that the Young function & satisfies the A,-condition (1.2.1).
Finally, for n € N fixed, using the fact that ®(0) = ®(1) = 0 and for j > 1, noticing that
xg =0,

. j+1 i pmtl j j i
d(j+1) = ; cp(s)ds:Z/ @(s) ds < ng(m—f—l)zzlxmzzam,
m=0 m=0 m=1

m=0+<m

fotnwnan= [ elnwh sy @(1fo)]) dy
Q {Ifal=0} {i<Iful<j+1}

IA
Mz

[P‘](fn) VJ'H(fn)] d(j+1)

j
> (1 (f) = mia (fu)] 3 tm

m=1

o Y 15(F) = 1 ()

j=m

Wmpm(fn) = iﬂm fn) ib i )% P (fn) <1

j:1 m:Cj

~.
Il
—_

IA
agk

—~.

Me&

3
N

I
agk:

3
I
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where we used (1.2.3) in the last line. In particular, we obtain that the sequence {f, },eN is
uniformly bounded in the Orlicz space Lo (Q). O

1.3 SKOROKHOD SPACE

In this section we are going to study the Skorokhod space of caglad (an acronym for “con-
tinue a gauche, limites a droite”) functions, i.e., the space of left-continuous and having
right-hand limits functions.

We will first focus on bounded domains and range the real line, defining a proper metric
and characterizing the convergence with respect to it. For these purposes, we will follow
the approach presented by Whitt [75]. It is worth noticing that, even if in [75] the author
considered cadlag (“continue a droite, limites a gauche”) functions, the same construction
works in our context as well: dealing with the completed graphs of the functions, which are
obtained by adding segments joining the left and right limits at each discontinuity point to
the graph, the actual value of the function at discontinuity points does not matter, provided
that it falls appropriately between the left and right limits.

In the second part we will consider the unbounded domain [0, c0) and range a separable
Hilbert space H, as the Skorokhod space © ([0, o0); H) represents the suitable trajectory space
for proving the existence of a semiflow selection, cf. Chapter 3. Unlike the case of continuous
functions, the topology on the space of caglad functions on an unbounded interval cannot be
built up by simply considering functions being caglad on any compact, see e.g. Jakubowski
[49]. Our idea is then to see the Skorokhod space as a particular Fréchet space, cf. Definition
1.3.8.

1.3.1 Bounded domain and range the real line

Definition 1.3.1. Let T > 0 be fixed. We define the Skorokhod space ©([0, T]) as the space of
the real-valued caglad functions defined on [0, T]. More precisely, ® belongs to the space
D([0, T)) if it is left-continuous and has right-hand limits:

(i) for0 <t < T, ®(t—) = limgyy O(s) exists and P(t—) = P(t);
(i) for0 <t < T, ®(t+) = lim,}; P(s) exists.

Remark 1.3.2. We can replace [0, T| with any bounded domain of the type [4,b], a,b € R. The
space D ([a, b]) is essentially the same as D ([0, T]) since they are homeomorphic.

We are now ready to collect some properties of caglad functions.
Proposition 1.3.3. The following properties hold.
(i) Number of discontinuities: for each ® € ([0, T]), the set
Disc(®) :={t € [0,T): O(t) # D(t+)} (1.3.1)
is either finite or countably infinite.
(ii) Boundedness: each ® € D ([0, T]) is bounded, i.e., the uniform norm

[Pl = sup [®(t)]
te[0,T]

is finite.

13
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(iii) Measurability: each ® € D ([0, T]) is Borel-measurable.
Proof. See Whitt [75], Corollaries 12.2.1, 12.2.3 and 12.2.4. O
In order to define a proper metric, we first need to introduce few objects.
Definition 1.3.4. Let ® € ([0, T]) be fixed. We define
(i) the completed graph of @ as the set
I'p :={(t,z) € [0,T] xR| z=ad(t) + (1 — a)®(t+), for some « € [0,1]},

with ®(T+) := ®(T). In other words, the completed graph is a connected subset
of the plane R? containing the line segment joining (t, ®(t)) and (t, ®(t+)) for all
discontinuity points;

(ii) an order on the completed graph I'e by saying that (t1,z1) < (f2,22) if either
-t <ty
- t1 =t and ‘Zl — CD(tl—i—)’ < ‘ZZ — ¢<t1+)|;

(iii) a parametric representation of the completed graph I'¢ (or of the function ®) as a con-
tinuous non-decreasing function (r, #) mapping [0, 1] onto ', with r € C([0,1];[0, T])
being the time component and u € C(]0,1];R) the spatial component. The parametric
is non-decreasing using the order introduced above;

(iv) TI(®) the set of all parametric representations of .
We are now ready to introduce a proper metric on ([0, T]).
Definition 1.3.5. For ®;,®, € D([0, T]), we define

dT @1,@2 = inf maxy ||71 — 1’2| Y | U1 — U2 ||lco [,
(@102 = o g maxn = el i = o)
=1

it constitutes a metric on ([0, T]) (see Whitt [75], Theorem 12.3.1).
In the following result we give some characterizations of the dr-convergence.
Theorem 1.3.6. Let {®"},c be a sequence in D ([0, T|) endowed with the dr-metric. If
P" - @ in D([0,T]) (1.3.2)
asn — oo, then
D, (t) — O(t) forall t ¢ Disc(®), includingt =0andt =T (1.3.3)
as n — oo, where Disc(P) defined in (1.3.1) is a dense subset of [0, T]. Moreover
(i) if ®" are monotone for all n € IN, conditions (1.3.2) and (1.3.3) are equivalent;
(ii) if ®" are continuous for all n € IN, condition (1.3.2) is equivalent to

sup |®,(t) —P(t)| =0 asn — oo.
t€[0,T)

Proof. See Whitt [75], Theorem 12.5.1, Lemma 12.5.1 and Corollary 12.5.1. O
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1.3.2  Unbounded domain and range a Hilbert space

Definition 1.3.7. Let H be a given separable Hilbert space. We define the Skorokhod space
D([0,00); H) as the space of the caglad functions defined on [0, o) taking values in H. More
precisely, @ belongs to the space D([0,c0); H) if it is left-continuous and has right-hand
limits:

(i) fort >0, ®(t—) = limgy; P(s) exists and P(t—) = P(f);
(ii) for t >0, ®(t+) = limy; (s) exists.

Definition 1.3.8. Let {¢;}xen be a basis of the separable Hilbert space H. For every @ €
D([0,0); H) we define
®(0) forte [—1,0],
Or:={ d(t) forte (0,T), (1.3.4)
®(T) forte [T, T+1],

and for every ®,¥ € ([0, ); H) we define

S 1 M(<®M}ek>/<{PM}ek>)
= 2 LS g, (Ture) (Frre)) (a9

where, for all M € N, dj denotes the Skorokhod metric on the space ©([—1, M + 1]), cf.

Definition 1.3.5.

It is easy to verify that do is a metric on D ([0, 0); H). Moreover, we have the following
result.

Proposition 1.3.9. Let {®"},cN be a sequence in D ([0, 00); H) endowed with the de-metric. If
D" - @ in D([0,00); H) (1.3.6)
as n — oo, then for all k € N
(D" (t);ex) — (D(t);ex) forae. t € (0,00) (1.3.7)
as n — oo. Moreover
(i) if ®" are monotone for all n € IN, conditions (1.3.6) and (1.3.7) are equivalent;
(i) if ®" are continuous for all n € IN, condition (1.3.6) is equivalent to

sup [(@"(t) — ®(t);ex)| — 0
te[0,M]

asn — oo, for all k, M € IN.

Proof. First of all, we will show that (1.3.6) is equivalent to

<q/>\”M;ek> — <&\>M;ek> in ©([-1,M+1]) (1.3.8)

15
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as n — oo, for all k, M € IN. Indeed, if (1.3.6) holds, let ¢ > 0, k, M € N be fixed and choose

a positive & = &(¢e) such that
2k+Mg
1 okrmg <& (1.3.9)

From (1.3.6), there exists 1y = ny(€) such that

1 dm <<&M)ek>/ <<T>M;ek>> : i
M (<@M;6k>/<&)mek>) < oo (D", D) < &,

which, combined with (1.3.9), implies

for all n > ny,

dm (<Cf>\”M;ek>, <<T>M;ek>) < ¢ forall n > nyg.

Vice versa, if (1.3.8) holds, let ¢ > 0 be fixed and choose N = N(e) > 2, such that 1/2N < &/2.
From (1.3.8), there exists 1y = ng(e) such that

km;(NdM (<<T>71M;ek>, <<T>M;ek>) < ¢ foralln > ng.

For every n > ng we obtain

€ 1 € 1 1
TP D)= 2<k+ZA:/I<NW +k+§ y 26TM "2 (1 - 2N_1> v sE
= S >

Let now (1.3.8) hold and let k € IN be fixed. From Theorem 1.3.6, for each M € IN
<<f>\”M(t);ek> — <C§M(t);ek> for all t ¢ Disc(®), including t = -1, t=M+1 (1.3.10)

as n — oo, implying in particular from (1.3.4) the uniform convergence of X M to &)M on
[—1,0] and [M, M + 1]. We then recover that for all M € N

(@"oan(t)iec) — (@lan(t);ex) forall t ¢ Disc(®)
as n — oo. Introducing the set

Disc(®) = | J Discy(®P),
MeN

then trivially Discp(®P) C Discp41(®P) for all M € N and
(D" (t);ex) — (D(t);er) forall t ¢ Disc(P)

as n — oco. Since by Proposition 1.3.3 each Discy(®P) is either finite or countable, the set
Disc(®) is at most countable and thus we get (1.3.7). Furthermore, conditions (i) and (ii)
follow easily from the fact that

(i) if " is monotone for every n € IN then (1.3.8) is equivalent to (1.3.10) for all k, M € IN
by Theorem 1.3.6;

(ii) if " is continuous for every n € IN then (1.3.8) reduces to uniform convergence on the
interval [—1, M + 1] for all k, M € IN.

O]
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1.4 YOUNG MEASURES

In this section we recall some useful definitions and results concerning the theory of Young
measures, which will play a central role in the definition of dissipative measure-valued solution
for the compressible Euler system with damping, cf. Chapter 2.

Definition 1.4.1. Let Q C R” be an open set.

(i) The mapping v : Q — M (IR™) is said to be weak-* measurable, if for all F € L'(Q; Co(R™))
the function

Qv (w,Fly) = [ Flw.) du (),

m

is measurable. Here and in the sequel we use the standard notation v, = v(y), as if
measures v, were parametrized by y.

(i) L. (Q; M(R™)) denotes the vector space of all weak-* measurable v : Q — M (IR™)

weak

such that the quantity

esssup ||vy|| prmy = esssup  sup  [(vy, f)]
yeQ yeQ  feCo(R™)
I flleo<1

is finite. The norm is defined as

e

weak

(Q:M(Rm)) = €8S sup |[Vyl| v (rm)-
yeQ

The following result states that the space L7, (Q; M(IR™)) can be identified as the dual
space of L'(Q; Co(R™)).

Theorem 1.4.2. Let Q C IR" be an open set. Any continuous linear functional ¢ € (L*(Q; Co(R™)))*
admits a unique representation v € LT, (Q; M(IR™)) such that

weak
(6 F) (11(Qico(Rm))) L1 (QCo (R7)) = /Q<vy,F(y)) dy, (1.4.1)
forall F € LY(Q; Co(R™)), and

11l (@icomyy = VI, (@mrm))-

‘weak

Proof. See Mélek, Necas, Rokyta and Ruzi¢ka [59], Chapter 3, Theorem 2.11. O

Theorem 1.4.3. Let Q C R" be a measurable set and let {zR}r~o be a sequence of measurable
functions such that zR : Q — R™, R > 0. Then there exists a subsequence, still denoted by z%, and a
measure-valued function v, called the Young measure associated to {zR} r~o, satisfying the following
properties.

(i) velL®  (Q M(R™)) is such that

weak
vyl mrmy <1 forae y € Q,
and for every ¢ € Co(R™)
p(zR) 29 inL¥(Q),
as R — oo, with
P(y) = (vy, @) forae ye€Q.
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(i) If
lim sup [{y € QN B, : |zR(y)| > k}| =0 (1.4.2)

for every r > 0, where B, = {y € Q : |y| < r}, then
vyl mrmy =1 forae y € Q.

(iii) Let @ : [0,00) — R be a Young function satisfying the Ay-condition (1.2.1). If condition (1.4.2)
holds and

sup [ ®(|7(z%)])dy < o, (143)
R>0JQ

for some continuous function T : R™ — R, then
(28 27 in Lo(Q)

as R — oo, with
T(y) = (vy, 7) forae yeQ.

Proof. See See Mélek, Necas, Rokyta and RuZi¢ka [59], Chapter 4, Theorem 2.1.
We reproduce the proof of the first point in order to give an idea of the explicit construction
of the Young measure associated to a measurable sequence {zRX}g-o. First, for every R we
define the mapping

VR Q — M(R™)

defined for a.e. y € Q by
R _
Vy = Oxr(y),

where §, is the Dirac measure supported at 2 € R™. Hence, for every ¢ € L1(Q; Co(R™)) the
function

y = (v, ()

is measurable; indeed

(i) = | ly,-) dy) = /le/)(yw) ddzrgy) = P, 2 (v)),

IR"I

and thus
L1k wnidy < [ sup 1) dy = [9loacme)
Q Q AeR™

The mapping vX is weakly-* measurable with

1"

weak

(@M(Rm) = eSS sup vy ey = 10zl pqmmy = 1.
ye

Therefore, {vR}g~¢ is uniformly bounded in L2 . (Q; M(IR™)), which by Theorem 1.4.2 is

'weak

the dual space of the separable space L!(Q; Co(R™)); by Banach-Alaoglu theorem 1.5.3, there
exists v € LY . (Q; M(IR™)) such that, passing to a suitable subsequence as the case may be,

(o]
weak

RSy in LY (Q; M(R™))
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as R — co. This means that for all ¥ € L}(Q; Co(R™))

/Q Py, 2R (y)) dy = /Q (R (y)) dy — /Q (v (y)) d

as R — oo. If we now choose ¢(y,A) = ¢(y)p(A) with ¢ € L1(Q), ¢ € Co(R™), the last limit

tells us that
/Qg(t,x)qv ) dy = /g dy%/g (vy, @) dy

as R — oo. Then, for every ¢ € Co(R™), knowing that
p(z") =9 nL*(Q)
as R — oo, we can deduce that
?(y) = (v, 9) forae yecQ.
From the weak-* lower semi-continuity of the norm we also have that
vyl prmy < lilgrLiO?f HV;{HM(]Rm) =1 forae yeQ.
O

Remark 1.4.4. If zR are uniformly bounded in LP(Q;R™) for some 1 < p < oo, the condition
(1.4.2) is satisfied. Indeed, denoting AR = {y € QN B,; |zR(y)| > k}, we have

Al < [ Ry < [ @y <e

k

Since c is independent of both R and k, we obtain

sup |AR| <
R>0

which implies (1.4.2).
1.4.1  Concentration measures and dissipation defect

The following three lemmas enable the introduction of the concentration measures and dissipa-
tion defect for a dissipative measure-valued solution, cf. Chapter 2.

Lemma 1.4.5. Let Q C IR" be a measurable set and let {zR}r~o, 28 : Q — R™ be a sequence of
measurable functions generating a Young measure v € L%, (Q; M(R™)). For every continuous
function H : R™ — R such that

||H(zR)||L1(Q) <c¢, uniformlyin R,

(vy; H) is finite for a.e. y € Q.
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Proof. Without loss of generality, we can consider |H| or, equivalently, assume that H > 0.
We take a family of cut-off functions

Tx(z) = min{z, k};

Then Ty (H) € Co(R™) and thus, for any fixed k € IN,

Ti(H(zR)) = Ti(H) in L*(Q)

as R — oo, with

T (H)(y) = (vy, Te(H)) forae.y € Q,
as a consequence of Theorem 1.4.3, condition (i). On the other hand we have that
T«(H)(A) / H(A), for any A € R™

as k — oo; by monotone convergence theorem, we have that

(vy, Te(H)) = / JTH)Q) dyy(A) = | HQ) dwy(h) forae.y € Q

as k — oo. Hence H is vy-integrable but the integral can also be infinite. However, by the
weak-* lower semi-continuity of the norm

v, Te(H)[[g) < 1i1gg§1fHTk(H(ZR))IIL1(Q> < 1ilgg§1f||H(ZR)llLl(Q) <g¢
uniformly in k. Then, since
(i) limg_,e0(vy; Te(H)) = (vy; H) forae. y € Q;

(i) supyen [[{v; Te(H)) 1) < ¢,

applying Fatou’s lemma we get that [|(v; H)||11(q) < ¢. Then (vy; H) is finite for a.e. y €
Q. O

Lemma 1.4.6. Let Q C R" be a measurable set and let {zR}r~o, 28 : Q — R™ be a sequence of
measurable functions generating a Young measure v € Ly (Q; M(IR™)). Let F : R™ — [0, 00) be
a continuous function such that

HF(ZR)HU(Q) < oo uniformly in R,
and let G : R™ — R be a continuous function such that
|G(z)| S F(z) forall ze R™.

Denote

Fy :
Go := G(z) — (v, G),
where F(z),G(z) € M(Q) are the weak-* limits of {F(zR)}r=0, {G(28)}r=0 in M(Q), respec-
tively. Then
|Geo| S Feo. (1.4-4)
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Proof. See Feireisl, Gwiazda, Swierczewska-Gwiazda and Wiedemann [35], Lemma 2.1; we
report the proof in details. We have seen that the Young measure {v, },c¢ is such that for all

¢ € L'(Q Co(R™))
L) dv— [ v dr=[ [ pl.2) duddy
Q Q QJ/R™

as R — o0. Now, from the fact that

F(z®) = F(z) in M(Q),
G(ZR) N G(z) in M(Q)

as R — co, we have that for any ¢ € Cyp(Q)

(F(z), ¢) = lim F(zR)go dy = lim F(zR)go dy + lim F(zR)q) dy.
R—0 Jo R—oo J1|zR|<M} R—00 J1|2R|>M}

Now, we can write

/ F(z"(y))o(y) dy = / P(y,z8(y)) dy,
{|zR|<M}

with
P(y,A) = F(A)o(y)x{aj<mys
then, we have that ¢ € L'(Q; Co(R™)); indeed, calling K = supp(¢) we have

L1900 Meme @y = | 1ol sup |FW)| < [Klsuplo(y)] sup |F(V)| <<
Q K IA|<M yek A<M

since both ¢ and F are continuous functions and so they admit maximum on compact sets.

Then, for what we have told previously, we have

lim F(zR) g dy = 11m/¢y,

R—o0 {\zR|§M}
/<Vy/ )) dy = // Py, A dVy A)dy

= /Q/{M<M}F Me(y) dvy(A)dy.

Applying now Lebesgue theorem we have

Zéignoo (1%13;0 /{|zR<M} F(zR)g dy) = /Q </m F(/\)dvy()\)> pdy = /Q<vy;P>go dy.

Similarly, for any ¢ € Cy(Q)

lim lim/ G(zR)gd :/u;c dy.
MAOO(R% L y) LGl dy

21
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Then, we deduce

Fo,p) = lim lim/ d
< (P> M—oo (R—mo {|ZR|>M} gD y)

(Ceor ) = 0%, (1%13; Jyon S dy)

From condition |G| < F we obtain (1.4.4). O

However, in some cases it is impossible to guarantee the function F to be continuous in
Lemma 1.4.6. We might use the following result, where continuity is replaced by lower
semi-continuity.

Lemma 1.4.7. Under the same hypothesis of Lemma 1.4.6 with F : R™ — [0, co] being lower semi-
continuous and such that
F(z) 2 |z| as|z| — oo,

G : R™ — R being continuous and such that

limsup |G(z)| < liminf F(z), (1.4.5)

|z|—c0 |z|—e0
relation (1.4.4) still holds.
Proof. First of all, there exist a sequence {E, },en C C{R™) of continuous functions such that
0<E,(z) <F(z), Eu(z) "F(z) asn— oo, foranyzeR",
and, in view of (1.4.5), a constant ¥ > 0 such that
|G(z)| < F(z) forany |z| >r.

Consider now a function T € C®(R™) such that

=0 if |z| <7,
T(z)q€(0,1) ifr<|z|]<r+1,
=1  iflz]>r+1,

and construct a sequence {F,},cn C C{R™) of continuous functions such that

F.(z) := T(z) max{|G(z)|, Ex(2)}.
In particular, notice that
0 if <r,
Fu(z) = if |z| <7
max{|G(z)|,E,(z)} if|z|>r+1,

and thus
0 < Fy(z) <F(z), Fu(z)>1G(2)| if |z] >r+1.

We can apply Lemma 1.4.6 to get

G(z) = (;G) S Fu(2) — (v; Fa)
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for any n € IN, and thus the proof reduces to show

F.(z) — (;E) < F(2) — (5 E),
or equivalently, to show that for any lower semi-continuous function H : R” — [0, co]
H(z) — (v;H) > 0. (1.4.6)

Repeating the same arguments, we can find a sequence {Hy,},en C Co(R™) of bounded
continuous functions such that

0 < H,(z) <H(z), Hu(z) MH(z) asn— oo, foranyzec R". (1.4.7)

For any fixed n € IN, we have that

H,(z?) = H,(z) inL®(Q)

as R — oo, with

H,(z)(y) = (vy,Hy) forae. yeQ,

as a consequence of Theorem 1.4.3, condition (i). On the other side, from (1.4.7) and mono-
tone convergence theorem, we have that

(vy, Hy) = Hy(A) dvy(A) — H(A) dvy(A) = (v, H) forae. ye€Q
R™ R

as n — oo. Finally, we obtain

0 <H(z)—Hy(z) =H(z) — (v;H,) — H(z) — (v;H)

as n — oo, which proves (1.4.6). O

1.5 MISCELLANEOUS RESULTS

In this last section, we collect various fundamental theorems that will be widely used through-
out the thesis.

1. We start recalling the Arzeld-Ascoli theorem.

Theorem 1.5.1. Let Q C R? be compact and let X be a compact topological metric space
endowed with a metric dx. Let {fu}nen be a sequence of functions in C(Q; X) that is equi-
continuous, meaning that for any € > 0 there exists a § = 6(e) > 0 such that

dx [fuly), ful2)] <& provided |y — 2| <6,

independently of n. Then, there exists f € C(Q; X) such that, passing to a suitable subsequence
as the case may be,

supdx [fa(y), f(y)] = 0
yeQ

as n — oo,

Proof. See e.g. Kelley [51], Chapter 7, Theorem 17. O
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2. We now report the following version of Gronwall’s Lemma.

Lemma 1.5.2. Let f = f(t) and p = B(t) be continuous and non-negative functions defined
on [0,T), and let « = w(t) be a continuous, positive and non-decreasing function defined on
0,7 If

f(r) <a(t)+ /OT,B(t)f(t) dt forall T €[0,T],
then

f(t) < a(t)exp (/Orﬁ(t) dt) forall T € [0, T].

Proof. See e.g. Pachpatte [64], Theorem 1.3.1. O

. Next, we report the Banach-Alaoglu theorem, which provides a sufficient condition to get

weakly relatively compact sequences.

Theorem 1.5.3. Let X be a normed vector space. Then, the closed unit ball in the continuous
dual space X*, endowed with its usual operator norm, is compact with respect to the weak-x*
topology. Moreover,

(i) if X is a separable Banach space, then every uniformly bounded sequence has a weakly-x*
convergent subsequence.

In particular, if { fu }neN is uniformly bounded in L*(Q; X*), with Q C R? a measurable
set, then, passing to a suitable subsequence as the case may be,

fo = f i L(QXY)
as n — oo, meaning that

/<fn;8>X*,x dy — / (f;8)x+x dy
Q Q

asn — oo, forall ¢ € L'(Q; X);

(ii) if X is a reflexive Banach space, then every uniformly bounded sequence in X has a weakly
convergent subsequence.

Proof. See e.g. Rudin [68], Theorem 3.15. O

. Since the L!-space is neither reflexive nor the dual of a Banach space, uniformly bounded

sequences in L! are in general not weakly relatively compact. However, the Dunford-
Pettis theorem gives a necessary and sufficient condition to get weak compactness.

Theorem 1.5.4. Let Q C RY be a bounded measurable set and let { f, }new be an uniformly
bounded sequence in LY(Q). Then, the following statements are equivalent.

(i) {fu}nen is weakly precompact in L'(Q): there exists f € L'(Q) such that, passing to a
suitable subsequence as the case may be,

fn _\f in Ll(Q)

as n — Q.
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(ii) For any € > 0 there exists C = C(e) > 0 such that

[ Ihldr<e
{Ifal>C}

independently of n.

(iii) The sequence { f,, } neN is equi-integrable, cf. condition (i) of Theorem 1.2.10.
Proof. See e.g. Ekeland and Temam [32], Chapter 8, Theorem 1.3. O

. Subsequently, we report some properties of lower semi-continuous and convex functions.
Theorem 1.5.5. Let @ : R" — (—o0,+00| be a lower semi-continuous and convex function.
(i) The epigraph of ® defined as
Epi[®] := {(a,z) € R x R"| ®(z) < a}
is closed and convex.

Moreover, let Q C RY be a measurable set and { f, } e a sequence of functions in L'(Q; R™)
such that

fo—f inLY(QR")
as n — o.
(ii) If ®(f,) € LY(Q) for any n € N and
O(fu) = @(f) inLY(Q)

as n — oo, then

D(f) <O(f) ae onQ. (1.5.1)

If moreover ® is strictly convex on an open set U C IR™ and the equality holds in (1.5.1)
a.e. on Q, then, passing to a suitable subsequence as the case may be,

faly) = f(y) foraeye{xe Q| flx) U}

as n — oo,

(iii) ®(f) : Q — R is integrable and

/@WW@smmf¢m@My
Q Q

n—oo

Proof. For (i), see Ekeland and Temam [32], Chapter 1, Propositions 2.1 and 2.3.
For (ii) and (iii), see Feireisl [33], Theorem 2.11 and Corollary 2.2. O

Remark 1.5.6. Here and in what follows, if {f,},en is a sequence of functions in
L' (Q;R™), with Q C R? measurable, such that

f.— f in LY(Q;R™)

as n — oo, then any weak L!-limit of a composition ®( f,,) will be denoted by ®(f).
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6. The following result states uniqueness of the inverse Laplace transform, better know as

Lerch’s theorem.

Theorem 1.5.7. If a function F = F(s) has the inverse Laplace transform f = f(t), meaning
that

F(s) = /OOO e St f(t) dt forany s > sg

with f continuous, then f is uniquely determined, considering functions which differ from each
other on a point set having Lebesgue measure zero the same.

Proof. See e.g. Cohen [25], Theorem 2.1. O

. Next, we report the Banach-Caccioppoli fixed-point theorem.

Theorem 1.5.8. Let X be a Banach space with norm || - ||x, Z C X a closed convex subset of
X and let F : Z — Z be a contractive map, meaning that there exists a constant k € [0,1) such
that

|F(z1) — F(z2)|lx < kl|z1 — z2||x  forany z1,z, € Z.

Then there exists a unique fixed point z € Z of the mapping F, meaning that
z = F(z).

Proof. See e.g. Schwartz [71], Chapter XII. O

. The following result represents an useful criteria to get the Borel-measurability of a

given map.

Theorem 1.5.9. Let X be a metric space and B its Borel o-field. Let x — K, map X into
comp(Y) for some separable metric space Y, where comp(Y) denotes the space of all compact
subsets of Y. Suppose that for any sequence {xy }nen such that x, — x in X as n — oo and
any yn € Ky, there exists y € Ky such that y, — yin Y as n — oo. Then, the map x — Ky is
a Borel map of X into comp(Y).

Proof. See Stroock and Varadhan [73], Lemma 12.1.8. O

. We conclude with a topological result known as Cantor’s intersection theorem.

Theorem 1.5.10. Let S be a Hausdorff space. A decreasing nested sequence of non-empty
compact subsets of S is non-empty. In other words, supposing {Cy }nen is a sequence of non-
empty compact subsets of S satisfying

C2C2CG2--2C2...
it follows that
() Cu # .

nelN

Proof. See e.g. Lewin [56], Section 7.8. O
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VANISHING VISCOSITY LIMIT

The goal of this chapter is to show that the dissipative weak solutions of the compressible
Navier-Stokes system converge in the zero viscosity limit to the strong solution of the com-
pressible Euler system with damping defined on a general spatial domain, as long as the
latter exists, cf. Theorem 2.7.1. The proof is a direct consequence of two results: first, we
identify the measure-valued solution of the Euler system as a vanishing viscosity limit of
the Navier-Stokes system, cf. Theorem 2.5.2; secondly, we prove the weak-strong uniqueness
principle for the Euler system, i.e. the measure-valued solution coincides with the classical
one emanating from the same initial data on the lifespan of the strong solution, cf. Theorem
2.6.1.
The chapter is organized as follows. In Section 2.1 we introduce the models, in particular

(i) the Euler system in terms of [o,m] on (0,T) x (), where () can be a bounded or an
exterior domain, or the whole space RY;

(i) for any fixed R > 0, the Navier-Stokes system in terms of [or, ug] on (0, T) x Qg, where
QR is the intersection of () with the ball centred at origin and radius R, and with the
viscous stress terms rescaled by 1/R.

In section 2.2 we derive the weak formulation of the compressible Navier-Stokes system,
providing the definition of a dissipative weak solution [gr, ug], cf. Definition 2.2.1. Assuming
the initial energy to be bounded, in Section 2.3 we recover all the a priori estimates necessary
to perform the limit R — co, which generates the Young measure associated to the Euler
system, analysed in Section 2.4, and leading to the definition of a dissipative measure-valued
solution for the compressible Euler system with damping in Section 2.5, cf. Definition 2.5.1.
Section 2.6 is devoted to the proof of the weak-strong uniqueness principle for the Euler
system, showing that the dissipative measure-valued solutions satisfy an extended version
of the energy inequality, known as relative energy inequality, for smooth and compactly
supported [r, U], and extending it for any strong solution [r, U] of the Euler system through
a density argument. Finally, in Section 2.7 we prove Theorem 2.7.1.

2.1 FROM THE EULER TO THE NAVIER-STOKES SYSTEM

Let us consider the compressible Euler system with damping, described by the following couple
of equations
00 +divy, m =0, (2.1.1)
X m

omm + div, <mg) + Vip(0) + am = 0; (2.1.2)

here ¢ = ¢(t,x) denotes the density, m = m(¢, x) the momentum - with the convection that
the convective term is equal to zero whenever ¢ = 0 - and p = p(0) the pressure. The term
am, with a > 0, represents “friction”. We will study the system on the set

(t,x) € (0,T) x Q,

2
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where T > 0 is a fixed time and Q C RY, with d = 2,3, can be a bounded or unbounded
domain, along with the boundary condition

m - nlyn =0, (2.1.3)
for all t € [0, T|; if O is unbounded, we impose the condition at infinity
0—0, m—0 as|x|]— oo, (2.1.4)
with a constant ¢ > 0. We also consider the following initial data

0(0,-) =00, m(0,-) =my, (2.1.5)

with gg > 0. We finally assume that the pressure p is given by the isentropic state equation

p(e) = Aq”, (2.1.6)

where v > 1 is the adiabatic exponent and A > 0 is a constant.

Our goal is to identify a class of generalized dissipative measure-valued solutions for the
Euler system (2.1.1), (2.1.2) as a vanishing viscosity limit of the Navier-Stokes equations.
More specifically, we start considering the set

Qr =QNBg, Br={xecR%:|x| <R},

where we assume (g to be at least a Lipschitz domain, and we consider the compressible
Navier-Stokes system

9:0r + divy(orur) =0, (2.1.7)

) 1 .
9t (oruR) + divy(orur @ ur) + Vip(or) = R div, S(Vyug) — agrug; (2.1.8)

now ur = ug(t, x) is the velocity and Sg = S(VyuR) is the viscous stress, which we assume to
be a linear function of the velocity gradient, more specifically to satisfy Newton’s rheological
law

Sgr =S(Vyur) =p <quR + VZ@ug - g(divx uR)II> + A(divy ug)T, (2.1.9)

d

where 1 > 0, A > 0 are constants.
As our goal is to perform the vanishing viscosity limit for the Navier-Stokes system, we
impose the complete slip boundary conditions on d():

ug -nfyn =0, (Sg-n) X nfyn =0, (2.1.10)
and the no-slip boundary conditions on dBg:
ug|sp, =0, (2.1.11)

for all t € [0, T]. Of course, conditions (2.1.10) and (2.1.11) may be not compatible but they
do not give rise to any extra analytical problem assuming that 0Bg N dQ) = @ for R large
enough, meaning that d() is a compact set. That is () is either

(i) a bounded domain,
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(ii) an exterior domain,
(iii) the whole space R4,

For the sake of simplicity, we restrict ourselves to these three cases. Finally, we impose the
initial conditions independent of R:

0r(0,-) =00, (0rur)(0,:) =my in Qp, (2.1.12)

where g9, mg are the initial conditions of the Euler system as in (2.1.5).

2.2 WEAK FORMULATION OF THE NAVIER-STOKES SYSTEM

First of all, choosing a constant background density ¢ > 0, we can notice that the Navier-
Stokes system (2.1.7), (2.1.8) can be rewritten as

9¢(or — @) +divy(orur) =0, (2.2.1)

) _ 1 ..
dt(oruR) + divy(orugr ® ur) + Vi[p(er) — p(0)] = R div, S(Vyug) — aogrug. (2.2.2)

2.2.1  Energy balance

Multiplying the balance of momentum (2.2.2) by ur and noticing that each term of this
product can be rewritten as

1 1
0t(ORUR) - UR = 0¢ <ZQR!11R!2> + E‘“R‘zatQR/

. ) 1 1 )
divy(orug ® ug) - ug = divy <2QR|11R|211R> + §|uR]2 divy(orug),

Vip(er) — p(@)] - ur = divx([p(er) — p(@)]ur) — [p(er) — p(@)] divy ug,
diVx S(quR) cUR = divx(S(quR)uR) — S(vqu) : vqu,

we get the following equality
o <;QR|uR|2) + divy (;QR|uR|2uR>
+dive([p(or) — p(@)]ur) — [p(er) — p(0)] divx ug (22.3)
= diva(S(Voug)ur) — S(Vaug) : Vur — agelugl?

where we used the fact that
1 .
E\HR\Z(atQR +divy(erugr)) =0

by the continuity equation (2.1.7). Integrating (2.2.3) over (g, through an integration by parts
and keeping in mind that ur satisfies the boundary conditions (2.1.10), (2.1.11), we recover
that terms

div, <;QRIuR!2uR) , dive([p(er) — p(@)]ur), dive(S(Vyug)ug)
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vanish, and we get

d 1 —\1 15
G | (GeelurP )= [ [plex) = p@) v, ue dx
dt Jo, \2 Ox
1 (2.2.4)
—Hl/ QR\uR|2 dx + — S(Vyur) : Vyug dx = 0.
Qr R Qr
Introducing the pressure potential P = P(g) as a solution of
oP’(e) — P(e) = p(a), (2.2.5)

we can write

—[p(er) — p(@)] = P(er) — P'(¢)(er — @) — P(q) — ¢r[P'(¢r) — P'(@)]-

Noticing that

divy [(P(er) — P’(@)(QR—@) P(2))ug]
= [P(er) — @)(QR—@) P(0)] divyug + [P'(¢r) — P'(0)]Vxgr - ur
= (P(er) — P'(@)(er — @) — P(2) — ¢r[P'(er) — P'(0)]) divy ur
[P/(QR) P'(@)] divx(orur),
P'(e

\\
/\A

and that, multiplying (2.2.1) by P’(0r) ),
[P(er) — P'(@)] divx(erur) = —[P'(er) — P'(2)]9:(¢ — @)
= —0:[P(er) — P'(@)(¢r —2) — P(0)]
we obtain
~[p(er) — p(@)] divyug = divy [(P(er) — P'(2)(er — @) — P(2))ur]
+9:[P(er) — P'(@)(er — @) — P(2)]-
Again, keeping in mind that uy satisfies the boundary conditions (2.1.10), (2.1.11), we have
| dive [(Pler) — P'(@)(er — @) — P(9))ug] dx =0
R
and thus, (2.2.4) can be rewritten as
d 1 » ? = _ _
S |Gertux? + Plox) = P@(ex - 0) - Ple)| dx
(O

(2.2.6)

1
+ﬂ/ QR|11R|2 dx + = S(Vyug) : Vyug dx = 0.
Qr

R Ja,

2.2.2 Dissipative weak solution

We are now ready to give the definition of a dissipative weak solution.

Definition 2.2.1. The pair of functions [or, ug] is called dissipative weak solution of the Navier-
Stokes system (2.1.7)—(2.1.12) if the following holds:
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(i) regularity class:

ORrR € Cweak([ol T] ( ))

ORUR € Cweak([oz T] (QR/IR ))/
ug € L*(0, T; W2 (Qg; RY)), ug|sp, =0,

L7
L

and ¢g is a non-negative function a.e. in (0, T) x Qg;

(ii) weak formulation of the continuity equation: the integral identity

[/QR(QR —0elt) dx} : = /OT /QR[(QR ~0)2p + orur - Vgl dxdt  (2.27)

holds for any 7 € [0, T] and any ¢ € C([0, T] x Qr), where 0r(0,-) = 0o;

(iii) weak formulation of the balance of momentum: the integral identity
t=T1 T
[/ OrRUR - @(t, ) dx] = / (ORUR - 91 + ORUR ® uR : V) dxdt
Or t=0 Q

R
/ / p(or) — p(@)]divye dxdt (2.2.8)
Qg

// [ (Viug) : Vip +aorug - | dxdt
Or

holds for any T € [0, T] and any @ € C!([0, T] x QN Bg;RY) with @ - n|yq = 0, where
(erur)(0, ) = my;

(iv) energy inequality: the integral inequality
1 _ _ _
[ |3eclux + Plew) - P@)(ex -3 - P@ | (7,) dx
R
—+ El/ / QR‘LIR‘Z dxdt + 1/ S(quR) : Vug dxdt (2.2.9)
0 Jog R Jo Jog
1 |mg|? _ _ —
< [ 13 pen) - P @0 - ) - Plo)] ax
Qg 0o
holds for a.e. T > 0.

The integral identities (2.2.7) and (2.2.8) can be easily deduced multiplying equations (2.1.7)
and (2.1.8) respectively by test functions, integrating over (0,7) x Qg and performing an
integration by parts, while the energy inequality (2.2.9) follows from (2.2.6). Further details
on the compressible Navier-Stokes system can be found in Chapter 4.

2.2.3 Existence of weak solutions

To guarantee the existence of weak solutions, we can now use the following result.
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Theorem 2.2.2. Let Q C RY, d = 2,3 be a domain with compact Lipschitz boundary such that
00N IBr = @ for R large enough, let Qr = Q)N Br and let T > 0 be arbitrary. Suppose that the
initial data satisfy

2
00 € L"(Or), 00> 0ae. in Qp, |(QZ)O| € L'(Og).
0

Let the pressure p satisfy (2.1.6) with

.4
’)/ 2 *
Then the Navier-Stokes system (2.1.7)-(2.1.12) admits a dissipative weak solution [or,ugr] in (0, T) X

QR in the sense of Definition 2.2.1.

The proof follows the same line as in [33], Theorem 7.1. The fact that the boundary con-
ditions are different on d() and dBgr does not present any extra difficulty as the closures of
these two components of the boundary are disjoint.

2.3 LIMIT PASSAGE

Proposition 2.3.1. Let QO C RY, d = 2,3 be a domain with compact Lipschitz boundary such that
0QYNJdBr = @ for R large enough, and let 0 > 0 be a given far field density if () is unbounded. Let
{or, mg = oRruR }r>0 be a family of dissipative weak solutions to the Navier-Stokes system (2.1.7) —
(2.1.12) in

(0, T) X QR, QR =Q0nN BR,

in the sense of Definition 2.2.1. Let the corresponding initial data 0o, mg be independent of R satisfying

@ =0, / [umoyz P(go) — P'(2)(eo — @) — P(@) | dx < Eo. (23.1)

Moreover, suppose that ug is extended to be zero and or as ¢ outside Bg, for every R > 0. Then,
passing to a suitable subsequence as the case may be,

0R—0—0—0 in Cuear([0,T];L*+L7(Q)), (2.3.2)
mg —m i1 Coe([0, T L2 + L7 (U RY)),  (2.3.3)
p(or) — p(@) = ple) — p(@) in L®(0, T; L*(Q) + M(Q))), (2.3.4)
mr @ mgr « mm . «
Lpso——— = Lgso—— in L¥(0, T; M(QGRE)), (23.5)
OR Q

2 2 o

Ime” om0 m@)), (2.3.6)
OR 0

Ljmgf P'(o o) —P(@) 2E inL®0,T: M(Q

5@71{ + P(or) — P'(0)(or —0) — P(0) in L*(0, T, M(Q))) (2.3.7)
as R — oo,

Proof. First of all, we can replace (g by () in the previous integrals (2.2.7), (2.2.8) and (2.2.9);
more precisely, from now on we will consider

[/Q(QR—Q)cp(t,.) dxk:Z/OT/Q[(QR—Q)atGD+mR'V"(”] dxd, (2.38)
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forany T € [0, T] and all ¢ € C1([0, T] x Q),

t=1 T
U mg - (1, -) dX] :/ / |:mR‘at(P+ ILQR>0mR;8mR:qu)} dxdt
(@) t= R

/ / p(or) 0)]divye dxdt (2.3.9)

//[ VyuR) Vx(p—l—amR-go] dxdt,

for any T € [0, T] and all ¢ € C}([0, T] x O;R?), ¢ - n|yq = 0, and

mZ
1355 4 plen) - P@ex -0 - P@)| (7.1) ax
ORrR

2 T
+a/ /‘ MR edt 4 L //S(quR)tvqu dxdt (2.3.10)
o Or 0 JO

/ {2| 00 o (00) — P'()(e0—0) —P(e)} dx,

for a.e. T € [0,T]. Note that this is correct for R large enough as the test functions are
compactly supported in Qg. From (2.3.1) and the energy inequality (2.3.10), we can easily
deduce

< c(Eo), (2.3.11)
H VOR L0, m;12(yr7))
IP(er) — P'(2)(er = @) — P(@) 10,711 (00)) < c(En), (2.3.12)
T
1/ / S(Vyug) : Vyug dxdt < c(Ep), (2.3.13)
RJo Jo

where the bounds are independent of R. Next, from (2.3.13), we can deduce that

1 T
R/O [S(Vxug)(t )HLz QRdxd) dt < ¢(Eo). (2.3.14)

Following Feireisl, Jin and Novotny [37], we can now use relation

—0)? or 5
mw—F@@—@—m@zd@{@ @ forf<e<zm

(14 0") otherw1se,

with a positive constant ¢(0). More precisely, following [42], Section 4.7, we introduce the
decomposition of an integrable function hy into its essential and residual parts:

hR = [hR]ESS + [hR]res/ (2'3'16)

where
[hRless = X(0R)IR,  [hR]res = (1 — x(0r))IR,

X €CZ(0,00), 0<x<1, X(r):lforre[g,Zg}.
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Then, from (2.3.12) and (2.3.15), we have

ller = Qlessll (071200 = esssup [ (or —2)*x(r)(t,-) dx

te(0,T) JQ
1 _ _ _ 2.3.1
< @H(P(QR) = P'(0)(0r —0) — P(0))llL~(0,1.11 () (23.17)
< ¢(Ep),
and
ITor — @]reSHLW(O,T;LW(Q)) =esssup [ |or —0|"(1—x(er))(t ) dx
te(0,T) 7O
Sesssup [ (1+07)(1—x(er))(t,-) dx
te(0,T) JQ (2.3.18)
1

@H(P(QR) — P'(0)(er — @) — P(@)llL=~(0,1,11 ()
S C(Eo).

In particular the Banach-Alaoglu thorem 1.5.3 implies that, passing to a suitable subsequence

as the case may be,

[0r — 0less - fo—g inL®(0,T; LZ(Q))/ (2.3.19)
[0k — Qlres — go—5 in L*(0, T;L7(Q)) (2.3.20)
as R — oo; defining
Q—0:= foot 8-
we have that
oR—0—=0—0 inL®0,T;L*+L"(Q))

as R — oo, which can be strengthened to (2.3.2), as a consequence of the Arzeld-Ascoli
theorem 1.5.1. We can repeat the same procedure for the momenta; indeed, in view of
(2.3.11) we obtain

mp>

H[mR]essHLw(o,T;LZ(Q)) =esssup [ Or x(er)(t,-) dx

te(0,T) 4 Q QR

<2 mpg t,) (2.3.21)
VR L (0,T;L2(Q;RY))
< c(Eo);

from (2.3.12) and (2.3.15), we also have

| [@]reS’|Lm(O,T;LZW(Q)) =esssup [ og(1—x(or))(t,-) dx

te(0,T) VO
<esssup | (g +1)(1—x(er))(t,) dx
te(0,T) VQ

< ¢(Ey),
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which, together with (2.3.11) and Holder’s inequality (1.1.1) with 7 = %, p=2yandg=2
gives

mpg

)

< C(Eo).
L2(O;RY)

res S res t/'
|[mg] ”Lw(o,uf% R etses«il;)pH[\/eR] (t )r2r ()

(2.3.22)
Then we obtain, passing to suitable subsequences as the case may be

orug > m  in L®(0, T; L2 + L1 (O; RY))

as R — oo; again, the last convergence can be strengthened to (2.3.3). In a similar way, in
view of (2.3.17), we have

1[p(er) = p(@)]essllr=(0,m;12(00)) = esssup [ |p(er) — p(@)Px(or)(t,-) dx

te(0,T) JQ ( )
_ _ 2.3.2
< 7'(20) lllog ~ Qeslli=(0 122000 7
g C(EO)r
and thus, passing to a suitable subsequence as the case may be,
[p(er) = P(@)]ess = f@,p(@) in L*(0, T; L*(Q?)) (2.3.24)

as R — oo. On the other side, from (2.3.12) and (2.3.15),

I[p(er) = p(@)resll~(01:01(a)) = Aesssup [ |og —@7[(1—x(er))(t,-) dx
te(0,T) JQ

< Amax{q",1}esssup | (1+0g)(1—x(er))(t ) dx

te(0,T) JQ
< ¢(Eo),
while from (2.3.11),
mrp ®m
' Lo MR & MR < ¢(Ep).
OR L(0,T;L (ORE:))

There is a disturbing phenomena that may occur to bounded sequences in L!: concentrations.
The idea is then to see L'(Q)) as embedded in the space of bounded Radon measures M (Q)),

which in turn can be identified as the dual space of the separable space C.(()). We get,
passing to suitable subsequences as the case may be,

[P(er) — P(0)]res = 8pl0)—p(®) in L*(0, T;M(ﬁ)), (2.3.25)

and convergences (2.3.5)—(2.3.7) as R — oo. Defining

P(@) = P(@) = fyg—p@ * Spiw-piar
we obtain (2.3.4). O

With Proposition 2.3.1 at hand, we are now ready to perform the limit R — oo in the
weak formulation of our initial problem (2.2.1), (2.2.2); notice that the R-dependent viscous
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stress tensor vanishes. Indeed, using (2.3.14) and Holder’s inequality (1.1.1) with » = 1 and
p=4g=2we get

1 T
= /0 /Q 1S(Vaug) : V| dxdt

1 1

< — ||—=8(V,u Vi R
\/EH\/E (Vitr) L2((0,T) x O;R?xd) | (PHLZ((O/T)XQJR”* 4)
C(Eo)

="/R ||Vx§0||L2((0,T)xQ;Rdxd)-

Keeping in mind that the functions ¢ and m are weakly continuous in time, we finally get

t=T1 T
{/Q o¢(t,-) dx] » = /0 /Q[Qat(p—km - Vo] dxdt, (2.3.26)

for any T € [0, T] and any ¢ € CL([0,T] x Q), and

[/m P(t ] / / [m oip + ]1Q>o p Vx(p—kp(g)dlvx(p} dxdt

—a/ /m-q)dxdt
0 Jo

for any T € [0,T) and any ¢ € C}([0,T] x O;R?), @ - n|3n = 0. Finally, we may pass to the
limit in the energy inequality (2.3.10) to get

B T T2 1 2
| B dxea [ /’m' axdt < | {"m' + P(go) — P'(@) (00— 0) —P(Q)] dx
) 0o Ja @ al2 e

(2.3.28)
for a.e. T € (0,T). Equations (2.3.26), (2.3.27), and (2.3.28) form a suitable platform for
introducing the measure-valued solutions of the Euler system with damping. The exact
definition requires the concept of Young measures; the interested reader can find all the
details in Section 1.4.

(2.3.27)

2.4 YOUNG MEASURE FOR THE COMPRESSIBLE EULER SYSTEM

Our next goal is to adapt the abstract machinery presented in Section 1.4 in order to introduce
the definition of a dissipative measure-valued solution for the compressible Euler system
with damping. To this end, it is enough to take

e Q=(0,T) x Q) C RH1,

oem=d+1;

e zR = (gr — 0, mp),

in Theorem 1.4.3, where (o, mg = grug) are the weak solutions of the Navier-Stokes system
(2.2.1), (2.2.2). First of all, notice that condition (1.4.2) is satisfied for z8 = (og — 0, mg);
indeed, introducing the sets AR = {y € QN B,; |z"(y)| > k} we have, for y € A}

k< |(er —@,mg)(y)| < [(er —0)(y)| + [mr(y)]
< |lor = Qless(¥)| + [[or — Clres ()| + |[MR]ess (¥)[ + |[MR]res(y) ],
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and hence at least one of the terms on the last line must be > % so that

=

k
At < {v e nBillon - Peul)] = § b U{y € Q1B llor - Tl 2

|

=AR —=AR
_Ak,l _Ak,z

oy e QnBilimiesn) = 5 U {y € QN B llmalue() 2§}

_ AR — AR
=As =4k,

For k large enough (k > 4), we have

4

k

AR <aY|AL 1k
i=1

o\ 2 K\ K\ 2 K\ 7
stagl(3) +1aki (5) +1asi(5) 14kl (5)

< [ llor=es P dy+ [ llox— eI dy+ [ [imiles )P

k1 Ak,2 Ak,3

2y

< lllor — @]eSSH%Z(Q) + [Ifer — @]reSHZW(Q) + [mR]essH%Z(Q;le) + || [m R res] ZT%(Q Ri)
v ;

< c(Eo),
where in particular the constant c(Ey) is independent of k and R so that
sup| Af| < ¢,
R>0 k
which implies (1.4.2).
Applying Theorem 1.4.3, condition (ii), we recover that the Young measure in our case is

a parametrized family of probability measures supported on the set [0,c0) x R?, since the
densities are supposed to be non-negative:

Viy: (£,x) € (0,T) x Q — P([0,00) x RY),
ve L2  ((0,T) x ;P([0,00) x RY)).

weak

It is also easy to check that ¥(f) = t” with p > 1 are Young functions that satisfy the
Ap-condition (1.2.1) with constant 27, and in that case Ly (Q) = L?(Q). Thus,

1. first, we can take ¥(t) = t* and 7 (z) = z; x(z1 + @), where z = (z1,22,23,24) in
our case, to notice that condition (1.4.3) is equivalent in requiring that [or — 0]ess are
uniformly bounded in L?((0, T) x Q) which is true from (2.3.17). Then we obtain

(Vi;T1) = fo—g(t,x) forae. (t,x) € (0,T) xQ,

where f, 5 is the weak- limit found in (2.3.19); moreover, taking ¥(t) = t7 and
T(z) = z1(1 — x(z1 +0)), condition (1.4.3) is equivalent in requiring that [Or — 0]res
are uniformly bounded in LY ((0, T) x Q) which is true from (2.3.18). Then we obtain

(Vx;T2) = o—u(t,x) forae. (t,x) € (0,T) x Q,
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where g, is the weak-* limit found in (2.3.20). Unifying the two results we get
(b1 +T) =(0—0)(t,x) forae. (t,x) € (0,T)xQ,

where ¢ — 0 is the weak limit of the densities found in (2.3.2). We will write (v;,;0) =
o(t,x) for almost every (t,x) € (0,T) x Q) just to make the notation readable;

2. secondly, we can take ¥(t) = #?> and 71(z) = z; x(z1 + @) with i = 2,3,4 to see that
condition (1.4.3) is equivalent in requiring that each component of [mg]ess is uniformly
bounded in L2((0,T) x Q)) which is true from (2.3.21). Also, choosing ¥ (¢) = £77 and
T(z) = zi(1 — x(z1 +0)) with i = 2,3,4, condition (1.4.3) is equivalent in requiring
that each component of [mg]yes is uniformly bounded in Lt ((0,T) x Q) which is true
from (2.3.22). Then we obtain

(Vtx;T1 + T2) = m;(t,x) forae. (t,x) € (0,T) x Q,

which we will write (v;,; m) = m(t, x) for almost every (t,x) € (0,T) x Q), with m the
weak limit of the momenta found in (2.3.3);

3. finally, we can take ¥ (t) = #?> and 71 (z) = [p(z1 + @) — p(0)] x(z1 + 0) to notice that
condition (1.4.3) is equivalent in requiring that [p(or) — p(0)]ess are uniformly bounded
in L2((0, T) x Q) which is true from (2.3.23). Then we obtain

(Vi) = f@_p@(t,x) fora.e. (t,x) € (0,T) x Q, (2.4.1)
where f@ﬂo@ is the weak-* limit found in (2.3.24).

Moreover, due to Lemma 1.4.5, it makes sense to introduce the following new measures:

peo = p(0) — (v;p(0)),
My = ]lg>0m(§m - <V;19>Om(§)m>/

|m|2 < 1\m!2>
0o = —— —(Viz—— ),
0 2 0

m2
Ee=E- (3L 4 P - P@(e—0) - P@) ).

Notice that pe is indeed a measure since, taking 7 (z) = [p(z1 +0) — p(0)] (1 — x(z1 +0)),
from (2.4.1), we have

Poo(t, x) = mﬁp@(t,x) — (K;2) forae. (t,x) € (0,T) xQ,

where 85 a)-p(2) is the weak-* limit found in (2.3.25). Now, revisiting the momentum equa-
tion (2.3.27) and using the fact that

divip =1:V,e,

we get

t=1 T
[/ m-g(t,-) dx] :/ / [m 01 + <<Vt,x}]lg>0m®m> +]Moo> : Vx(p} dxdt
o) t=0 0o Jo Q

[ (v P(@)) + peo)] : Vg — am - ] dxdl,

_|_

S~
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for all T € [0, T] and for all @ € C([0, T] x O;R?), ¢ - n|3n = 0, which can be rewritten as

t=1 T
[/ m'¢(t,') dx] = / / [m - 0 + <1/t/x;]lg>0m®m> : Vx(p] dxdt
Q =0 0o Ja 0
T T
[ [ vnsp(e) divip—am-gl axdt+ [ [ Vig:dp,
0o Jo 0o Jo

for all T € [0, T] and for all @ € C}([0, T] x O;R%), @ - n|yq = 0, where

Hm = MOO + pooI[ S stoeak(ol T;M(ﬁ; ]RdXd))
is a tensor-valued measure. Similarly, from (2.3.28) we get

1 |m|?

[ (i3 4 Pl0) - P@)e - ) - P@) + Enlo)] i
+a/OT/Q [<l/t,:;2>+aoo] dxdt 7 7 7
< [ [{ns35 4 pl@) - P@e- e -0 - P@)) + E(0)]
for a.e. T € (0, T), which can be rewritten as

1|m]?

/Q <fox? 20 T P(0) — P'(0)(e —0) — P(Q)> dx
t+a OT A <Vt,x/' |mQ|2> dxdt + D(1)

fora.e. T € (0,T), with D € L*®(0, T) such that

D(T):/QEOO(T) dx—f—a/or/naoo dxdt.

T T
| [l < [ Dot
0o Jo 0
for a.e. T € (0, T). Indeed,

T T d T
/ /d\#mlé/ /!Moo|dxdt+ Z/ /|pooy(si,j dxdt
0 JO 0 JO ij=1 0o Ja
2/ /|Moo| dxdt+d/ /|poo| dxdt.
0 JO 0o JO

Now it is sufficient to apply Lemma 1.4.6 with F = P(¢) — P'(¢)(0 —0) — P(0) and G =
p(0) — p(0), and noticing that

It can be deduced that

1. the function

0 ifm=0,
2

L if g >0,

%) otherwise

[, m] —
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_ |mp

is lower semi-continuous, we can apply Lemma 1.4.7 with F o and G = 0 to get

ml2 2
L
Q ¢

2. we have

weak

]lg>0m(§m — <1/,' 119>Orn<§”n> € LOO (0, T;M+<§,‘]Rd><d)),

meaning that for any & € R?

(=28 {12222 o0

Indeed,

m&m

m&m
1Q>0

(€90 - (510 ™ 20 s €0 )

m&m

(E®8) - <v;ng>o
| mg - &2 m- g
= I e (Ve
L x12 L x2
_ ﬂg>o‘“‘f‘ ) <V;1Q>O\mgél >

in D'((0,T) x B) for any bounded open set B C (), where in the last
fact that ‘

= lim 1
R—o0 or>0

lmg - &|?

O0R S C(EOI (:;r)/

L=(0,T;L' ()

Log>0

)i €o0)

line we used the

and thus the weak-x limit in L®(0, T; M (Q)) exists. Now it is enough to proceed as in

step 1;

3. we can write

m @ m m®m m |2
Tr ILg>0T - <V} Lo>0 0 >} = ]lg>0’ Q‘ - <V}ﬂg>0

finally, we conclude that

/ /d\ym|,§/ /Eoodxdtg/ D(t) dt.
0 Q 0 ) 0

2.5 DISSIPATIVE MEASURE-VALUED SOLUTION

We are ready to introduce the concept of dissipative measure-valued solution to the compressible
Euler system with damping. It can be seen as a generalization of a similar concept introduced
by Gwiazda et al. [48]. While the definition in [48] is based on the description of concentra-
tions via the Alibert-Bouchitté defect measures [4], our approach is motivated by [35], where
the mere inequality (2.5.4) is required postulating the domination of the concentrations by
the energy dissipation defect. This strategy seems to fit better the studies of singular limits

on general physical domains performed in the present thesis.
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Definition 2.5.1. A parametrized family of probability measures
Viy: (£,x) € (0,T) x Q — P([0,00) x RY),
velL® ((0,T) x Q;P([0,00) x RY)),

weak

is a dissipative measure-valued solution of problem (2.1.1)—(2.1.6) with initial condition {vyx }xen
if

1. the integral identity

[ tresiedo(r,) dx = [ (nsiekg(0,) ax
Q

0
T
= ; /()[(vt,x;@atq)—k (Vi;m) - Vyg| dxdt (2.5.1)

T
0o Ja
holds for all T € [0, T] and for all ¢ € C1([0, T] x Q3), with (vg; 0) = 0. Here
He € stoeak(ol T; M(ﬁ, Rd))

is a vector—valued measure;

2. the integral identity

/ (Ve xim) (7, ) dx — / (vo.sm) - (0, ) dx
(@) O

T m®m
= /0 /Q [<Vt,x;m> -0 + <vt,x;ﬂg>o o > : Vx(p] dxdt

—I—/OT/QKVt,x;P(Q))divxq)—a<1/t,x;m>.(P] dxdt

—|—/ /qu):dym,
0 Ja

(2.5.2)

holds for all T € [0, T] and for all ¢ € C}([0, T] x O;R?), @ - n|3q, with (vg,; m) = my.

Here
M € Ligeaic (0, T; M(C; R¥*T))

is a tensor-valued measure; both ., u,, are called concentration measures;
3. the following inequality
1 |m/? _ _ _
[ (v 3 5 4 Pl - P@) e - ) - Pl@) )
0 2 0

- ’n;‘2>dxdt+z>(r) (2.5.3)

1 |m|? ;o _ _
< / vo; 5 —— + P(e) = P'(@)(e — @) — P(¢) ) dx,
Q 0
holds for a.e. T € (0,T), where
DeL®0,T), D>0

is called dissipation defect of the total energy;
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4. there exists a constant C > 0 such that

/OT/decH/OT/QdW\ SC/OTD(t)dt, s

Now, summarizing the discussion concerning the vanishing viscosity limit of the Navier-
Stokes system, we can state the first result of the present thesis.

forae. 7€ (0,T).

Theorem 2.5.2. Let O C RY, d = 2,3 be a domain with compact Lipschitz boundary and let @ > 0
be a given far field density if Q) is unbounded. Let [oR,uR] be a family of dissipative weak solutions to
the Navier-Stokes system (2.1.7) — (2.1.12) in

(O,T) x Qg, Or = QN Bg.

Let the corresponding initial data 0o, ug be independent of R satisfying

1 _ _ _
w20, [ ekl +Plen) - P@)e0—2) - P(@)] dx < Ea

Then the family {R, m® = oRuR}r-o generates, as R — oo, a Young measure {vix} (o 1)xe0
which is a dissipative measure-valued solution of the Euler system with damping (2.1.1)—(2.1.6).

2.6 WEAK-STRONG UNIQUENESS

In this section we aim to prove the following result.

Theorem 2.6.1. Let [r, U] be a strong solution of the compressible Euler system with damping (2.1.1)—
(2.1.6) such that, for a fixed m > % +1,

r—o € C([0,T]; H"(QY))
U € C([0,T}; H™(O;RY))
withr > 0 and U-nlyq = 0. Let {Vix}(1x)e(0,1)x be a dissipative measure-valued solution of the

same system (in terms of ¢ and the momentum m), with dissipation defect D in the sense of Definition
2.5.1 and such that

Vox = 5r(0,x),(rU)(0’x) fOT ae x € Q.

Then D = 0 and
Viy = 5r(t,x),(rU)(t,x) fOT’ a.e. (t, X) S (0, T) x Q.

Remark 2.6.2. This theorem applies to the already know results concerning strong solutions;
in particular

(i) if Q) is bounded, for local in time solutions see [70], and [65] for the global one;

(ii) if O = R3, for local in time solution see for instance [50], [58], and [72] for the global
one.

The proof will be divided in three steps:
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1. first, in Section 2.6.1, introducing the relative energy functional £, we will show that
proving Theorem 2.6.1 is equivalently in showing that D(t) = 0 and £(7) = 0 for all
7€ (0,T), cf. Lemma 2.6.3;

2. secondly, in Section 2.6.2, we will prove that the dissipative measure-valued solu-
tions of problem (2.1.1)—(2.1.6) satisfy an extended version of the energy inequality
(2.5.3) known as relative energy inequality for smooth and compactly supported [r, U], cf.
Lemma 2.6.4;

3. subsequently, in Section 2.6.3, through a density argument, we will show that the rela-
tive energy inequality holds for [r, U] as in the hypothesis of Theorem 2.6.1, cf. Lemma

2.6.7;

4. finally, in Section 2.6.4, we will prove that D(t) = 0and £(7) =0 forall T € (0,T), cf.
Lemma 2.6.8.

2.6.1 Relative energy

Introducing the relative energy functional:

1
£ = vialomlr, V) = [ < 35 (Im—QUP) + Plo) ~ P(r) (o 1) - P<r>> dv, (26.1)
we can prove the following result.

Lemma 2.6.3. Let {Vix}(1x)c(0,1)x be a dissipative measure-valued solution of problem (2.1.1)-
(2.1.6) in the sense of Definition 2.5.1, and let o,v > 0. Then

E(|r,U) >0,
and the equality holds if and only if
Vi = Op(x) ru(ty) fOrae (tx) € (0,T) x Q.

Proof. If o — p(0) is strictly increasing in (0, o), which is true in our case, then the pressure
potential P is strictly convex; indeed

P (g) = P'é@) S0

For a differentiable function this is equivalent in saying that the function lies above all of its
tangents:

P(g) = P'(r)(e—r) + P(r)

for all g,7 € (0,0), and the equality holds if and only if ¢ = r. In the latter case, it is also
easy to deduce that m = rU. O
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2.6.2  Relative energy inequality

Lemma 2.6.4. Let {Vix}(1x)e(0,1)x be a dissipative measure-valued solution of the compressible
Euler system with dampmg (2.1.1)—(2.1.6) with concentration measures U, U, and dissipation defect
D in the sense of Definition 2.5.1. Then, for every function

r—o0eC2([0,T] x Q),
U € C2([0, T] x O; RY),

in particular U - n|yq = 0, the following inequality holds:

[E(v|r, U to—l—a/ /<vtx, (m — QU)>dxdt—|—D(T)

= /0 /Q“’f"“' U —m) - [0;U + VU - U] dxdt

+ /OT/Q <VW 1,500 = ¢Y) f (oU —m) > o0 deat
[ sip(@) - p) v, U

[ o= P 0) (im0 9.0 s

T T T
0 JO 0 JQ 0 JO

Remark 2.6.5. Relation (2.6.2) is know as relative energy inequality.

(2.6.2)

Remark 2.6.6. Note that we must have ¢ > 0 if () is unbounded in order to guarantee that ¢
and r are bounded below away from zero.

Proof. First of all, we can take U as a test function in the momentum equation (2.5.2) to obtain

Q
/ / Vi x; p(0))div, U dxdt—a/ / Vi r;m) - U dxdt
+/ /VxUzdym,
0o JO

2|UJ? as a test function in the continuity equation (2.5.1) to get

1 t=1 T
5 [savrar] = [ {0000+ (m) - 9.0 0] axar
Q t=0 0 JO

+/ /U'VxU’dyc,
0 JO
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and P'(r) — P'(0) as test function in (2.5.1) to get
t=1 T
[~ P = [ [ wear ) s
Q t=0 0 JO
+ / / (v;m) - VP! (r) dxdt
0 Q

T
+ / / VP (r) - dpe.
0 [9)

Then, from the energy inequality (2.5.3), summing up all these terms we get

t=7

[ (i g hm = @UF + Pl) — 0P (1) + 2P (@) — P(@) ] B

+a / <vt,x;m . (m—QU)>dxdt+D(T)
0o Jo Q

§/ /(vt,x;QU—m)-[atU—l—VxU-U] dxdt
0o Jo

T — pa—
+/ 0 <Vt,x; To>0 (m — oU) f (U m)> : VU dxdt
0

/ (vi.x; p(0)) divy U dxdt

_ /O ' / (V1.0 )P () + (vic;m) - V2P (1)] dxdt

T T T
—/ /VXU cdpm +/ /U -V, U - du, —/ /VXP'(r) -due.
0o Jo 0o Jo 0o Jo

Notice that the term )
M (m-oU) = m_m.u
0 0

is well-defined and integrable. We have
P(o) —eP'(r) +2P'(2) — P(2) = P(e) = P'(r)(e =) = P(r) = [p(r) — p(@)],

where

[/{)(Vf,x;l?(f) - (@) dx} :; _ /OT/Q@t,x;at(p(r) ~ p(a))) dxdt

_ /0 ' /Q (ve;0ep(r)) dxdt.

Using relation p’(r) = rP”(r) along with the fact that

/ div[p(r)U] dx = / p(r)U-n dS, = 0,
O 20Q)
we can deduce that

/Q (v1.0:9p(r)) dx = /Q (Wi 73:P (1) + dive[p(r)U]) dx

= / (Vi x; 70+ P’ (1) + VP’ (r) - U + p(r) div, U) dx.
0

We finally obtain relation (2.6.2). O
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2.6.3 Density argument

Lemma 2.6.7. Let {Vix}(1x)c(0,r)x be a dissipative measure-valued solution of the compressible
Euler system with dampmg (2.1.1)—~(2.1.6) with the far field density 0 > 0 if () is unbounded, concen-
tration measures ., Wy and dissipation defect D in the sense of Definition 2.5.1. Then, the relative
energy inequality (2.6.2) holds for any

r—g e C([0,T; H"(Q))
U e c([o, T); H"(O; RY))

wherem>%+1isﬁxed,r>0andU-n|aQ:0.

Proof. Using the density of the compactly supported smooth functions in the Sobolev spaces,
we can find two sequences {r, — 0}uen C CP([0,T] x Q), {Un}nen C C2([0, T] x O;RY)
such that

—0o—r—o inC([0,T|;H"(Q)),
U, — U in C([0, T]; H"(Q;RY)).
If we now fix ¢ > 0, we know that there exists ny = ng(e) such that, for every n > ny

sup ||(r —ru)(t, ) [[1n(a) <&
te[0,T]

sup [|(U—Un)(t, )| gmiyrey < &
t€[0,T]

From now on, let n > ng; for each t € [0, T| we have

1
Viy; — |m — U2>dx
/Q<t’ 2™ Y
:/ <vt,x;1]m—Q(U—Un—|—UH)]2>dx
Q 20

:/ <1/t,x;1’m—QUn‘2> dx—/(vt,x;m—QUn>-(U—Un)(t,-) dx
o 20 0
1
+5 [ w0 = U, dx
Q
1

:/Q<1/t,x;2Q]m—QUn\2> dx

—/Q<Vt,x?m— (e—20)Un) - (U—-Uy)(t,) dX+Q/QUn ~(U—Uy)(t,-) dx

4 B
+/(1/t,x;Q—Q)]U—Un]2(t,-) dx—i—Q/ U= U, P, -) de.
2 /o 2 /o

Revoking the splitting (2.3.16) of an integrable function, we can write
/mm ~(@-2Us) (U= U,)(t,)
Vt x; ess Q @]essUn> : (U - Un)(t/ ) dx

Vt x/ res Q Q]resUn> (U - Un) (t/ ) dx;

_|_
D\D\
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since

<V(t,~); [m]ess - [Q - @]essUn>/ (U - Un)(t, ) S LZ(Q; ]Rd)

we can apply Holder’s inequality (1.1.1) withr =1, p =2 and g = 2 to get

/Q<Vt,x; [m]eSS - [Q - @]essUn> : (U — Un)(t, ) dx
< Sl[lp] [{v(1,.); [m]ess — [0 = QlessUn) || 12 arey (U = Un ) (£, )| 12 e
tel0,T

S sup [[(U—Un)(t)l[gnare)
te[0,T]

<e.

We also have that
(v(1,); [0 — QlresUn) € L7(K); R?)

with K compact and since 7y > —7211 we obtain
_ 21
<V(t,-); [m]res - [Q - Q]resUn> € L1 (Q; ]Rd);

using the embedding of the Sobolev space into the Holder one (1.1.11), we get that (U —
U,)(t,-) € L*(Q;R?) and hence, due to the interpolation inequality (1.1.3),

(U—-U,)(t,-) € LP((;R?) forall p € [2,c0].

Since % > 2, we can again apply Holder’s inequality (1.1.1) with » = 1, p = % and
qg= % to get
/Q<Vt,x; [m]res - [Q - @]resUn> : (U - Un)(t/ ) dx

< : —fo—0 — :

> t:‘[ég] H <V(t,‘)/ [m]res [Q Q]resUn> HL% (OR) H (U Un) (t, )HL%(Q;]R‘{)

S sup [[(U=Un) () [ ame)

t€[0,T)
<e.

On the other side, we can apply Holder’s inequality (1.1.1) with7 =1, p = 2 and g = 2 to
obtain

/Un'(U—Un)(t/') dx < sup [[Un(t, )l 2(qmre) | (U = Un) (£ ) 2o
Q te[0,T)

S sup [[(U—=Up)(t )| g (are
te[0,T)
<e.

~
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Similarly,
[ —@IU =) ds
= ‘/Q<Vt,x/' [0 — Cess + [0 — Qres) [U — Unfz(t, -) dx
< sup [[{vir,); [0 = Qless) |2 (ure) [ (U = Un) (& ) | Lo (aymey
te[0,T)
) _7res ; U—Un t,-
+ t:ﬁ] 1{V(t,)5 [0 = @res) [l Lriamey Il ( )( )HL%(QM
Se
and

[ 10Ut dx < sup /(U= U ienme < &
Q te[0,T]

Summarizing, so far we proved that there exists a positive constant C such that

- _ < - _ .
/ <1/t,x, Q|m QU[ >dx / <1/t,x, ZQ]m QU,Z] >dx—|—C£

Proceeding in a similar way, we can write

[ P(@) = P(r) (= 1)~ P()
= [ (1 P(@) = P(ra) o= 1) = P(r)) dx
+ [P e =r) = P0e=n) dx = [ [P() = P(r)l(t,) dx
— [ (i P() = Pr) @ = ) = P(r)) dx
+ [P = PO) = 1)+ POV ) dx = [ (1 [P = P ()]0 = ) v
= [ (i P() = P @ = 1) = P(r)) dx
+ B [ o) av-P@) [ e —0)(r - ) dx

+P(E) /Q (1 —Q)(r —ra) (¢, ) d.

We can now focus on the last three terms: the first one is simply bounded as follows

L =rt) dr < sup =)ty <
O telo,T)



2.6 WEAK-STRONG UNIQUENESS

the second one can be rewritten as
o= =r)(t,) ds

= [ tslo=Tes) (=)t dx + [ (vhsilo =T = 1)1, i
QO

< sup [[(vgr,; [@ = @less) lr2gamrey | (7 = 72) () [ 12()
te[0,T)

+ sup [[{v(r,); [@ = Clves) | Lrume) | = ) (8, )] 2
t€[0,T]
SE

4

Q)

notice that, if ¥ € (1,2) we use the same argument as before while if v € [2,00) we have
to use the Sobolev embedding in the Lebesgue spaces (1.1.8). For the last term we can use
Holder’s inequality (1.1.1) withr =1, p =2 and g = 2 to get

/Q(rn—e)(r—rn)(tw) dx < sup |[(rn = @) (& )l 2o | (r = ) (£, ) [ 12()

te[0,T]

S sup [[(r =) (8 ) |[n (o)
t€[0,T]

<e.

Again, summarizing, we proved the existence of a positive constant C such that

[ P(@) = P ()= 1) = P()
< / (V.0 P(0) = P/ (1) (@ — ) — P(ra)) dit + Ce.
@]

Repeating the same steps for each term that appears in the relative energy inequality and
introducing the operator

L(v|r,U)( —a/ / <1/tx,r: m — QU)>dxdt—|—D(T)
+/ /<Vf,x,'m_QU> - [0/U + V,U - U] dxdt
0o Ja

T —_— _
- / / <Vt,x} ILQ>0 (m QU) (f (QU m) > : VU dxdt

—I—/ (Vix; p(0) — p(r)) div, U dxdt
0 Jo

+// Vix; (0 —7)0:P'(r) + (m — ¥U) - V. P'(r)) dxdt

T T
+ / VXU d]/lm / /U ° VXU ° dl/lc - / /pr/(r) ° dl/lc,
0 Q 0 JO

€I, U)O)E + L], U)(x) < [Ew]ra, Un) ()20 + L£(v]r, Uy) (1) + Ce < Ce,

o
D

we have
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for some positive constant C, since for a test function we already proved that the relative
energy inequality holds which is equivalent in saying that

[€ (v]rn, Un) ()]iZg + L(v]rn, Un)(7) < 0.

By the arbitrary of € we can conclude that the relative energy inequality (2.6.2) holds for [, U]
as in our hypothesis. O

2.6.4 Vanishing of the relative energy

We are now ready to prove one of the main result: the weak-strong uniqueness principle.

Lemma 2.6.8. Let [r, U] be a strong solution of the compressible Euler system with damping (2.1.1)—
(2.1.6) such that, for a fixed m > % +1,

r—g e C([0o,T; H"(Q))
U e C([0, T); H"(0; R%))

where v > 0 and the far field density @ > 0 if the domain ) is unbounded. Let {Vtx} (1 x)c(0,1)x 2 be
a dissipative measure-valued solution of the same system (in terms of ¢ and the momentum m), with
the same far field density 0, concentration measures i, py and dissipation defect D in the sense of
Definition 2.5.1, such that

Vo,x = 5r(0,x),(rU)(0,x) fOT ae x € Q.

Then D(t) = 0and E(t) = 0 for all T € (0, T), where the relative energy functional & is defined as
in (2.6.1).

Proof. We can use the fact that [r, U] is a strong solution: from the momentum equation (2.1.2)
we can deduce that

U+U-V, U= —%pr(r) —aU = —P"(r)Vyr —aU = —V,P'(r) — aU;

substituting in (2.6.2), we get

0 +a [ [ (o lm = qUP ) dxai-+ D)
g/o /Q<vt,x;1g>0<m QU)Q(QU m)>:Vdexdt
[ [ twesipte) - p)div, U dxt
- [ [ (s 0o~ o+ Vor-u) dxat

—/ /VxU:dym—i—/ /U-VXU-dyC—/ /VxP’(r)-dyC.
0 JO 0 Ja 0 Jo

From the continuity equation (2.1.1) we also have

ot +V,r-U= —rdiv, U
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and thus, knowing that rP”(r) = p/(r), we get
T
[5(1/|1’,U)]ZS + a/ / Vi x; i]m — QU|2> dxdt + D(7)
0o Ja\ " 2

< / / <1/t,x;]lg>0 (m — oU) f (eU— m)> : VU dxdt
0 Ja

- /T/ (Vs plo) = p'(r)(@ —1) — p(r)) div, U dxdt
0 O

T T T
—/ /VxUzd],tm+/ /U-VXU-dyC—/ /VxP'(r)-dyc.
0 Jo 0o Jo o Jo

Finally, using the fact that the initial data are the same and thus £(v|r, U)(0) = 0, we end up
to

E(V|r,U)(T)+a/OT/Q<vt,x;21Q|m—QU|2>dxdt+D(T)
S/OT/Q<vt,x; (m—QU)f(eU—m)
4 [ [t lple) = )@ = 1) = p(r) ] civ, U] e
[ vl did+ [ U V.0 dd

T
[ L19P )] dlpe.
0 JO

Since U and P'(r) — P(9) are L*-functions, we can control terms |V,U|, | div, U|, |U- V,U|
and |V,P'(r)| by some constants. It is also obvious that there exist a constant c¢; such that

1Q>0

(nl——Q[J)Qé(Q[J~—-n1)‘j§ Elwn1<_ QL”2/
0 20

and a constant ¢» such that
Ip(e) = p'(r)(e—71) —p(r)| < ca(P(e) — P'(r)(e —7) = P(r)).

Thus
£(o,mlr, U)(1) + D(1) < c/o (£ (0, mlr, U)(£) + D(#)] dt.

By Gronwall lemma 1.5.2 we obtain
E(o,m|r,U)(1)+D(t) <0 forallTe (0,T).

But since £, D > 0 this implies D(7) = 0and £(7) =0forall T € (0, T). O

2.7 VANISHING VISCOSITY LIMIT

Unifying the two main results achieved in this chapter, namely Theorems 2.5.2 and 2.6.1, we
conclude the first part of the present thesis proving our last theorem: the solutions of the
Navier-Stokes system converge in the zero viscosity limit to the strong solution of the Euler
system with damping on the life span of the latter.
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Theorem 2.7.1. Let QO C R?, d = 2,3 be a domain with compact Lipschitz boundary and 0 > 0 be
a given far field density if Q) is unbounded. Let {or, mgr = ORruR }r>0 be a family of dissipative weak
solutions to the Navier-Stokes system (2.1.7) — (2.1.12) in

(O,T) X QR, QR = QQBR.

Let the corresponding initial data 0o, mo be independent of R satisfying

1 |mg|? _ _ _
w>0, [ 1305 4 plen) - P@)(e0 - 0) - Pl@)] dx < Ea

Moreover, suppose that (Qo -0, %) € H"(Q), m > % +1, and that

r—g e C([0,T]; H"(Q)))
U e C([0, T); H"(O; R%))

is the strong solution to the Euler system with damping (2.1.1)—~(2.1.6) with initial data (Qo, %)
Then

0R —0 =7 —0 in Cyear([0, T]; L* 4+ L7 (Q)) and in L' ((0, T) x K),
mg = 0rug — U i1 Coenc([0, T]; L2 + L37T (Q; RY)) and in L'((0, T) x K; RY)
as R — oo, for any compact K C Q).
Proof. In the proof of Theorem 2.5.2, we showed that
or =0 = (v; ¢ —0) in Cueak([0, T]; L + L7(€0)),
mg = (v; ) in Cuea([0, T L7 + L7 (RY)),

where
vty (t,x) € (0,T) x QO — P([0,00) x RY),

v e L%, ((0,T) x O;P([0,00) x RY)),

weak

is the Young measure associated to the sequence {or, mg } >0 but also the dissipative measure-
valued solution to the Euler system with damping. Since

Vo,x = 5g0(x),mg(x) fora.e. x € Q,
we can apply Theorem 2.6.1 to get that
Uty = Opix) Uty forae. (t,x) € (0,T) x Q,

and hence we obtain the claim. O
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ABSTRACT SETTING

Semiflow selection is an important tool when dealing with systems that lack uniqueness.
In these contexts, a natural question is weather it is possible or not to construct a solution
satisfying an important feature of systems with uniqueness, known as semigroup or semiflow
property: letting the system run from time 0 to time s, restarting it and letting it run from time
s to time t is equivalent in letting it run directly from time 0 to time t. The aim of this chapter
is to prove the existence of a semiflow selection with range the Skorokhod space of caglad, i.e.
left-continuous and having right-hand limits, functions, introduced and studied in Section
1.3.

The chapter is organized as follows. In Section 3.1 we will focus on autonomous systems.
More precisely, denoting with X the phase space and with 7 the trajectory space, our goal
is to prove the existence of a Borel-measurable map U : X — 7T satisfying the semigroup
property: for any initial data ug € X, U(up) is a solution of the system such that

U(UO)(t1 + tz) = U[U(UQ)(tl)] (tz) for any t1,tp > 0,

cf. Theorem 3.1.2. In Section 3.2 we will focus on non-autonomous systems, for which we
aim the prove the existence of a semiprocess {P;, }+,>0 such that, for any initial data v € X,
Py, (vo) is a solution of the system satisfying

Py, (vo)(t2) = Py [P, (Vo) (t1)](t2) for every to < t; < tp,

cf. Theorem 3.2.3. Considering the external force and the boundary condition not as quanti-
ties fixed from the beginning but as part of data, we will be able to show that some properties
of the data can be transferred to the semiflow selection, cf. Proposition 3.2.4.

3.1 AUTONOMOUS SYSTEM
Let us first consider a general autonomous system:

dru+A(u) =0 for (t,x) € (0,00) X Q,
u=20 for (t,x) € (0,00) x 0Q), (3.1.1)
u(0) = uy.

The word “autonomous” refers to the fact that the time variable does not appear explicitly
in the system. Consequently, (3.1.1) is time-shift invariant meaning that if u = u(¢, x) solves
(3.1.1), ST ou is a solution as well, where for every T > 0 the time-shift operator St is defined
as

Srou(t)=u(t+7T) forallt>0.

In particular, in this context it is not important to specify the starting time top > 0, which for
simplicity can always be taken as ty = 0.
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If there exists a unique solution for every fixed initial data, we can define a map U such
that for every initial data up

U(up)(t) is a solution of system (3.1.1) evaluated at time ¢ > 0.

If there exists a solution for every fixed initial data but it may not be unique, we can define
a map U such that, among all the solutions arising from ug, U(up) is the one satisfying the
semigroup property; more precisely

U(up)(t) is a solution of system (3.1.1) evaluated at time ¢ > 0 such that
U(UO)(tl + tz) = U[U(UO)(tl)] (tz) for every t1,tp > 0.

We will refer to the procedure of finding a map satisfying such an important feature of
systems with uniqueness as semiflow selection. The remaining part of this section will be
dedicated to the proof of the existence of a semiflow selection for autonomous systems.

3.1.1  Setting and main result

In order to state the main result of this section, i.e. the existence of a semiflow selection, it is
necessary to fix a proper setting. Let

e H be a separable Hilbert space with a basis {¢x }xen;

e X be the phase space associated to (3.1.1), which we suppose to be a closed convex subset
of H;

e 7 = D([0,00); H) be the trajectory space, where D([0,00); H) denotes the Skorokhod
space of caglad functions defined on [0,o0) and taking values in H, introduced and
studied in Section 1.3.2;

o U : X — 27 be the set-valued map that associates to every initial data up € X the family
of (classical, weak, measure-valued, ...) solutions to system (3.1.1) emanating from uy;
more precisely, for every ug € X

at any time f > 0, u(t) € X is the value
U(ug) :== qu e T : of asolution “in a certain sense” of . (3.1.2)

system (3.1.1) with initial data u(0) = up

Furthermore, we suppose that U satisfies the following properties.

(P1) Non-emptiness: for every uy € X, U(ug) is a non-empty subset of 7.
(P2) Compactness: for every up € X, U(up) is a compact subset of 7.
(P3) Measurability: the map U : X — 27 is Borel-measurable.

(P4) Shift-invariance: introducing the positive shift operator St o u for every T > 0 and
uecT as
Srou(t):=u(t+7T), forallt>0, (3-1.3)

then, for any T > 0, up € X and u € U(uy), we have

Srou e U(u(T)).
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(P5) Continuation: introducing the continuation operator u; Ur u, for every T > 0 and
u,up € T as

uy (£) for0<t<T,

forallt >0, 1.
w(t—T) fort>T, N 3:1.4)

m UT uz(t) = {

then, forany T > 0, up € X, u; € U(up) and up € U(ui(T)), we have

u; Urup € U(UQ).

Remark 3.1.1. It is worth noticing that requirement u(t) € X for any up € X, u € U(up)
and any t > 0 in definition (3.1.2) is necessary in order to guarantee the validity of the
shift-invariance and continuation properties.

We are now ready to state the following result; the proof is postponed to the next subsec-

tion.

Theorem 3.1.2. Let the mapping U : X C H — 27 satisfy properties (P1)~(P5) stated above. Then,
there exists a Borel-measurable map

U: X =T, U(u) € U(ug) for every ug € X,
satisfying the semigroup property: for any ug € X and any ty,t, > 0

Uluo)(f1 + £2) = U[U(uo) (11)](2)-
3.1.2  Proof of the existence of a semiflow selection

The idea of the proof of Theorem 3.1.2 is to reduce iteratively the set U (uy) for a fixed ug € X,
selecting the minimum points of particular functionals in order to obtain finally a single
point in 7, which will define U(ug). The procedure has been proposed by Cardona and
Kapitanski [20] in the context of continuous trajectories and later adapted to more general
setting by Breit, Feireisl and Hofmanova [14].

Let us consider the functionals I ;s : 7 — R defined for every u € T as

s = | Te M f ((u(t);e) dt, (3.1.5)

where A > 0, {e; }xe is a basis in H and f : R — R is continuous and bounded; this choice
is justified by the fact that for a fixed k € IN we can see I) s  as the Laplace transform of the
function f ((u(-);ex)), an useful interpretation for the proof of the existence of the semiflow
U.

The following result asserts the continuity of the map I, .

Proposition 3.1.3. Let A > 0,k € INand f : R — R be continuous and bounded. Then, the map
Ik T — R defined in (3.1.5) is continuous.

Proof. Let {u,},en in T be such that

u, »u in7 =9([0,00); H) (3.1.6)
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as n — oo. By Proposition 1.3.9, (3.1.6) implies in particular that
(uy(t);ex) — (u(t);ex) forae. te (0,00)

as n — co. Due to continuity and boundedness of f, we get

Barlu) = [ (e dt > [ f(alta)) d = (o),

0

i.e., what we wanted to prove. O

We define the selection mapping for every ug € X as
Dugpol(ug) = {ucU(ug): Igp(u) < Ihgs(t) foralld € U(uo)} (3.1.7)

Notice, in particular, that the minimum exists since I Ak, f is continuous on 7 and the set
U (up) is compact.

In the following result we will show that the set-valued mapping I, s o U satisfies prop-
erties (P1)-(P5); the proof is an adaptation of Proposition 5.1 in [14].

Proposition 3.1.4. Let A > 0,k € N and f : R — R be continuous and bounded. If the set—valued
map U : X — 27 satisfies properties (P1)~(Ps), then the set—valued map

I)\,k,f o : X — 2T,
defined for any ug € X as in (3.1.7), enjoys properties (P1)—(P5) as well.

Proof. (P1) Since the map I) ¢ is continuous and the set ¢/ (ug) is non-empty and compact
for any ug € X, we get that I x r o U (ug) is non-empty for any ug € X.

(P2) As the set of minima of a continuous function is closed (it is the counterpart of a point)
we get that I ;s o U(up) C U(up) is closed in a compact set and hence compact itself
for any up € X.

(P3) Notice that, since I r o U (up) is a compact subset of the separable metric space 7 for
any ug € X, the Borel-measurability of the multivalued mapping

w € X — Iypol(ug) € K27

corresponds to measurability with respect to the Hausdorff metric on the space of all
compact subsets of 7.

In other words, let dg be the Hausdorff metric on the subspace K C 27 of all the
compact subsets of 7

dy(Kqy, Kp) = gg{Kl C Ve(Ky) and Ky C Ve(Ky)} forall Ky, Kp € K,

where V;(A) is the e-neighborhood of the set A in the topology of T; then, it is enough
to show that the mapping defined for all K € K as

= < i~ ~ — .
IA,k,f[K] {Z c K’ I/\,k,f<z) < I/\,k,f(z) forall Z € K} {Z c K‘ l’ZrélIl;l IA,k,f(Z)}
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is continuous as a mapping on K endowed with the Hausdorff metric dgy. In particular

we want to show that if K, - K with K,,, K € K then Ty k. f[Kin] LN Ty fIK] asn — oo.

More precisely, it is enough to show that for every ¢ > 0 there exists ny = ny(¢) such
that
Trkf[Kn] C Ve(ris[K]) and Ty ¢ [K] C Ve(Za,s[Kn]) (3.1.8)

for all n > ny. First of all, notice that by the continuity of I s r we have

min [ — min [ as n — oo. 1.
nin I j, ¢ un Iy . s (3.1.9)

We start proving the first inclusion of (3.1.8). By contradiction, suppose that exists a
sequence {z, },eN such that

zn € Ky, I;hk,f(zn) = 1’1’[}11’1 I/\,k,f' Zn — Z € K\Ve(IA,k,f[K])

as n — oo; in particular, Iy x ¢(z) > ming I, x r. By the continuity of I x f we have
l’II‘éin I)\,k,f = IA,k,f(Zn> — IA,k,f(Z) > mlém I/\,k,f

as n — oo; but this contradicts (3.1.9). Interchanging the roles of K,, and K we get the
opposite inclusion in (3.1.8).

We want to prove the shift-invariance: for any T > 0, up € X and u € Iy 4, o U (uo)
Srou € IA,k,f o U(U(T))

Let v € U(u(T)); then, since in particular u € U(up) and U satisfies property (P5), we
get
uUrv € U(up).

From the choice of u, which minimizes I, s, ronl (up), we obtain
Dugp(u) < Ly s(uUrv). (3.1.10)

Hence, using (3.1.10) in the fourth line and the definition of U7 in the fifth line,

IA,k,f(ST ou) = /Ooo E_M f((u(t+ T);ek))dt

As v € U(u(T)) was arbitrarily chosen, we obtained that St o u minimizes I, ¢ on
U(u(T)) and consequently belongs to I, s s o U(u(T)) for any T > 0.
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(P5) We want to prove the continuation: for any T > 0, up € X, u; € Lixsold (up) and
u € Iy pold(ui(T))
u Urup € IA,k,f o) U(uo).

Using the shift-invariance for ¢/ we obtain
Stou; € U(ul(T));
since uy is a minimum of Iy r on U (uy(T)) we get

Dok (u2) < Iy (ST our). (3.1.11)

Hence, using (3.1.11) in the fourth line,

[ee]

T
Iy r (w1 Ur ug) = / M F ((wy(t);e)) dt + / M F ((uglt — T);ey)) dt
T 0
= [ Fuea) die T [Ce £ tals)e)) ds
0 0

T
. /0 e M f ((wi(t);er)) dt + e Ty p(un)

</Te_/\tf(<u ();ex))dt +e T I f(Sroug)
< 1(t); ex Ak f(STOU
0

T
= [ e e ar

+e M /OOO e f({(ui(s+T);ex))ds

T

= [N F e dr [ e (b)) dr
0 T

= D r(ur).

On the other side, using the continuation property for I we know that u; Ur up € U (uy)
and, since u; is a minimum of I 4 r on U (ug), we have

v p(ar) < Ly p(un Urug).
The only possibility is then
Lk, p(uy Ut up) = Dk p(ur),

which in particular implies that u; Ur up € It s o U(up).

We are now ready to prove the existence of the semiflow selection U.

Proof of Theorem 3.1.2. Fixing a smooth, bounded, strictly increasing function f : R — R and
a countable set {A;};cn dense in (0,0), we consider the functionals [;; : 7 — R such that

fatw = | oM (u(t) ) dt
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for any u € 7. Choosing an enumeration {j(i),k(i)}{*; of the all involved combinations of
indices, we define the maps

ik o ko, i=12,...
and
U= U
i=1
We will now show that the set-valued map
X 3 ugp > UP(ug) €27

satisfies properties (P1)—(P5) as well.

(P1)-(P2) First, notice that for every fixed initial data uy € X the sets U/ (u) are nested:

U (ug) DU (ug) D --- DU (ug) D ...

By Proposition 3.1.4 we obtain that U!(up) is a non-empty compact subset of 7, and
iterating this procedure we can deduce that the same holds for all &/ (ug). Since T
is a Hausdorff space, every compact set is closed; thus, the countable intersection of
closed sets U (up) is a closed subset of the compact set U!(ug). Applying Cantor’s
intersection theorem 1.5.10 we get in particular that /®(ug) is a non-empty compact
subset of T for every ug € X fixed.

(P3) As U® is an intersection Borel-measurable maps, it is Borel-measurable itself.

(P4) In order to prove the shift-invariance property, let up € X and u € U (ug); then, in
particular u € U/(uyg) for every j. By Proposition 3.1.4, we can deduce that U/ satisfies
the shift-invariance property for every j. This implies

Srou € U/(u(T)), forall jand all T > 0.

Thus
Srou € U®(u(T)), forall T > 0.

(P5) In order to prove the continuation property, let T > 0, up € X, u; € U*(up) and
uy € U®(uy(T)); then, in particular u; € U/(ug) and up € U/(uy(T)) for every j. By

Proposition 3.1.4, we can deduce that U/ satisfies the continuation property for every j.

This implies
uy Ur up € U/ (ug) for all j.

Thus
u Urup € Uoo<u()).

We now claim that for every ug € X the set U®(ug) is a singleton. Indeed, if uj,uy €
U (up) for a fixed up € X, then

Ligiy iy (01) = Ligiy k(i) (u2)
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for all i = 1,2,.... Since the integrals I[;; ;) can be seen as Laplace transforms of the
functions f ((u(-);ex)), we can apply Lerch’s theorem 1.5.7 to deduce that

f((uit);ex)) = f ((ua(t);ex))

for all k € N and a.e. t € (0, ). Since the function f is strictly increasing, we obtain that

(ui(t);ex) = (ua(t);er)

for all k € N and a.e. t € (0,00); in particular, from (1.3.5) we get that de(uj, up) = 0 and
thusuw =win 7.
Finally, we define the semiflow selection u for all up € X as

U(l.l()) = UOO(UO) eT;

mesurability follows from the property (P3) for ¢/*, while the semigroup property follows
from property (P4): for any up € X and any t,t, > 0

U(u)(t1 + t2) = St o U(uo) (t2) = U[U(uo)(t1)](t2).

O
3.2 NON-AUTONOMOUS SYSTEM
Let us now consider a general non-autonomous system
ov+ A(v) = f(t), for (t,x) € (ty, +00) x Q,
v =v(t), for (t,x) € (ty, +00) x 9Q), (3.2.1)
v(to) = vo,

where both the force f = f(t,x) and the boundary condition v, = v;(t, x) depend explicitly
on the time variable. The system is then no longer time-shift independent and it is always
necessary to specify the initial time o > 0. We would like to point out that actually the
specific form of the system is not important and never used. What really matters are the
axioms satisfied by the solutions, as we have seen in the context of autonomous systems.

If there exists a unique solution v for every fixed initial time fy > 0, we can define a
semiprocess { Py, },>0 such that for every initial data vy

Py, (vo)(t) is the solution of system (3.2.1) evaluated at time ¢ > f.

If there exists a solution v for every fixed initial time fp > 0 but it may not be unique, we
can select a semiprocess { P, }+,>0 such that, among all the solutions arising from an initial
data vy, Py, (vo) is the one satisfying an analogous of the semigroup property for autonomous
systems; more precisely,

Py, (vo)(t) is the solution of system (3.2.1) evaluated at time t > # such that

(3.2.2)
Py, (vo)(t2) = Py [Pi,(vo)(t1)](t2) for every to < t; < to.
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3.2.1  Setting and main result

First of all, we will consider the couple hy = [v}, f] not as a quantity fixed from the beginning
but as the data along with the initial condition vo. Let

e H be a separable Hilbert space;

o X be the phase space associated to system (3.2.1), which we suppose to be a closed convex
subset of H;

e Hp be the data space, which we suppose to be a time-shift invariant subspace of L{ ([0, %0); Xp)
with Xp a given Banach space, i.e., for every h € Hp

Sroh(t)=h(t+T) € Hp
e Ty, = D([to, 00); H x Hp) be the trajectory space for every fixed ty > 0;
e 0; : Hp — Hp be the operator such that

ho(t) for0<r<t,

2.
ho(r) forr >t (3-23)

01(ho)(r) = {

in particular, for any t > 0, o(hp) is the restriction of iy on (¢, c0) extended to be the
constant hy(t) on [0, t].

We can now give the following definition.

Definition 3.2.1. Let the spaces H, X, Hp, 7T, and the operator o; be fixed as above. A
generalized semiprocess {Gy, }1,>0 in X x Hp is a family of set-valued functions

Gy, : X x Hp — 270 for every to,
such that for every vg € X and every hy € Hp
at any time t > to, (v(t),h(t)) € X x Hp is
Gt,(vo, ho) = < (v, h) € Ty, : the value of a solution of system (3.2.1) with »,
initial condition vy and data h(t) = oy(hp)
satisfying the following properties.

(P1) Existence: for every ty > 0, every vo € X and every hy € Hp, there exists at least one
couple (V,h) S Qto (Vo, h())

(P2) Compactness: for every ty > 0, every vy € X and every hy € Hp, Gi,(vo, ho) is a compact
subset of Ty,.

(P3) Measurability: for every to > 0, Gy, : X x Hp — 274 is Borel-measurable.

(P4) Restriction-invariance: introducing for every w € () the restriction-operator R;,, with
t1 > to, as
Rt] ocw = w‘[tlroo)'

then, for every 0 < fy < t;, every vy € X, every hy € Hp and every couple (v, h) €
G, (vo, ho) we have

Ry, o (v,h) = (Ry, ov, Ry oh) € Gy [v(tr), h(t1)]. (3-2.4)
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Moreover, we say that a generalized semiprocess {Gy, }+,>0 is exact if the following property
holds.

(P5) Continuation: introduction for every wi € (U, wy € ), and s > ty the continuation
operator Uy, ¢, with 0 < tg < ty, as

wi(s) fors € [ty, 1],

wy(s) fors € (t,00).

w1 Uyt wa(s) = {

then, for every 0 <ty < t1, every vo € X, every hp € Hp and
(v1,h1) € Gy, (vo, ho),
(v, h2) € Gy [vi(tr), h(t1)],

we have
(v1,h1) Ugg,ry (V2,h2) = (V1 Usy gy Vo, B1 Upypy, h2) € Giy (o, ho). (3.2.5)

Remark 3.2.2. The validity of the restriction-invariance and continuation properties is tauto-
logical for the data terms. Indeed,

(P4) for every couple (v,h) € Gy (vo,ho), every (V,h) € Gy [v(t),h(t)], every t > t; and
r>0

and thus B
h(t) = o¢(ho) = Ry, o h(t) for every t > ty;

(P5) for every (vi,h1) € Gi,(vo, ho) and every (v, hy) € Gy, [vi(t1), h1(t1)] we have

hl(t> = 0}([’10) fort € [to, tl],

i (0 = {hz(t) =ai(in)(h) = oxlho) for t € (1, 00)

and thus
hi Ugp, ho(t) = ov(ho)  for every t > t.

We are now ready to state the following result; the proof is postponed to the next subsec-

tion.

Theorem 3.2.3. Let H be a separable Hilbert space, X a closed convex subset of H, Hp a time-shift

invariant subspace of L. (]0,00); Xp) with Xp a given Banach space, and let {Gy, }1,cr be an exact

generalized semiprocess in X x Hp in the sense of Definition 3.2.1. Then for every fixed ty > O there
exists a Borel-measurable map

Pto : X X HD — @([to,oo);H X HD)

such that
Py, [vo, ho] € Gi,(vo, ho), for every (vo,ho) € X x Hp

satisfying the following property:
Piy[vo, ho] (t2) = Py, [Py [Vo, ho] (11)] (£2), (3.2.6)

forany tg <ty < ty.



3.2 NON-AUTONOMOUS SYSTEM

3.2.2  Proof of the existence of the semiflow

In order to recycle the already existing results for autonomous systems and more precisely,
in order to apply Theorem 3.1.2, we must first convert our initial system (3.2.1) into an
autonomous one starting from 0. To this end, it is sufficient to think of the time t = t(s) as a
dependent variable of a new parameter s such that £(0) = to; for simplicity, we consider the

following translation
f(s) =1
t(0) =to

Introducing the new variable w = w(s, x) such that w(s, x) = [t(s), u(s,x) = v (£(s), x)], we
have

= t(S) = s+ fp.

osw = [f, t-ov] =[f, opv] = [1, f — A(v)],
w(0,-) = [£(0), v (£(0),-)] = [to, v (o, )] = [to, V0]

and thus (3.2.1) can be rewritten as

dsw+B(w) = [0, f(s+1tp)], for (s,x) € (0,+0c0) x O,
w = [0,vp(s+1)], for (s, x) € [0,4+00) x 0Q), (3.2.7)
w(0,-) = wy,

with B(w) = [-1, A(v)] and wo = [ty, vo]. We are now ready to prove Theorem 3.2.3.
Proof of Theorem 3.2.3. Let

e Y =1[0,00) X X x Hp;

e K=[0,00) x H x Hp;

e 7 = D([0,00);K) be the Skorokhod space of caglad functions defined on [0,0) and
taking values in K;

e U :Y — 27 be the set-valued map such that for every (o, vo, ho) € Y

at any time s > 0, (t(s),u(s),g(s)) € Yis

the value of the solution of system (3.2.7)
Ulto,vo ho) = 4 (L g) € T: e o Y . (3.28)
with initial condition (fg,vo) and data

8(5) = s+, (o)
In particular, it is easy to check that
(V/h) € gto(VO/ hO) = (t/u/g) € u(tO,VO,hO), (329)

where t(s) = s + tp, u(s) = v(s + tp) and g(s) = h(s + ty) for every s,tp > 0. Consequently,
we can deduce that I/ satisfies the following properties.

(P1) Existence: for every (to,vo, ho) € Y, U(to, Vo, ho) is a non-empty subset of 7.

(P2) Compactness: for every (to,vo, ho) € Y, U(to,vo, ho) is a compact subset of 7.
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(P3) Measurability: the set-valued map U/ : Y — 27 is Borel-measurable.

(P4) Shift-invariance: for every T > 0, every (to,vo,ho) € Y and every (t,u,g) € U(to, vo, ho),
we have
Sro(tu,g) € U(H(T),u(T),&(T)),

where we recall that the positive shift operator St is defined as in (3.1.3).
(P5) Continuation: for every T > 0, every (to, vo, ho) € Y and every

(tl,ul,gl) € U(to,Vo,ho)
(t2, 12, 82) € U(t1(T), m(T),81(T))

we have
(t1,u1,81) Ut (t2,u2, g2) € U(to, vo, ho),

where we recall that the continuation operator Ur is defined as in (3.1.4).

Properties (P1)—(P5) are a direct consequence of {Gy, }+,>0 being an exact generalized semipro-
cess. Let us check the shift-invariance and continuation properties.

(P4) Let T > 0, (to,vo, ho) € Y and (t,u,g) € U(to, Vo, ho) be fixed. Introducing v(t) := u(t —
to) and h(t) := g(t — to) for every t > to, from (3.2.9) we obtain that (v, ) € Gy (vo, ho);
moreover, noticing that for every s > 0and t =s+ty+ T

Sto(u,g)(s) = (u(s+T),g(s+T))
=(v(s+to+T) h(s+ty+T))
= (v(t),h(t))
= Ryyr1 0 (v, h)(t)

for every t > ty + T, from (3.2.4) we have
Riyrro (v, h) € Gy (v(to +T), h(to + T)) = Gy (u(T),8(T)),
and thus, from (3.2.9) we can deduce that
Sro(t,u,g) € U(H(T),u(T),8(T)).
(P5) Let T > 0, (to,vo, ho) € Y and
(t1,u1,81) € U(to, Vo, ho),
(t2,u2,82) € U(t1(T), ur(T), 81(T))
be fixed. Introducing
vi(t) :=uy(t —to), hi(t) == g1(t —to) for any t > to,
Vz(t) = uz(t — 1ty — T), hz(t) = gz(t —to— T) for any t > to+ 1T,
from (3.2.9) we obtain that

(vi,h1) € Gy (vo, ho)
(Vz,hg) S gt(T) (ul(T),gl(T)) = gt0+T(V1(t0 + T),h](to + T))
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Furthermore, for every s > 0 and t = s + tg

w U ua(s) = u(s) fors € [0,T]  [vi(t) fort € [to,to+ T]
1Uruz(s) = u(s—T) forse(T,oo)_ vo(t) fort € (fg+ T,00)

= Vi Upy tg+T V2(1),
for every t > t(; similarly, for every s > 0 and t = s + ¢
81Ur 82(8) = h1 Uy gy 47 h2(t).
Then, from (3.2.5) we obtain
(v1,11) Ut to+1 (V2, h2) € Giy(Vo, ho)
and thus, from (3.2.9) we can deduce that

(t1,u1,81) Ut (t2,u2,82) € U(to,vo, ho).

We can apply Theorem 3.1.2 to the set-valued map U to get the existence of a Borel-
measurable map

U:Y =T, Ulty,vo ho) € U(to,vo, ho) for every (to,vo, ho) €Y,
satisfying the semigroup property: for any (o, vo,hg) € Y and any sq,s2 > 0
U(to, Vo, ho)(Sl + Sz) = U[U(to, Vo, ho)(sl)] (Sz).

Writing for every s > 0
Ulto, vo, ho)(s) = (£ u,8)(s),
we can define the restriction mapping
V:[0,00) x X x Hp — ©([0,00); H X Hp)
(fo,vo, ho) — (u,g)(s),

and thus, to conclude it is enough to define for every (ty, vo, ho) € Y and every t > t
Pto (Vo, ho) (t) = V(to, Vo, ho) (t - to).

Indeed, for every ty < t; < t, we have

to, vo, ho) (t2 — to)

to,vo, ho) (t2 — t1 +t1 — to)

V(to, vo, ho)(t1 — to) [(t2 — t1)

[
[Pry (Vo, ho) (t1)](f2 — 1)
t [Peo (Vo, ho) (t1)](f2),

Py, (vo, ho) (t2) = V(
(

| T
< < <

I
el

where in the third line we used the fact that u satisfies the semigroup property. We get (3.2.6)
and thus the claim. O
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3.2.3 Properties

The inclusion of the data hy = [vp, f| appearing in (3.2.1) as part of a semiprocess guarantees
the validity of some useful properties for the correspondent selected semiflow, summarized
in the following result.

Proposition 3.2.4. Let H, X and Hp be fixed as in the hypothesis of Theorem 3.1.2. Let {Gy, }ye>0
an exact generalized semiprocess in X x Hp in the sense of Definition 3.2.1, and let {P(tg) },>0 be
the semiflow selection associated to {Gy, }+,>0. Then the following properties hold.

(i) If hg € Hp is independent of time, then Py (vo, ho) is independent of ty for every vy € X; in
particular, for every 0 < to < t1 and every vy € X we have

Py, (vo, ho) = St —t, © P, (vo, ho). (3.2.10)

(ii) If ho € Hp is periodic in time with period T, meaning ho(t + T) = ho(t) for all t > 0, then for
every to > 0 and every vo € X

Pto (Vo,ho) = ST ) Pt0+T(V0,h0). (3.2.11)

(iii) If hy,hy € Hp are such that hy(t) = hy(t) for all t > > 0, then for every ty > F and every
vg € X
Py, (vo, h1) = Py, (vo, ha). (3.2.12)

Proof. (i) Let P}, (vo, ho) = (v, h); then, in particular

V(fl) = Vp,
h(t) = ov(hy) forall t > ty,

where oy is defined as in (3.2.3). For every t > t; we have

Stl*fo o Pfl (Vo, ho)(t) = (Stl*to © V(t), Sf]*to © h(t))
= (v(t+t —ty), Syt 0 (0r(ho)))
= (v(t), or(ho)),

where in the last line we used the fact that /i is independent of time. Noticing that
§(t0) = V(t() +t — to) = V(tl) =V,

we recover that
St,—t, © P, (Vo, ho) € Gy, (vo, ho).

Uniqueness of the semiflow selection lead us to (3.2.10).
(ii) Let Pyyy1(vo, ho) = (v, h); then, in particular

V(to —+ T) = V),
h(t) = o¢(hg) forall t > ty+T.
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Proceeding as before, for every t > t; we have

St o Pyir(vo, ho)(t) = (Stov(t),Sroh(t))
= (v(t+T), Sro(oi(ho)))
= (V(t), St o (0(ho)) ).
Noticing that
V(tg) = v(to+ T) = vy,
and that, using the periodicity of hy, for every r > 0

Srohg(t) = ho(t+T) = ho(t) forre [0,4],

Stoho(r) = ho(r +T) = ho(r) forr € (t,00), = o(lo) (),

St o (0t(ho)) (r) = {

we recover that
St o Pyy1(vo, ho) € Gy (vo, ho).

Proceeding as in the previous step, we obtain (3.2.11).

(iii) For every t > to >, h1(t) = ha(t) and thus, for every r > 0 we have

I (t) = ha(t) forr € [0,1]

hi(r) = hy(r) forr € (t, ) = 0v(h2)(r);

0r(h1)(r) = {

then, (3.2.12) easily follows.
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COMPRESSIBLE NAVIER-STOKES SYSTEM

The goal of this chapter is to prove the existence of a semiflow selction for the compressible
Navier-Stokes system in the class of dissipative weak solutions, adapting the abstract ma-
chinery of the previous chapter to this context. Specifically, fixing a separable Hilbert space
H, a proper phase space X and letting 7 = D([0,00; H)) be the trajectory space, our goal is
to show the existence of a Borel-measurable map V : X — 7 associating to any initial data
[00,mg] € X the dissipative weak solution V[gp, my| satisfying the semigroup property: for
any t1 P tz Z 0
Vleo, mo](t1 + t2) = V[ V]go, mo](t1) ](£2)-

The chapter is organized as follows. In Section 4.1 we introduce the system, while in
Section 4.2 we recall the definition of a dissipative weak solution, assuming that the energy
equals almost everywhere a caglad function E, cf. Definition 4.2.1. In Section 4.3 we prove
the existence of a semiflow selection depending on the initial density ¢p, momentum my
and energy Eo, cf. Theorem 4.3.1, moreover, we show that it is possible to select only the
admissible solutions, i.e. the ones minimizing the total energy, cf. Lemma 4.3.6. Due to the
fact that the energy can be written in terms of the density and momentum at least almost
everywhere, in Section 4.4 we prove the existence of a restricted selection not depending on
Ey, cf. Theorem 4.4.1.

4.1 THE SYSTEM

We consider the compressible Navier-Stokes system, described by the following couple of equa-
tions

90 + divy(ou) =0, (4.1.1)
dt(ou) + dive(ou ® u) + Vyp(0) = divy S(Vyu). (4.1.2)

The unknown variables of the system are the density ¢ = o(t,x) and the velocity u = u(t, x).
The term p = p(0) denotes the pressure, which we assume to be of the type

ple) =aqg’ (4.1.3)
with a > 0 and the adiabatic exponent
d
v > EI
but more general types of pressure preserving the essential features of (4.1.3) are allowed,

such as
p € C[0,00) N C(0,00), p(0) =0, p'(0) > 0 for ¢ > 0. (4.1.4)

The term S = S(V,u) denotes the viscous stress tensor, which is supposed to be a linear
function of the velocity gradient, more precisely to satisfy Newton’s rheological law

S(Vyu)=pu (qu +Via— g(divx u)II> + A(divyu)T, (4.1.5)
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with 4 > 0 and A > 0. We will consider the system on the set
(t,x) € (0,00) x O,

where QO € R?, d = 2,3 is a bounded domain with 9Q of class CZtV for a certain v > 0. As
our goal is to handle a potentially ill-posed problem, we have deliberately omitted the case
d = 1, for which the problem is known to be well posed, see Kazhikhov [52]. Finally, we
impose the no-slip boundary condition for the velocity

ulpn =0 forallt € [0,00), (4.1.6)

and prescribe the initial conditions

0(0,-) = 0o, (eu)(0,-) = (ou)o. (4.1.7)
4.1.1  Renormalized continuity equation

A crucial step for proving the existence of weak solutions to system (4.1.1)—(4.1.7) consists in
rescaling the state variables in the continuity equation (4.1.1). Formally, we multiply (4.1.1)
by B'(¢), with B a smooth function, to get

9:B(0) + VxB(0) -u+ 0B'(0)divyu =0,
which can be rewritten as
8:B(0) + div(B(o)u) + (oB'(0) — B(0)) divyu = 0. (418

Equation (4.1.8) is known as renormalized continuity equation. Even if in our analysis we mainly
follow Feireisl [33], the idea of renormalization can be traced back to the pioneering work of
Kruzkov [53] and later DiPerna and Lions [30].

4.1.2  Energy balance

We recall that the compressible Navier-Stokes system (4.1.1)—(4.1.7) has already been intro-
duced in Chapter 2. More precisely, multiplying the balance of momentum (4.1.2) by u and
introducing the pressure potential P = P(p) as a solution of

oP'(0) — P(0) = p(o), (4-1.9)

in Section 2.2.1 we have recovered the energy balance

d 1
I /Q [Zg|u|2 + P(Q)} dx + /QS(qu) : Vyudx =0. (4.1.10)

The quantity
1
E(t) := / [zg\u\z +P(Q)] dx
0

represents the total mechanical energy of the fluid. Noticing that from (4.1.5) and (4.1.6)

/ S(Viu) : Vau dx — y/ |V ul2dx + (A + y)/ | divy ul2dx > 0,
(@) (@) @)
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then, from (4.1.10), we can deduce that E = E(f) is a non-increasing function. As the First
law of thermodynamics asserts that the total energy of a closed system is conserved, E(t)
cannot be the total energy of a viscous fluid at time ¢. In accordance with the Second law
of thermodynamics and (4.1.10), a part of the mechanical energy is irreversibly converted to
another form of internal energy associated with the production of heat as long as the fluid is
in motion. In the framework of our simplified model, the resulting changes of temperature
and their influence on the fluid motion are not taken into account. A mathematical theory
for the full energetically complete system has been developed by Feireisl and Novotny [42].

Moreover, if we deal with the concept of strong solutions, i.e. if ¢ and u are smooth
functions solving equations (4.1.1) and (4.1.2) pointwise, we may integrate (4.1.10) over (0, T)
to get

%Q!ulz—l-P(Q) (@) dx+ [ [ S(Viw): Vyu drdt = zi\(eu>o!2+P<eo) dx,
0 0 JO Q <00

(4.1.11)
for every T > 0.

4.2 DISSIPATIVE WEAK SOLUTION

We are now ready to give the definition of a dissipative weak solution to the compressible
Navier-Stokes system.

Definition 4.2.1. The pair of functions ¢, u is called dissipative weak solution of the Navier-
Stokes system (4.1.1)—(4.1.7) with total energy E and initial data

o0, (qu)o, Eo] € LT(02) x L7 (Q;R) x [0,0)
if the following holds:
(i) regularity class:
10,08, E] € Ceato[0, %0);L7())  Copoe([0,9); L7 (O RY)) x D ([0, 0)),

with ¢ > 0;

(ii) weak formulation of the renormalized continuity equation: for any T > 0 and any functions
B € C[0,00) N C!(0,00), b € C[0, ) bounded on [0, ),
B(0) =b(0) =0 and b(z) =zB'(z) — B(z) for any z > 0,
the integral identity

[/o Bloe(t,) d"} Z_O = /0 T /Q [B(0)21¢ + B(0)u- Vg +b(0) divy ug] dxdt, (4.2.1)

holds for any ¢ € C1(]0,0) x ), with 0(0,-) = 0o;

(iii) weak formulation of the balance of momentum: for any T > 0 the integral identity

t=1 T
[/Q ou-¢(t,-) dx} = /0 /Q[Qu 0+ (ou®u) : Vyp + p(o) divy @] dxdt,
t=0

—/ /S(qu) : Vg dxdt
0 Jo
holds for any ¢ € C!([0,0) x Q;RY), with (ou)(0,-) = (ou)o;

(4.2.2)
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(iv) energy inequality: the caglad function E is non-increasing in [0, o), satisfies

1
/Q [2@“’2 +P(Q>] (T,7) dx = E(7), (4-2.3)
for a.e. T > 0, and the energy inequality
T T
[Eyli—2t - / E(t)y'(t) dt + / n /Q S(Vyu) : Vyu dxdt <0 (4.2.4)
T T

holds forany 0 <11 < 1, ¢ € Cl[0,0), ¢ > 0, with E(0—) = Eo.

Notice that conditions (i) of Definition 4.2.1 and E(0—) = Ep come naturally from the
assumption that the total mechanical energy of the system is bounded at the initial time
t = 0, specifically

E(0+) < E,.

The integral identities (4.2.1) and (4.2.2) can be easily deduced multiplying equations (4.1.8)
and (4.1.2) respectively by test functions, integrating over (0, 7) x Q) and performing an inte-
gration by parts.

Regarding condition (iv) of Definition 4.2.1 a preliminary remark is necessary: it is an
outstanding open problem if the energy equality (4.1.11), which has been derived under the
assumption of smoothness of all quantities involved, holds for any weak solution satisfying
(4.2.1) and (4.2.2). The problem is that the mechanical energy dissipation can be enhanced by
singularities and, if this occurs, a non-negative measure must be added to the left-hand side
of (4.1.10). Accordingly, we obtain the mechanical energy inequality in the form

E(T)—f—/OT/QS(qu) . V,u dxdt < E(0),

for a.e. T > 0, or its distributional form expressed by (4.2.4).

4.2.1  Admissible solution

Following Breit, Feireisl and Hofmanova [14], we introduce a subclass of dissipative weak
solutions that reflect the physical principle of minimization of the total energy. At the present
state, we retain the total energy E as an integral part of the solution so we work with the
triples [0, m, E|. Finally, in Section 4.4 we pass to the natural state variables [o, m]. To this
end, let [Qi,mi, Ei], i = 1,2, be two dissipative solutions starting from the same initial data
[00, my, Ep]. We introduce the relation

[0}, m!, E'] < [0®, m? F?] < El(t4) < E*(t=£) for any 7 € (0, ).

Definition 4.2.2. We say that a dissipative weak solution [¢, m, E] to problem (4.1.1)-(4.1.7)
starting from the initial data [0g, mo, Eo] in the sense of Definition 4.2.1 is admissible if it is
minimal with respect to the relation <. Specifically, if

[0,1, E] < [o,m, E],
where [, ™, E] is another dissipative solution starting from [go, mg, Eg], then
E=E in[0,00).

In particular, such selection criterion guarantees that equilibrium states belong to the class
of dissipative weak solutions (see [14], Section 6.3).
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4.3 SEMIFLOW SELECTION

Our goal is to apply the abstract machinery introduced in the previous chapter in order to
show the existence of a semiflow selection for system (4.1.1)—(4.1.7). More precisely, we aim
to prove Theorem 4.3.1 below, fixing first a proper setting.

4.3.1  Set-up

First of all, we must fix the separable Hilbert space H, the phase space X C H and the map
U introduced at the beginning of Section 3.1.1. In this context

o H:=W2(Q) x W*2((;RY) x R, where the natural number k > ¢ + 1 is fixed. This
particular choice of k guarantees the compact embedding

L1(Q) —— W k2(Q) foranygq>1,
as clearly noticeable from (1.1.10);

e the phase space X can be chosen as
X := {[Qo,mo, Eo) e H: ¢p € Ll(Q), 00>0, mgy e Ll(Q;le) satisfying (4.3.1)}

where

1 2
/ {2 mol” P(Qo)] dx < Eo; (4-3-1)
Q Qo

e U : X — 27, with the trajectory space
T =2([0,); H),

is the set-valued mapping that associate to every [0o, mo, Eg] € X the family of dis-
sipative weak solutions in the sense of Definition 4.2.1 arising from the initial data
[00, My, Eo]. More precisely, for every [0o, mp, Eg] € X

at any time t > 0, [o(¢,-), m(¢t,-), E(t)] € X

is a dissipative weak solution of

U[go, mo, Eo] = { [o,m,E] € T : :
problem (4.1.1)—(4.1.7) in the sense of

Definition 4.2.1 with initial data [gg, mo, Eo|

Notice that everything is well-defined; indeed, denoting with L! (Q) the space of non-
negative integrable functions on (), we can rewrite X as

{loo,mo, Eo] € L} (Q) x LY(;R?) x R : g(0o, mp) < Eo},

so that it coincides with the epigraph of the function g : L1 (Q) x L'(Q;RY) — [0, +oo]
defined as

g(00,mg) = /Q B |n;2|2 +P(Qo)} dux.
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From the fact that
0 ifm=0,
[o,m] s M2 5550,
00 otherwise,

we get that the function g is lower semi—continuous and convex and thus, from Theorem 1.5.5,
condition (i), we deduce that its epigraph is a closed convex subset of LY (()) x Lt (O, RY) x
R for all v > %.
From our choice of k, we can use the Sobolev embedding (1.1.10) with p = 2 to conclude
that
Cueakloc([0,00); L (€2)) = Cioe([0, 00); W 2(Q2)) = D([0, 00); W3(QY)),

for every r > 1. Furthermore, due to the weak continuity of the density ¢ and the momentum
m, for every fixed T > 0 and every t € [0, T], from the energy inequality we can deduce that

le(t )iy < sup ot )llLra) < ¢ sup [[1+P(e)(t -)lILia) < c(Eo, Q),

te[0,T] te[0,T]
t,- < t,-
It 2, S S50 I MQJHQW)
<e$w4\ IV/alt, ey < c(Eo, Q).
te(0, T \f L2( Qle

Finally, from condition (i) of Definition 4.2.1 we also have that ¢o(t,-) > 0 for all t > 0,
while relation

1355 p@) ) ax < B = £

holds for all t > 0 since the energy is convex and ¢ and m are weakly continuous in time. In
particular, we have that for every t > 0

lo(t,-),m(t,-),E(t)] € X.
4.3.2  Main result

Keeping in mind the notation introduced in the previous section, we are now ready to state
our main result.

Theorem 4.3.1. The compressible Navier-Stokes system (4.1.1)—(4.1.7) admits a semiflow selection U
in the class of dissipative weak solutions, i.e., there exists a Borel measurable map U : X — T such
that

Uloo, my, Eg] € U[oo, my, Eo| for any [09, my, Eg] € X

satisfying the semigroup property: for any [0o, mo, Eg] € X and any t1,t, > 0
Ulgo, mo, Eo](t1 + t2) = U[ Ulgo, mo, Eo](t1) ] (f2)-

Theorem 4.3.1 is a consequence of Theorem 3.1.2 once we have verified that I/ satisfies
properties (P1)—(P5). To this end, we emphasise the following points.
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e Property (P1) is equivalent to showing the existence of a dissipative weak solution in
the sense of Definition 4.2.1 for any fixed initial data [09, mp, Eg] € X. This is the main
result achieved in Feireisl [33], Theorem 7.1, which we report for reader’s convenience.

Proposition 4.3.2. Let [09,mo, Eg] € X be given; then the Navier-Stokes system (4.1.1)—
(4.1.7) admits a dissipative weak solution in the sense of Definition 4.2.1 with the initial data
[QO/ my, EO] .

Properties (P2) and (P3) hold true if we manage to prove the weak sequential stability of
the solution set U[0o, my, Eo| for every [0o, mp, Eg] € X fixed, since it will in particular
imply compactness and the closed-graph property of the mapping

X 3 [00,mo, Eo] — U, mg, Eo] € 27,

and thus the Borel-measurality of U/, c¢f. Lemma 1.5.9. Again, the weak sequential
stability of the solution set has already been proved in Feireisl [33], Theorems 6.1, 6.2,
which we report for reader’s convenience.

Proposition 4.3.3. Suppose that {00, Mo, Eon}nen C X is a sequence of initial data giving
rise to a family of dissipative weak solutions {0,, My, Ey }nen to problem (4.1.1)—(4.1.7) in the
sense of Definition 4.2.1, that is, [0y, my, E,] € U[00,n, M0 4, Eo ] for any n € IN. Moreover,
we assume that the initial densities converge strongly

0on — 00 inL7(Q)

as n — oo and there exists a constant E > 0 such that Ey, < E for any n € N.

Then, passing to suitable subsequences as the case may be,
.2 i
mg, — my in LF1((Q;R?),
EO,n — EO

as n — oo, and
On — 0 in Cweak,loc([ol oo); LW(Q))

m, —m in Cweak,loc([ol oo); L% (Q/ Rd))
E, - E in®([0,0);R)
as n — oo, where
lo,m, E] € U[go, my, Eo).

Property (P4) is equivalent to showing the following lemma.
Lemma 4.3.4. Let [0p, mo, Eo] € X and [0, m, E] € U[op, my, Ey]. Then we have

Sto[o,m,E] € U[e(T), m(T), E(T)]
forany T > 0.
Proof. Clearly, a dissipative weak solution on the time interval (0, o) solves also the

same problem on (T,c0) with the initial data [o(T), m(T), E(T+)]. Shifting the test
functions in the integrals, this implies

Srolo,m,E] € U[o(T), m(T),E(T+)].
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Since the energy is non-increasing and caglad, we can choose E(T) as initial energy;
indeed, everything will be well defined

SroE(0—) = E(T) = E(T—) > E(T+).

e Property (P5) is equivalent to showing the following lemma.
Lemma 4.3.5. Let [09, mg, Eo] € X and
o', m', E'] € Ugo, mo, Eol, [0®>,m?, E?] € U[g"(T),m'(T), EX(T)].
Then
[0}, m!, EY) Ut [¢?, m?, E?] € U0, mo, Eo)].

Proof. We are simply pasting two solutions together at the time T, letting the second
start from the point reached by the first one at the time T; thus the integral identities
remain satisfied. Choosing the initial energy for [0?, m?, E?] equal to E(T) = E}(T—),
the energy of the solution [g!, m!, E'] Ur [¢?, m?, E?] remains a non-increasing caglad
function defined on [0, o). O

4.3.3 Selection of admissible solutions

If we want to select only the admissible solutions in the sense of Definition 4.2.2, it is sufficient
to start the selection considering in (3.1.5) the functional I ; with the function f strictly
increasing and such that

f({u(t);ex)) = f(E()) forallt >0,
where u(t) = [o(t,-), m(¢,-), E(t)].

Lemma 4.3.6. Let f : R — R be smooth, bounded and strictly increasing. Suppose that [0, m, E| €
U[oo, my, Eo| satisfies

| et e ar< [ etrE®) a (43.2)
0 0
for any [9,t, E] € U[0o, my, Eg]. Then [0, m, E| is < minimal, meaning, admissible.

Proof. We proceed by contradiction. Let [g, 1, E] € U[gp, my, Eg] be such that [9,m, E] <
[o,m, E], that is, E < E in [0,00). Then, since f is strictly increasing, f(E(t)) < f(E(t)) for
every t € [0,00), which implies that e ![f(E(t)) — f(E(t))] > 0. Using the monotonicity of
the integral, we obtain

/ e F(E() — FE(®)] dt > 0;

on the other side, condition (4.3.2) tells us that

/ e F(E() — FE()] dt < 0.

The only possibility is to have the equality in both the integral relations above and thus
f(E(t)) = f(E(t)) for a.e. t € (0,00); since f is strictly increasing, this implies E = E a.e. in
(0,00). O
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4.4 RESTRICTION TO SEMIGROUP ACTING ONLY ON THE INITIAL DATA

As a matter of fact, the semiflow selection U = U{gy, my, Ep} is determined in terms of the
three state variables: the density ¢, the momentum m, and the energy E. Introduction of the
energy might be superfluous; indeed, as pointed out in (4.2.3)

1|m|>
E(7) = o2 o +P(o)| (t,-) dx fora.e. T>0.
The point is that the equality holds with the exception of a zero measure set of times. More
specifically, the energy E(7) is a caglad non-increasing function with well-defined right and

left limits E(7+), while
1|mJ?
L3R+ p] ) as
is defined at any T in terms of weakly continuous functions t — ¢(¢,-), t — m(¢,-). Due to
the convexity of the superposition
m|?

lo,m] — Z—— + P(0)

2

T|—>/ [|m|2 )} (7,-) dx

is lower semi—-continuous in 7. In particular,

the function

/Q B'mQ’Z + P(Q)] (t,-) dx < E(t+) for any T,

where equality holds with the exception of a set of times of measure zero.

We may introduce a new selection defined only in terms of the initial data ¢p, mg; however,
the price to pay is that the semigroup property will hold almost everywhere in time. More
specifically, we can state this final result.

Theorem 4.4.1. Let U : X — T, U = UJeo, my, Eo| be the semiflow selection associated to the
compressible Navier-Stokes system (4.1.1)—(4.1.7) stated in Theorem 4.3.1. Consider the set of initial

data . )
o o, (252 )] ).

Defining V : X — T such that
1 2
Vigw,mol (1) = U [eo,mo, [ (305 plan) ) x|
Q Qo

forall t € (0,00), then V will satisfy the semigroup property only almost everywhere; more precisely,
calling T C (0, 00) the set of times defined as

T— {TE (0,00) : E(7) :/ B "‘;‘2+p(9)] (7,) dx},

then T is a set of full measure and

Voo, mo](t1 + t2) = V[ V]go, mo](t1) ] (t2)
holds for all t1,t, € T.
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In this chapter we aim to prove the existence of a semiflow selection for a compressible non-
Newtonian fluid in the class of dissipative solutions. Specifically, we assume a barotropic
pressure p(0) = ag”, v > 1, and the viscous stress tensor S to be related to the symmetric
velocity gradient ID,u through a general implicit rheological law. To verify the validity of
Theorem 3.1.2 in this context and more precisely, in order to verify the validity of properties
(P1)—(P5) of Section 3.1.1 for the set-valued map U that associates to every initial data the
family of dissipative solutions emanating from it, there are two main problems to handle:
the weak sequential stability and the existence of dissipative solutions for v = 1, which may
be of independent interest.

The chapter is organized as follows. In Section 5.1 we introduce the system, while in
Section 2.5 we give the definition of dissipative solution, which can be seen as a dissipative
weak solution of the problem with an extra term appearing in the balance of momentum
and energy inequality, representing a concentration measure. In Section 5.3 we fix a proper
setting and state the existence of a semiflow selection, cf. Theorem 5.3.2. Section 5.4 is
devoted to the proof of the weak sequential stability of the solution set, cf. Theorem 5.4.1,
based on the family of a priori estimates that can deduced assuming the initial energies to
be uniformly bounded. In Section 5.5 we focus on showing the existence of dissipative solu-
tions when the pressure is a linear function of the density, cf. Theorem 5.5.12; more precisely,
we perform a three-level approximation scheme: addition of artificial viscosity terms in the
continuity equation and balance of momentum in order to convert the hyperbolic system
into a parabolic one, regularization of the convex potential to make it continuously differen-
tiable, approximation via the Faedo-Galerkin technique and a family of finite-dimensional
spaces. Finally, in Section 5.6 we study under which conditions it is possible to guarantee
the existence of dissipative weak solutions for y = 1.

5.1 THE SYSTEM

A mathematical model of compressible viscous fluids can be described by the following
system

0:0 + divy(ou) =0, (5.1.1)
dt(ou) +divy(ou® u) + Vyp(0) = divy S. (5.1.2)

Analogously to the compressible Navier-Stokes system examined in the previous chapter, the
unknown variables are the density o0 = o(t, x) and the velocity u = u(t, x), while the viscous
stress tensor S is assumed to be connected to the symmetric velocity gradient ID,u through
Fenchel’s identity

S :DDyu = F(IDyu) + F*(S), (5.1.3)
where, denoting with ngxrff the space of d-dimensional real symmetric tensors,

F: ngxrﬁ — [0, 00) is convex and lower semi-continuous with F(0) = 0, (5.1.4)
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and F* is its conjugate. Furthermore, following [2], Section 2.1.2, we will suppose F to satisfy

relation .

E(D) > u ‘]D - %Tr[]D]I[

—c¢ forallD € Rg;rﬁ, (5.1.5)
for some y > 0, c > 0 and g > 1. Notice that condition (5.1.3) is equivalent in requiring
S € 0F(Dyu),

where 0 denotes the subdifferential of a convex function.
Regarding pressure, for simplicity we will consider the standard isentropic case

p(e) =a0”, v>1, (5.1.6)

with a a positive constant; however, more general EOS preserving the essential features of
(5.1.6) such as (4.1.4) can be considered. The pressure potential P, satisfying the ODE

oP'(¢) — P(e) = p(a),

will be of the form

aglogo ify=1,
P(o) = { RIS , (5.1.7)
ﬁe if v > 1,
in particular, this implies that
P is a strictly convex superlinear continuous function on [0, ). (5.1.8)

We will study the system on the set
(t,x) € (0,00) x O,

where the physical domain Q) C R is assumed to be bounded and Lipschitz, on the bound-
ary of which we impose the no-slip condition

ufan = 0. (5.1.9)
Finally, we fix the initial conditions
0(0,-) = 0o, (eu)(0,-) = my. (5.1.10)

We conclude this section with the following result, collecting the significant properties of
the conjugate function F*.

Proposition 5.1.1. Let the function F satisfy conditions (5.1.4). Then, its conjugate
F*: ]ngxrff — [0, c0] is convex, lower semi-continuous and superlinear. (5.1.11)

Proof. First of all, we recall that F* is defined for every A € ]R‘Siyxn‘;l as

F*(A):= sup {A:B—-F(B)}.

BeR&:H
The non-negativity of F* is trivial if F(0) = 0 since

F*(A)>A:0—F(0)=0 forevery A c R

sym
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It is also well-know that the conjugate is convex and lower semi-continuous as it is the
supremum of a family of affine functions. It remains to prove the superlinearity:

lim Fr(A)

= +o0. (5.1.12)
A]—e A

Let B (0) be the ball centred at origin and radius R > 0; using the fact that for any A € R%:¢

sym
sup A:B= sup {A:B—F(B)+F(B)} <F*(A)+ sup F(B)
BEBg(0) BEBg(0) BEBg(0)
we have (A)
F*(A { A } 1 c
> su r—:Vp—— sup F(B)>R——,
AT = o2 UTA] AT ponto A
IV|<1
where we used the fact that F(IB) is finite for any B € ngxrﬁ. We conclude that
limian (A) >R,
Ao A
and, since R can be chosen arbitrarily large, we obtain (5.1.12). O

5.2 DISSIPATIVE SOLUTION

Following the work of Abbatiello, Feireisl and Novotny [2], we introduce to the concept of
dissipative solutions. From now on, it is better to consider the density ¢ and the momentum
m = gu as state variables, since they are at least weakly continuous in time.

Definition 5.2.1. The pair of functions [¢, m] constitutes a dissipative solution to the problem
(5.1.1)—(5.1.10) with the total energy E and initial data

[00,mo, Eo] € L7(Q) x L1 ((; RY) x [0, c0)
if the following holds:
(i) ¢ > 0in (0,00) x Oy and

[le/ E] S Cweak,loc([or °°>; L,Y(Q)) X Cweak,loc([or Oo); L%(Q;]Rd)) X 9([()’00));

(ii) the integral identity

t=t1 T
{/Q o(t,-) dx] » :/0 /Q[Qatgo+m-vx§0] dxdt (5.2.1)

holds for any 7 > 0 and any ¢ € C}([0,00) x Q), with 0(0, ) = oo;
(iii) there exist

S € L (0,00, LY REXD)) and ;€ L2, (0, 00, M (4 RE:))

sym weak sym
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such that the integral identity

=T
[/m o(t dx] / / [m o1 + ILQ>0 qu)+p(g)divx(p dxdt
t=0

/ /S Vx(pdxdt—I—/ /V(p dR dt
(5.2.2)

holds for any T > 0 and any ¢ € C}([0, ) x O;R?), @[30 = 0, with m(0, -) = my;
(iv) there exists

ue L?OC(O, o; Wé’q(ﬂ; RY)) such that m = gu a.e. in (0,c0) x (;

(v) there exist a constant A > 0 and a caglad function E, non-increasing in [0, o), satisfying

m 2
L3254 po) o av ;[ ation) = £ 52

for a.e. T > 0, such that the energy inequality
By - [T By dr / v [ PO +FO)] dxdt <0 (524)
T

holds for any 0 < 7y < 1, and any ¢ € C}[0,00), ¥ > 0, with E(0—) = Eg > E(0+).

Remark 5.2.2. As was proved by Abbatiello, Feireisl and Novotny [2], the notion of solution
introduced in Definition 5.2.1 satisfies the weak-strong uniqueness principle: a dissipative so-
lution of (5.1.1)—(5.1.10) coincides with the strong solution of the same problem emanating
from the same initial data as long as the latter exists, cf. Theorem 6.3 in [2].

The notion of dissipative solution introduced in Definition 5.2.1 is a natural generalization
of the original concept of dissipative measure-valued solution, constructed through Young
measure and extensively analysed in the first part of this thesis for the compressible Euler
system with damping, cf. Section 2.4. As clearly explained in Section 5.4, the concentration
measure R, that we may call Reynolds stress, appearing in the weak formulation of the balance
of momentum (5.2.2) arises from possible oscillations and /or concentrations in the convective

and pressure terms
mQ®m

Io>0 +p(e)I

when 7 > 1, while for vy = 1, i.e. when the pressure is a linear function of the density o, it
is only the convective term that contributes to R. By consistency, we should have introduced
the dissipation defect ¢ € L2 . (0,00, M™(Q))) of the total energy arising from possible
concentrations and/or oscillations in the kinetic and potential energy terms

E(7) = /Q [2Q +P(Q)} (t,.) dx+ | dé&(7), (5.2.5)
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satisfying the energy inequality (5.2.4). Choosing a positive constant A > 0 such that

m 2 m 2
(1) = B+ - e <4 (35 +Plo)

() = 0 ify=1,
MVZN1 iy >,

m®m

Tr :[]'Q>O

with

and adapting Lemma 1.4.6, we could recover the compatibility condition

%Tr[i)‘i(l')] < &(t) forae. T>0. (5.2.6)

In this sense, our choice of the energy (5.2.3) makes the problem more general and easier
to handle with only one free quantity instead of two; however, it reduces to (5.2.5) simply
choosing a dissipation defect € of the type

¢(1) := %Tr[i)‘{(r)] fora.e. T > 0.

5.3 SEMIFLOW SELECTION

Our goal is to prove the existence of a semiflow selection for system (5.1.1)—(5.1.10), adapting
the construction of Chapter 3.

5.3.1 Set—up

As for the compressible Navier-Stokes system, we must fix the space H, the phase space
X C H and the map U introduced at the beginning of Section 3.1.1. Similarly to was done in
Section 4.3.1:

o H:=W2(Q) x Wk2((; RY) x R, where the natural number k > 4 + 1 is fixed;
¢ the phase space X can be chosen as
X = {[Q0,m0, Eo] € H: 0o € LY(Q), 00 > 0, my € L1(Q;RY) satisfying (5.3.1)}

where )
1 |m
/Q [|°| + P(@o)] dx < Eo; (5.3.1)

e U : X — 27, with the trajectory space
T =2([0,00); H),

is the set-valued mapping that associate to every [go, mg, Eg] € X the family of dissi-
pative solutions in the sense of Definition 5.2.1 arising from the initial data [0, my, E)-
More precisely, for every [0g, mg, Eg] € X

at any time t > 0, [o(t,-), m(t,-),E(t)] € X

is a dissipative solution of

U[QQ,mQ,EQ] = [Q,m,E] eT: p .
problem (5.1.1)—(5.1.10) in the sense of

Definition 5.2.1 with initial data [0y, mo, Eo|
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Notice that everything is well-defined; indeed, proceeding as in Section 4.3.1, X is a closed
2
convex subset of L7 (Q)) x Lo (O;R?) x R for all ¥ > 1 and for every t > 0

[o(t,-),m(t,-),E(t)] € X.
5.3.2 Main result

Keeping in mind the notation introduced in the previous section, we are now ready to state
our main result.

Theorem 5.3.1. System (5.1.1)—(5.1.10) admits a semiflow selection U in the class of dissipative
solutions, i.e., there exists a Borel measurable map U : X — T such that

Uloo, my, Eo] € U[oo, mg, Eg] for every [0o, mg, Eg] € X
satisfying the semigroup property: for any [0o, mo, Eo] € X and any t1,t, > 0
Uloo, mo, Eo] (t1 + t2) = U[ U[go, mo, Eo] (t1) ] (2)-

Theorem 5.3.1 is a consequence of Theorem 3.1.2 once we have verified that I/ satisfies
properties (P1)—(P5). To this end, we emphasise the following points.

e Property (P1) is equivalent in showing the existence of a dissipative solution in the sense
of Definition 5.2.1 for any fixed initial data [0y, mg, Eg] € X, which, for v > 1, is the
main result achieved by Abbatiello, Feireisl and Novotny in [2], Section 3.

e Properties (P2) and (P3) hold true if we manage to prove the weak sequential stability of
the solution set U [0p, my, Eo| for every [0o, mg, Eg] € X fixed, since it will in particular
imply compactness and the closed-graph property of the mapping

X 3 [0, mo, Eg] — U[go, mo, Eo] € 27,
and thus the Borel-measurality of U/, cf. Lemma 1.5.9.

e Properties (P4) and (P5) can be easily checked following the same arguments of Lem-
mas 4.3.4 and 4.3.5, respectively.

In conclusion, we are done if we show the existence of a dissipative solution for every
[00,mp, Eg] € X fixed when v = 1 and the weak sequential stability of the solution set
U[oo, my, Eo| for every [0, mg, Eg] € X fixed. The proofs being quite elaborated, they are
postponed to the next sections.

Remark 5.3.2. As already pointed out for the compressible Navier-Stokes system in Section
4.3.3, among all the dissipative solutions emanating from the same initial data it is possible
to select only the admissible ones, i.e. satisfying the physical principal of minimizing the total
energy in the sense of Definition 4.2.2. Indeed, it is sufficient to start the selection considering
in (3.1.5) the functional I; , with the function f such that

f({u(t);ex)) = f(E(t)) forallt>0,

where u(t) = [o(t,-), m(¢,-), E(t)]; see Lemma 4.3.6 for more details.
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5.4 WEAK SEQUENTIAL STABILITY

This section will be entirely dedicated to the proof of the following result.

Theorem 5.4.1. Let {[0n, my]}neN be a family of dissipative solutions with the corresponding total
energies { E, }neN and initial data {[00,,, M0 n, Eo n] }neN in the sense of Definition 5.2.1. If

(00,1, M0, Eo,u] — [00,mg, Eg] in H,
then, at least for suitable subsequences,
[on, my, Ey] — [0, m, E] in D([0,00); H), (54.1)

where H = WR2(Q)) x W*2((;IR?) x R with the natural number k > 3 + 1 fixed, and [0, m] is
another dissipative solution of the same problem with total energy E and initial data [0o, my, Eo).

The proof will be divided in four steps:

1. in Section 5.4.1 we will first deduce a family of uniform bounds and convergences,
including the limits ¢ of the densities, m of the momenta and u of the velocities;

2. in Section 5.4.2 we will pass to the limit in the weak formulation of the continuity
equation and the balance of momentum;

3. in order to show that m can be written as the product ou, in Section 5.4.3 we will state
and prove Lemma 5.4.2;

4. finally, in Section 5.4.4 we will focus on finding the limit E of the energies.

5.4.1  Uniform bounds and limits establishment

Our first goal is to show the following convergences, passing to suitable subsequences as the
case may be:
0n = 0 in Cyeak, 1oc([0,00); LT(2)), (5-4-2)
2y
L+1

m, - m in Cweak, loc([or oo) (Q )) (5-4-3)

wy = win L], (0,00, Wy (O RY)) (54.4)
Sy =S in Lj, (0,00, L' (Q; R™Y)), (5.4.5)

®m, om . . ‘
Tg,s0 " ﬂaﬁnlgnl in L(0,00; M(Q;RE)), (5.4.6)
plen) = p(o) inL¥(0,00;M(Q)) ify>1, (5.47)
R, =R in L(0,00; MH(Q; R‘:yxrff)) (5-4.8)

as n — co. From our hypothesis, all the initial energies are uniformly bounded by a positive
constant E independent of #; specifically,

2
/[Hm%|+P@W)dx§B
al2 oon
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From (5.2.3) and the energy inequality (5.2.4) it is easy to deduce the following uniform
bounds

<c1=c(E), (5.4.9)
L2 (0,00;L2(C;RY))

e

1P(n) |l 10,0001 (02)) < €(E), (5.4.10)

| TI'[SRH]HLoo L (0,00, MF(Q2)) <¢(E), (5.4.11)
|F(ID xu”)HLl((O,oo)xQ) <c(E), (5.4.12)
IF*(Su)ll 11 ((0,00)x) < €(E)- (5.4.13)

Convergences of 0, and m,,

For v > 1, from (5.1.7), (5.4.10) and the Banach-Alaoglu theorem 1.5.3, we can easily deduce,
passing to a suitable subsequence as the case may be,

gn =@ in L7(0,00;L7((2)) (5-4-14)
as n — co. Similarly, from (5.4.14), (5.4.9) and the fact that, using Holder’s inequality (1.1.1)
withrz%,pzZ,qu’y,fora.e. t>0
I 6,2 e < [t VB i < e
passing to a suitable subsequence, we obtain
m, > m in L®(0, oo;L%(Q;le)) (5-4.15)

as 1 — oo,

Since the L!-space is not reflexive, for v = 1 a more detailed analysis is needed. If we
consider the Young function ®(z) = zlog™ z, the densities {0, },en can be seen as uniformly
bounded in L®(0, c0; Ly (Q2) ), where Lo (Q) is the Orlicz space associated to ®; indeed, notic-
ing that

if 0 < 1
olog’ o= ° %0_Q< " and —lﬁglogggo if0<o<1,
ologo ifo>1, e

from (5.4.10), for a.e. T > 0 we have

/Qlog o(t dx—/ ologo(t,-) dx
{021}

/ ologo(t dx—/ ologo(t,-) dx
{0<p<1}

< c(E) + *IQ\

As the function @ satisfies the Aj-condition (1.2.1), Lo(Q)) = Ee(Q)) and it can be seen
as the dual space of the separable space Ey(Q)), cf. Theorem 1.2.5, where ¥ denotes the
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complementary Young function of ®; hence by the Banach-Alaoglu theorem 1.5.3, passing to
a suitable subsequence, we get

on — 0 in L®(0,00; Lo(Q)) (5.4.16)

as n — oo. We are now able to prove the equi-integrability of the sequence {m, (¢, ) }nen C
Ll(Q; ]Rd) for a.e. t > 0. More precisely, we want to show that for every ¢ > 0 there exists
0 = 6(e) such that for alln € N and a.e. t >0

/ lm,|(¢,-) dx < ¢ forall M C Q such that |[M| < 4.
M

Fix ¢ > 0 and choose & = &(¢) such that & = (¢/c1)?, with ¢1 as in (5.4.9). As a consequence
of De la Vallée-Poussin criterion, c¢f. Theorem 1.2.10, we deduce that that the sequence
{on(t, ) }uen C LY(Q) is equi-integrable for a.e. t > 0; thus, there exists § = §(¢) such that
foralln € N and a.e. t > 0,

/ on(t,-) dx <& forall M C Q) such that |M| < . (5.4.17)
M

Fix M C Q with |M| < §; applying Holder’s inequality (1.1.1) withr =l and p = g = 2,
(5.4.9), (5.4.17) and writing

m:\fgﬁ,

we get that foralln € N and a.e. t > 0

/M!mnl(t,-) dx < </MQn(t,-) dx>%(/M’n;:’2(t,-) dx>%<c1§

Dunford-Pettis theorem 1.5.4 ensures that for a.e. t > 0 the sequence {m,(f,-)}pen C
LY(Q;RY) is relatively compact with respect to the weak topology; in particular, we have that

NI

= E&.

m, = m in LL_(0,00; L'((Q; R?))

as n — oo. Next, to get (5.4.2) from (5.4.14) and (5.4.16) we have to show that the family of
t-dependent functions

fu(t) 3:/0Qn(tr')¢ dx

converges strongly in C([a,b]) for any ¢ € C*(Q)) and any compact subset [a,b] C (0, ).
Recalling that the densities ¢, and the momenta m, are weakly continuous in time, the
sequences { f, }nen and {f;, }nen are uniformly bounded in [a, b], since for all v > 1

sup |fu(B)] < sup [[eu(t,)l[Lr) 19l v () < (@),

te[a,b] te(a,b]

while from the uniform boundedness of the momenta m,, in L®(0, oo; L7 ((); R4 )) with p =

%and'yzl,

sup |f,(t)| < sup [Imu(t, )|y mn) | Vel qure) < €(9)-

te(a,b] te(a,b]
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As a consequence of the Arzela-Ascoli theorem 1.5.1, we get (5.4.2). A similar argument can
be applied to get (5.4.3).
Finally, notice that, from the compact Sobolev embedding (1.1.10) with p = 2, convergence
(5.4.2) becomes
0n — 0 in Cioe([0,00); W2(Q2))

as n — oo, and thus by Proposition 1.3.9 we get
on = ¢ inD([0,00); WF?(Q))
as n — oo. The same argument can be applied to show that
m, - m inD([0,00); W F2(Q; R?))
as 1 — oo,

Convergences of u, and S,

From (5.1.5) and (5.4.12) we can also deduce that

< c¢(E).

HIDxun - %(div.x Un)]:[

L7((0,00) x Q;RAx)

Fixing a compact interval [a, b] C (0, +0c0) and an open bounded interval I such that [a,b] C I,
the previous inequality combined with the L7-version of the trace-free Korn’s inequality
(1.1.7) implies

HvxunHm(IxQ;Rdxd) < c(E);

the standard Poincaré inequality (1.1.6) ensures then
Hu” H Lq(I;WS’q(Q;IRd)) < C(E)/ (5418)

and thus we get convergence (5.4.4).
The superlinearity of F* (5.1.11) combined with (5.4.13), the De la Vallée-Poussin criterion
(1.2.10) and the Dunford-Pettis theorem 1.5.4, gives convergence (5.4.5).

Convergences of p(on), lgn>0% and Ry,

Notice that in (5.4.7) we don’t consider the case v = 1 because it reduces to (5.4.2). On the
other side, when y > 1, estimates (5.4.9) and (5.4.10), combined with the fact that

» ple) S (1+P(0)),

m®m m|?
o

Y

imply that the pressures {p(0x(t,-))}nen and the convective terms {ﬂgn>o%(t, -)}HGN

are uniformly bounded in the non-reflexive L!-space for a.e. t > 0. The idea is then to see
the L!-space as embedded in the space of bounded Radon measures M (Q), which in turn

can be identified as the dual space of the separable space C((2). Accordingly, introducing
the space L, (0,00; M(Q)), cf. Definition 1.4.1, we obtain convergences (5.4.6) and (5.4.7).

weak
Finally, estimate (5.4.11) guarantees convergence (5.4.8).
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5.4.2 Limit passage

We are now ready to pass to the limit in the weak formulation of the continuity equation and
the balance of momentum, obtaining that

t=T1 T

[/ og(t,-) dx} =/ /[Qat(P+m'Vx(P] dxdt

Q =0 0 JO
holds T > 0 and any ¢ € C([0, ) x Q), with ¢(0,-) = 0o, and

t=T1

[/m Q(t dx} / / [m owp + ]1Q>0
t=0

//S qu)dxdt—i—/ /qu) dsk dt

holds for any T > 0 and any ¢ € C}([0,0) x O;R?), @[3 = 0, with m(0,-) = mg. The last
integral identity can be rewritten as

: Vi + p(o) divy | dxdt

Um o(t } / / {m orp + ]1Q>0 Vx(p+p(g) divx(p] dxdt

//S qu)dxdt—i—/ /qu) dgk dt

where &t € L%, (0, 00; M (0Y; ]ngxn‘f)) is such that
v =~ m@m mg@m —
dR =dR+ (11@>0 — 1o>0 ) dx + (p(Q) - p(Q)) x(7)I dx, (5-4.19)

with

() = 0 ify=1,
A 1 ify>1.

We can prove the stronger condition

ReL® (0,00, MT(Q ngxrﬁ)) (5.4.20)

weak (

more precisely, we want to show that for all ¢ € R?, all open sets B C Q) and a.e. T > 0

R(1): (E@E)(B) >0
we can rewrite the term on the left-hand side as
. T+d .
/(C@C) s dR(T+) :lim/ /(C@C) cdR(t) dt
B d—0 J¢ B
—tim [ [ Ursaes @08): dR() a
—0Jo Q

Since the indicator function 1, ., 4,5 can be approximated by some non—negative test func-
tions, it is enough to show that

/Ooo/ofp (E®&) :dR(t)dt >0
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holds for all ¢ € C*((0,T) x Q)), ¢ > 0. We can notice that the first term on the right-
hand side of (5.4.19) will obviously satisfy the above inequality since fR itself belongs to
L (0,00, M*(Q; R%%%)), and

weak sym

// [:(C®¢) ¢dxdt = // ]C\z(pdxdt>0

since ¢ — p(0) is a convex lower semi—continuous function and thus p(0) > p(0), cf. The-
orem 1.5.5, condition (ii). Finally, following the same idea developed by Feireisl and Hof-
manova [36], Section 3.2, as a consequence of (5.4.6) we can write

//(Q>0m®m—]le>om® ) (E®¢) @ dxdt
zlim/ /(Qn>0mn®mn_lg>0m(§ );(@’@C)(pdxdt

n—00
2 2
= hm/ / (ﬂgn>0M_ﬂQ>0|m §| ) (Pd.th
n—o0 0 6 Qn Q

The Cauchy-Schwarz inequality allows to write |m - &[> < |m|?|¢|?, and thus by (5.4.9) we
obtain

(5.4.21)

2
m,, - -
‘ HQn>0‘ n- ¢l <c(E,Q);
n L(0,00;L1(Q2))
it is possible then to find the limit
. &I1? . &2 —
Lo, >0 mo S Lo0 jm - ¢ in L*(0, 00; M(Q)))

as n — oo, and rewrite the first line in (5.4.21) as

o0 L2 . &2
/ / TP PPN LSS RIS
0 Ja Q Q

As in the previous passage, (5.4.20) will now follow from the weak lower semi—continuity on
X of the convex function

0 ifm=0,
[o,m] — % ifo>0,
00 otherwise

for any & € R? fixed. We proved in particular that the pair of functions [o, m] satisfies
conditions (ii) and (iii) of Definition 5.2.1. However, $ has to be slightly modified in order to
get the energy (5.2.3), as we will see in Section 5.4.4.

5.4.3 Auxiliary lemma

In order to prove that
m=ou a.e. in (0,00) x Q),

and in particular to show that [0, m| satisfy condition (iv) of Definition 5.2.1, we need the
following result.
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Lemma 5.4.2. Let Q C RY be a bounded domain. Suppose
{0n}nen to be uniformly bounded in L® (0, co; Lo (Q2)),

where Lo (Q)) is the Orlicz space associated to the Young function ® satisfying the Ap-condition
(1.2.1), with 0, > 0 for all n € IN. Suppose also that

{u; }nen be uniformly bounded in L] (0,00, W™1(Q; RY)), g > 1. (5-4.22)
Moreover, let the sequence {0nW, tnen be equi-integrable in LL. (0, 00; L1(Q;R?)). Then, if
On — 0 in Cweak, loc([oz OO); Ll (Q))/ (5423)
u, ~u in L?OC(O, o0; W (Q); R)), (5.4.24)
Qutty —m in Li, (0,00; L' (O;RY)) (5.4-25)
as n — oo, we have
m = ou a.e. in (0,00) x Q. (5.4.26)

Proof. 1. Truncation. Following the same idea developed by Abbatiello, Feireisl and
Novotny in [2], Lemma 8.1, it is enough to suppose that

{u, }nen is uniformly bounded in L2.(0, 00; L®(0; R?)). (5.4.27)
Indeed, let us consider a bounded cut-off function T : R? — R¥ such that
T(-z) = T(z), T(z)=zif|z| <1 foranyz¢c R,
and the family of truncation functions { Ty }ren such that

z

Tk(z):kT<k

> for any z € R,
Writing
u,; = Tk(“n) + (un - Tk(un))/
Oonly = QnTk(un) + on (un - Tk(un))/
on one side, for any k € IN fixed we have
Ti(uy) = Ti(u) in L0, 00; L®(O; RY)),
onTi(u,) — my in L{ _(0,00; LY ((Q; R?))

as n — oo; on the other side, for every [a,b] C [0, ), using Holder’s inequality (1.1.1)
withr=1,p=gandg=4,

b
//\un—Tk(un)\dxdtgz// | dxd
a JQ {luy| >k}

1
<2 [{lun| = k37 l[wall (o) xore) = 0

as k — oo, uniformly in n € IN, and, in view of the equi-integrability of {0,uy, }nen, cf.
condition (ii) of Theorem 1.5.4,

b
/ / onluy — Ti(uy,)| dxdt < 2// On|uy| dxdt — 0,
a Q {\un\Zk}
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as k — oo, uniformly in n € IN. Finally, noticing that for every [a,b] C [0, c0)

[lw = Tl 1 (a0 xymey < Hminf [fuy = Ti(wn) |11 (a,0) xmey = 0

as k — o0, (5.4.26) reduces to prove that for every k € IN fixed

my = 0Tx(u) a.e. in (0,00) x Q.

. Regularization. We claim that it is sufficient to suppose

{u, }nen to be uniformly bounded in Lfo (0, 00, W™ (CY; RY)) (5.4.28)

with ¢ > 1 and m, r arbitrarily large. Seeing all the quantities involved as embedded
in R? with compact support, we consider regularization in the spatial variable by con-
volution with a family of regularizing kernels {6;}s-0, cf. Definition 1.1.1. As in the
previous step, writing

Onuy = 0n 05 % uy + Qn(un — 05 xuy),

our goal is to show that for every [a,b] C (0, )

b
/ / On|uy — 65 xu,| dxdt — 0
a Q

as 6 — 0, uniformly in n € IN. To this end, we introduce the Banach space
1, oo
X =W, "N Le(Q;RY)
and observe that, in view of (5.4.22) and (5.4.27),
{|lun||x}nen is uniformly bounded in L (0, c0). (5.4.29)

Consequently, we may write

b
/ / onlu, — 05 % uy,| dxdt = I{VI+ Iéw
a O

with

I{VI:/ / On|uy — 05 * u,| dxdt,
{llun(t,)x<M} SO

Iéwz/ / Onlu, — 05 % u,| dxdt,
{llun(t)l[x>M} SO

where, in view of (5.4.29) - recall that the functions ¢, are weakly continuous in time

B'<c Sl[lp] lon (8 )l 1oy 1| 2o ((a,0) x ey HlMan(t, )|l x > M} — 0
t€la,b

as M — oo, uniformly in n € IN and independently of § > 0. It remains to show small-
ness of the first integral for fixed M. To this end, denoting with ¥ the complementary
Young function of ®, we consider the Orlicz space Ly(Q)) that can be identified with
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the dual of Ly (Q)) as P satisfies the Ap—condition 1.2.1. By Proposition 1.2.9, we recover
the compact embedding
X < Ly (Q;RY)

which, combined with boundedness of convolution on Ey(Q)) C Ly(Q), cf. Lemma
1.2.7, gives

< sup ol Vg Sup s — 0% wllgy oy — O
te[a,b] ||un(t,')||X§M

as 6 — 0, uniformly in n € IN.

3. Conclusion. Using the compact Sobolev embedding (1.1.10) withk =1and p =s > d,
from (5.4.23) we get that

on — 0 in Cipe([0, 00); W’l'S/(Q)) for any s > d

as n — oo, and thus, to conclude the proof of the Lemma it is sufficient to choose m =1
and r = s in (5.4.28).
OJ

5.4.4 Limit of the energies

From (5.2.3) we can notice that the energies E,(T) are non-increasing and for o > 1 they are
also non—negative, while for y = 1 we have

1 2 1
E.(7) 2/ [|mn\ +1g,>1 Qlogg} (t,-) dx+/dTr[£Rn(T)] +/ onlog o, dx
al2 on A Ja {0<0q<1}
[e]

> “non-negative term” — —.
e

for a.e. T > 0. Hence, for every [a,b] C (0,c0) and every n € N
b
HEnHypﬁ]S!/TIEnU)Idf§l7SUPIEnU)\Sl’Ew1§(iEL
0 te[o,b]
and, since the functions E, are non-increasing, the total variation on [4, b] is given by
iy =1

E _
on+ < ¢(E).
Eo. ify>1

W@OZ&@—hWS{
We recover that { E, },enN is locally of bounded variation and by Helly’s theorem 1.1.8, passing
to a suitable subsequence as the case may be, we obtain
E,(t) — E(t) foreveryt € [0,00) (5.4.30)
as n — oo, which in particular implies
E, - E in®([0,c0);R) (5.4.31)

as n — oo, since E, : [0,00) — R is a monotone function for all n € N and thus, by
Proposition 1.3.9, showing (5.4.31) is equivalent to showing almost everywhere convergence.
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On the other side, from (5.4.9), (5.4.10) and (5.4.11) we get

jm, >« |m?
On 0
P(0u) = P(0) in L®(0,00; M(QY))

%Tr [9%,] > € in L™(0,00; M*(02))

as n — oo. We can then write

60 = [ 325+ 2] (0 ax+ [ de(o (5432)

for a.e. T > 0, with
de = dé + [mf?_mP3 g (P(e) - P()) dx
0 0

where, once again, from the convexity of the function P and of the superposition [g, m] —
[m[*

, we get
¢ e L.k (0, oo, MT(Q))).
As pointed out in Section 5.2, we can choose constant A > 0 such that
Tr[(7)] < A€(T) (5.433)

for a.e. T € (0, T); however, with this choice we only get

1 |m|? 1 .
/ TP po)| (r,) dx + = [ dTe[(0)] < E(7)
for a.e. T € (0,T). To obtain (5.2.3), it is sufficient to define a new defect
N =R+ )L,

where the function ¢ > 0 of time only can be chosen in such a way that

/Q B'r‘;'zw(e)} (7,) dx+/1\/QdTr[iR(r)] — E(7)

forae. T € (0,T). Clearly,
/qu):di)%:/vx(p:di)v%
0 0

for any ¢ € C*([0, ) x O;RY), ¢|3q = 0, and therefore, the weak formulation of the balance
of momentum (5.2.2) remains valid.

Finally, notice that the couple [0, m]| satisfies the energy inequality (5.2.4) due to lower
semi—continuity of the functions F and F*: for a.e. T > 0

/ / D,u) + F*(S)] dxdt < liminf/ / Dyu,) + F*(S,)] dxdt;

n—oo

in particular, [0, m] satisfies condition (iv) of Definition 5.2.1.
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5.5 EXISTENCE FOR LINEAR PRESSURE

As in [2] Abbatiello, Feireisl and Novotny proved the existence of dissipative solutions of
system (5.1.1)—(5.1.10) when ¢ > 1 in (5.1.6), in this section we aim to show existence for
v = 1in (5.1.6). We employ an approximation scheme based on

(i) addition of an artificial viscosity term of the type €A, in the continuity equation (5.1.1)
in order to convert the hyperbolic equation into a parabolic one and thus recover better
regularity properties of o;

(ii) addition of an extra term of the type eV,u - V¢ in the balance of momentum (5.1.2) in
order to eliminate the extra terms arising in the energy inequality to save the a priori
estimates;

(iii) regularization of the convex potential F through convolution with a family of regular-
izing kernels to make it continuously differentiable.

More precisely, we will study the following system:

e continuity equation
9t0 + divy(ou) = eAyo, (5.5.1)

on (0,T) x Q, with ¢ > 0, the homogeneous Neumann boundary condition
Vyo-n=0 onodQ), (5.5.2)
and the initial condition
0(0,) =00n onQ, 0oy — 0oin L'(Q) asn — oo, (5.5.3)
with g9, € C(Q), 00, > 0 for all n € IN.
e momentum equation

dt(ou) +divy(ou®@u) +aVyio +eViu- Vyio = div, S (5.5.4)

on (0,T) x Q, with ¢ > 0, the no-slip boundary condition

ulsgn =0 onoQ, (5.5.5)
and the initial condition
(eu)(0,-) =mg on Q. (5.5.6)
e convex potential
F5(ID) = (5 + F)(ID) — inf (C5+F) (557)
DeRgm

forany D € leani, with {&s}s-0 a family of regularizing kernels in ngxn‘f as in Definition

1.1.1, the function F satisfying (5.1.4)—(5.1.5), and such that

S : Dyu = Fs(Dyu) + F;(S). (5.5.8)
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Even if system (5.5.1)—(5.5.8) is of parabolic type, we are forced to perform a further ap-
proximation known as Faedo-Galerkin technique. The reason is that the unknown state variable
u appears multiplied by ¢ in (5.5.4), which prevents us from applying the already existing
results for parabolic systems that can be found in literature. The idea is to consider a family
{Xy }nen of finite-dimensional spaces X, C L2(Q); le), such that

X, := span{w;| w; € C>((;R), i =1,...,n},

where w; are orthonormal with respect to the standard scalar product in L?(Q;R?), and to

look for approximated velocities
u, € C([0,T]; X,).

Solvability of the approximated problem will be discussed in the following sections.

5.5.1 On the approximated continuity equation

Given u € C([0, T]; X,,), let us focus on identifying that unique solution

0 = o[u]

of system (5.5.1)—(5.5.3). As our domain () is merely Lipschitz, we cannot simply repeat
the same passages performed for instance by Feireisl [33] in the context of the compressible
Navier-Stokes system since better regularity for the domain would be required. However,
since X,, is finite-dimensional, all the norms on X,, induced by WkP-norms, with k € N and
1 < p < oo, are equivalent and thus, we deduce that

u e L2(0, T; W-°((; RY)),

and there exist two constants 0 < n < 7 < oo, depending solely on the dimension n of X,
such that for any t € [0, T|

nfu(t, )lwis) < llult-)llx, < aAllult, ) wisq)- (5:5.9)

It is now enough to apply the following result by Crippa, Donadello and Spinolo [27],
Lemma 3.2, to get the existence of weak solutions.

Lemma 5.5.1. Let QO C R? be a bounded Lipschitz domain. For any given u € C([0,T]; X,,) and
e > 0, there exists a unique weak solution

0 = Qen € L*((0,T); W(Q)) N C([0, T]; L*(Q))

of system (5.5.1)—(5.5.3) in the sense that the integral identity

t=t1 T
[/ 0¢(t, ) dX] =/ /(e8t¢+eu- Vip —eVio- Vi) dx,
(@) =0 0 Q

holds for any T € [0, T) and any ¢ € C1([0, T] x Q), with (0, -) = 0o,,. Moreover, the norm in the
aforementioned spaces is bounded only in terms of 0o, and

sup |[u(t,-)[x,-
t€[0,T]
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Moreover, applying again a result from Crippa, Donadello and Spinolo [27], Lemma 3.4,
we recover the maximum principle.

Lemma 5.5.2. Under the same hypothesis of Lemma 5.5.1, the weak solution ¢ satisfies

llollL((0,r)x0) < Cexp (TH divy uHL""((O,T)xQ)) , (5.5.10)
for any T € [0, T), with
0:= Max Qo,u- (5.5.11)

With the previous lemma, we got a bound from above of the weak solution ¢ = ¢, of
the approximated problem (5.5.1)—(5.5.3); however, in order to recover the existence of the
corresponded u, we need also a bound from below. We can then apply the following result
by Abbatiello, Feireisl and Novotny [2], Corollary 3.4.

Lemma 5.5.3. Under the same hypothesis of Lemma 5.5.1, the weak solution ¢ satisfies

gff)ixnge(tlﬂ > gexp (—TH divy uHL‘”((O,T)xQ)) , (5.5.12)

for any T € [0, T], with
0= rrgn 00,1n- (5.5.13)

We conclude this first part with one last result that will be useful in the next section.

Lemma 5.5.4. Let uy,up; € C([0, T|; X,,) be such that
{221”2( HuiHLw(O,T;WLw(Q,-W)) <K,

and let 0; = o[u;], i = 1,2 be the weak solutions of the approximated problem (5.5.1)—(5.5.3) sharing
the same initial data 0o, in (5.5.3). Then, for any T € [0, T| we have

(01 — @2)(7, ')HLZ(Q) < ciflw — “2||L°°(0,r;wl/°°(n;md)) (5.5.14)
with ¢1 = ¢1(¢, 00, T, K).

Proof. The difference 1 = 01 — 02 verifies equations

o —eAyy=F in (0,T) x Q (5.5.15)
Vip-n=0 in|0,T] xoQ (5.5.16)
7(0) =0 (55.17)

where

—F = divi(01w — gowp) = divy[o1(w1 —w2) + (01 — 02) 2]
= divy[01(ug — up)] + divy(yup)
= 01divy(u; —up) + (u; —wp) - Vyo1 + 7 divyug + up - V.

Testing equation (5.5.15) by 7, noticing that

1
1o = 0y (2172> ,

nAyn = ndive Vi = dive (n Vi) — ’Vx77|21
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and integrating over (0, T) x (), we obtain

H77 ||L2 +5/ ||vx77||L2 O;RY) dt = / / F17 dxdt.

Applying Holder’s (1.1.1), Young’s (1.1.4) and Poincaré (1.1.6) inequalities, we have

Fn dx
0

§/Q]divx(u1—u2)gliy| dx+/0|(u1 —w) - Viouy| dx

—|—/ ]q\z\divx u| dx+/ |nuy - V| dx

@] Q
< |lw — u2HW1r°°(Q;]R"’)HQ1HW1'2 H’?HLZ + || divy UZHLOO(Q)HUH%z o}
Q)

+ £||u2|‘%w(Q;Rd)”W”%2( HvxﬂHLZ Q;RY)

1 .
< 5l - W[ty + *HQlem 122y + 1l dive vzl ) 1711720

1
+ £||u2”2w(g;nzd)’|77“%2( HVxﬂHLz QRY)
1 1
o~ e ey + <2HQ1||W1,2(Q) K+ 5 il
€
+ EHVXWH%Z(Q;]RVI)‘

Therefore, for any 7 € [0, T] we get

(T +8/ HVXWHLZ qrty A < Tllw = qu%""(OrT;Wl'm(QiRd))

° 1
+/O <HQ1H%V1,2(Q) + 2K + us> 171172y At

Noticing that from Lemma 5.5.1 we have that

sup [lo1lr2(q) < c(0o, K),
t€[0,T]

the previous inequality can be rewritten as

T
(1) < a(t) + / (e, 00, K) £ (1) dt
0
with
) = (e )y, @(7) = Tluy = w2l g i

Since & = a(T) is non-decreasing, we can apply Gronwall Lemma 1.5.2 to get that for any
T€[0,T]

£(7) < a(r)elemIT < o(g)eclemkT,

which in particular implies (5.5.14). O]
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5.5.2  On the approximated balance of momentum

Let us now turn our attention to the approximated problem (5.5.4)—(5.5.8). Following the
same approach performed by Feireisl [33], we will first solve the problem on a time interval
[0, T(n)] via a fixed point argument, where T(n) depends on the dimension 7 of the finite-
dimensional space X,. Subsequently we will establish estimates independent of time and
iterate the same procedure to finally obtain, after a finite number of steps, our solution u on
the whole time interval [0, T].

Technical preliminaries

For any ¢ € L!(Q), consider the operator M[¢] : X, — X} such that
(Mlolv, w) = /Q ov-wdx, (5.5.18)
with (-, ) the L?-standard scalar product. In particular, we have

IMelllzx,xy = sup [(Melv,w)| < c(n)llella), (5.5.19)

v [ wll x, <1

It is easy to see that the operator M is invertible provided o is strictly positive on (), and in
particular we have

) 1 c(n)
M 1 *. - - < 4 :
I [Q]HL(XH,XW) inf{||M[o]v||x: : v € Xy, |[V|lx, =1} ~ infqo

Moreover, the identity
M or] = M [oa] = Mo (Moa] — M[e1]) M~ [o1]

can be used to obtain

HM’l[m] - M2 HL sty =€ (n, inf g1, inf QZ> lor = e2lli) (5.5.20)

for any 01,02 > 0.

Fixed point argument

The approximate velocities u € C([0, T]; X,,) are looked for to satisfy the integral identity

t=1 T
[/ ou(t,-)-¢ dx} = / / [((ou®u) : Vi + aodiv, ¢p] dxdt
O t=0 OT 0 (5.5.21)
- / / 9F5(Dyu) : Vit + eVs0- Viu - 9] dxdt
0o Ja

for any test function p € X, and all T € [0, T]. Now, the integral identity (5.5.21) can be
rephrased for any 7 € [0, T] as

Me(z,)l(u(z,-)), ) = (mg, ) + </0T Nla(s,-),u(s,-)] ds, )
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with M[o] : X, — X}, defined as in (5.5.18), mj € X such that

(i, ) = [ mo-p e

and N[o(s,-),u(s,)] € X} such that

(Nlo(s,),u(s,")], ) := /O [(ou®u — 9Fs(IDyu)) : Vyp +apdivy 9] (s,-) dx
—8/ Vo -Vyiu- (s, -) dx.
o

Here, 0 = ¢[u] is the weak solution uniquely determined by u and thus by Lemmas 5.5.2 and
5.5.3, for any t € [0, T| we have

0 <ogexp <—fH diquHLoo((o,T)xo)> <o(t,x) <gexp (tH diqu||L°°((0,T)><Q)) ,  (55.22)

where @, ¢ are defined as in (5.5.11), (5.5.13) respectively. In particular, the operator M is
invertible and hence, for any 7 € [0, T|, we can write

u(r,) =20 o) (mi + [ Mals, ) us, ) ds ).

For K and T(n) to be fixed, consider a bounded ball B(0, nK) in the space C([0, T(n)]; X»),
with n defined as in (5.5.9),

B(0,nK) := {V € C([0,T(n)]; Xu)| sup [[v(t,-)[x, < nK},
te[0,T(n)]

and define a mapping
F : B(0,nK) — C([0,T(n)]; Xu)

such that for all T € [0, T(n)]
1 T
Hul(r, ) =3¢ fo(r, )] (mg + [ Nes, ) (s, )] ds )
Notice that for every u € B(0, nK), from (5.5.9) we obtain in particular that for all t € [0, T'(n)]
[u(t, )l urey < K
and thus, from (5.5.22) we obtain that for all t € [0, T(n)]
ge_Kt < o(t,x) < @eKt.
Moreover, it is easy to deduce that for every u € B(0,1nK), 0 = o[u] and every t € [0, T(n)]
INCo(t, ), u(t, )]

and for every uj,up € B(0,1K), 0; = o[u;], i = 1,2 and t € [0, T(n)], making use of (5.5.14),

X S CZ(@/ K/ T)/

INCox(t, ), wi(t, ) = Nlea(t, ), walt, )l x; < ea3(@, K T)|wa(t, ) = walt, ) lwreo(ame):
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Then, for every u € B(0,1K), 0 = ¢[u] and every t € [0, T(n)]

15 ) (£, ), < 1Mot D leqgx) (Img l1x; + INCo(t, ), ult, ) llx; 1)

< S K10 (mil +c2 7)),
and for every uj, up € B(0,1K), 0; = o[w;], i =1,2and t € [0, T(n)],
[F(u1)(t, ) — F(u2)(t, ) lx,

< (30 et 3 ente 1) [ [ Men s, ) ]

X
3 eate 1 | [ (s ), ) = Neats, (s, ) |
< 2 a6 )] =M aalt | INC@ () (e ) g
Moot ]| NG () w8 ) = Nlealt, ), wa(t ) g
2

c
< c(n) OE Xt Jlor(t, ) — oa(t, ) Iy +c(n) 53 et Jur(t, ) —wa(t, ) lwie(ame)

Xn

L(XG,Xn)

cic c
< c(n) (W + ;) EE [ (t) = ualt, ) o
c(n) {cic2 ¢ "
< T(n) <(Q) + ;) ETO () — w(t, ) x,

Now, taking K > 0 sufficiently large and T(n) sufficiently small, so that

() kr(n (
0

c(n cic c "

lm§ || x; + 2 T(n)) < nkK,

and

we obtain that F is a contraction mapping from the closed ball B(0, nK) into itself. From the
Banach-Cacciopoli fixed point theorem 1.5.8, we recover that J admits a unique fixed point
u € C([0, T(n)]; X,), which in particular solves the integral identity (5.5.21).

This procedure can be repeated a finite number of times until we reach T = T(n), as long
as we have a bound on u independent of T (n). the next section will be dedicated to establish
all the necessary estimates.

Estimates independent of time

We start with the energy estimates. It follows from (5.5.21) that u is continuously differentiable
and, consequently, the integral identity

/ dt(ou) - dx = / [ou®@u: Vi +aodivy p — 0Fs;(Dyu) : Vigp] dx
0 0

(5-5-23)
—s/[VxQ-qu-tlJ] dx
O
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holds on (0, T(n)) for any ¢ € X,,, with ¢ = ¢[u]. We recall that in this context the pressure
potential P = P(p) is such that

P(¢) =aqloge,

and it satisfies the following identity
apdivyu = —0;P(0) — divx(P(0)u) + ¢ a(logo + 1)Ayo.

Now, taking ¢ = u in (5.5.23) and noticing that
d (1 1 , ’
/Q[at(gu) ‘u—ou®u: Vyu|dx = dt/QZQ|u| dx+2/Q(8tQ—|—d1vx(Qu))\u] dx

_d 1. € 2
- dt/ozg\u\ dx—i—z/QAxQ\u] dx,
where, using the boundary condition (5.5.2),
€ By € 2
= [ |ul*Ayodx = < [ |u|*divy Vo dx
2 Ja 2 Ja
= ;/Qdivx(|u|2vxg) dx — ;/vag -Vyu-2u dx
_ ¢ ul?’Vio-ndSy—¢ | Vyo-Veu-udx
0 0
2 Jao 0
= —s/ Vyo-Vyiu-udyx,
0
and
/ (logo+1)Aco dx = / (logo+1)divy Vyo dx
0 0
= /Qdivx [(logo+1)Vyo]dx — /Q Vi(logo+1) - Vyo dx
d
= /aQ(logQ +1)Vy0-ndS, — /Q %(logg +1)|Vyo|? dx
1
—— [ Vst dx =~ [ P/(0)|VsoP dx,
ol 0

we finally obtain

d 1

= / Selu? +P(o) [ dx = —¢ / P"(0)|Vxg|* dx — / OF;(Dyu) : Viudx.  (5.5.24)
dt Jo [2 0 o)

Note that we got rid of the integral 5 fQ ]un|2AxQndx thanks to the extra term eV,0, - Vyu,
in (5.5.4). Since all the quantities involved are at least continuous in time, we may integrate
(5.5.24) over (0, T) in order to get the following energy equality

/Q BQ|u|2+P(Q)} (T,") dx+/0T/Q [9F,(Dsu) : Vyu + eP"(0)|Vsol?] didt

1 [mo|? (5.5.25)
e L |:2 QO,H +P(Q0,n):| dx,
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for any time T € [0, T(n)]. In particular, if we suppose the initial value of the (modified) total
energy

m 2
E(0) = E,(0) ;:/QBL&'HJ(QW) dx

to be bounded by a constant independent of n > 0, the term on the right-hand side of (5.5.25)
is bounded.

Now, the following result, collecting all the significant properties of the regularized poten-
tial Fs, is needed.

Proposition 5.5.5. For every fixed 6 > 0 and F satisfying hypothesis (5.1.4)—(5.1.5), the function F;
defined in (5.5.7) is convex, non-negative, infinitely differentiable and such that
q

D—%nmm

withv > 0, c > 0, ¢ > 1 independent of 6.

Fs(D) >v —c forall D € R%x4 (5.5.26)

sym

Proof. For every fixed 6 > 0, the non-negativity of F; is trivial while smoothness follows
from the fact that each derivative can be transferred to the mollifiers {5, c¢f. Theorem 1.1.2,
condition (i).

Moreover, for every A,B € R%*4 and every t € [0,1], denoting

sym

Ci:= inf &(|D —2z|)F(z) dz

DeR&E JRE:HA
we have
Fs(tA + (1—1t)B)

= [, F(A+2)+ (1~ 0(B+2)) GZ]) 4Z 416G~ (1- )Gy

=t (/IRdxdF(A+Z) 6s(12]) 4z + C1> +(1-t) (/Rdxd F(B+2Z) 2(|2|) dZ + c1>

sym

— tF;(A) + (1 - t)Ey(B),

where we have simply summed and subtracted terms tZ, tC; in the second line and used the
convexity of F in the third line. In particular, we get that for every fixed § > 0, F; : ]ngxn‘f —
[0, c0) is convex.

Let now D € leyxn‘f be fixed. From (5.1.5), we have

R(D) = [ FD-2)%(Z) dz -

(113 - ;Tr[m[> - (z - ;Tr[Z]]I>

Applying Minkowski’s inequality (1.1.2) with

1@ = | (p- 1) - (z- ymizi)| ¢}z,

@)= (2 ymizi) &2,

q
> gs(12]) dz - .

dxd
]Rs;(m

107



108

GENERAL COMPRESSIBLE VISCOUS FLUID

we get

1 1

/uzs;z (]D - dTr[lD]lI) - (z - dTr[Z]II)
> [(/R ! qmzwdz); - (/R

D — g Tr[DI]I
recalling that for any J > 0 sufficiently small supp s C K with K C ]ngxn”f a compact set and
that for any 6 > 0

g
¢ (|z]) dz

174

Z- Tr[Z]]Iq(,‘(;(|Z|)dZ>q ;

1
d

1 2z, _ _
[, e(Z) 4z - (Sd/m«:((s) az- [, ezhaz-1,

sym sym

we obtain the following inequality

Fs(D) > u

1 1 1 i '
']D - Tr[]D]]I’ — | sup|Z — = Tr[Z]I —Cy.
d ZeK d

Now, for every fixed 4 > 1 and constant ¢; > 0, there exist « = wa(g,c1) € (0,1) and
c2 = ¢2(g,¢1) > 0 such that

(y—c1)" > ay! —c, foranyy >0

in particular, we get that for all D € ]ngxrﬂ

q
E,(D) > et |D — %Tr[]D]]I —(C1+GC)
and thus (5.5.26) holds choosing v = pua and ¢ = C; + Ca. O

Repeating the procedure that led to (5.4.18), from (5.5.26) and the Li-version of the trace-
free Korn’s inequality (1.1.7), we can deduce that

u is bounded in L(0, T(n); Wg’q(Q; RY))

by a constant which is independent of n and T(n) < T. Since all norms are equivalent in X,
this implies that
u is bounded in L1(0, T(n); W' (Q; R?));

in particular, by virtue of (5.5.10) and (5.5.12), the density ¢ = ¢[u] is bounded from below
and above by constants independent of T(n) < T. Since ¢ is bounded from below, one can use
(5.5.25) to easily deduce uniform boundedness in f of u in the space L2(Q;R?). Consequently,
the functions u(t,-) remain bounded in X, for any ¢ independently of T(n) < T. Thus we
are allowed to iterate the previous local existence result to construct a solution defined on
the whole time interval [0, T'.

Summarizing, so far we proved the following result.
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Lemma 5.5.6. For every fixed 6 > 0, ¢ >0, n € N, and any 0o, € C(Q) such that

1 [my|?
Eon = - + P(og,) | dx
O /Q [2 00,n (QO, )

is bounded by a constant independent of n, there exist

0 = Qsen € L*((0,T); W(Q)) N C([0, T]; L*(€2)),
u=us., € C([0,T]; Xn),

such that

(i) the integral identity

t=1 T
[/ oo(t,-) dx} =/ /(Qat¢+eu-vx¢—€vxe-vx¢) dx
Q =0 0 @)

holds for any T € [0, T] and any ¢ € C1([0, T] x Q), with 0(0, ) = 0o.n;

(ii) the integral identity

{/ ou-(t,-) dx] - = /T/ [ou-0wp+ (ou®u) : Vg + agdivy @] dxdt
0 =0 Jo Ja
- /T/ 0Fs(IDyu) : Vg dxdt — e/T/ V0 Vyu-¢@dxdt
0o Ja o Jo
holds for any T € [0, T] and any @ € C'([0, T]; X)), with (ou)(0, -) = my;
(iii) introducing
E(0) = Esen(0) = | |3eluf+ P(0)| (7,)
for any t € [0, T, the integral equality
[E(t)]ﬁ;g—l-/oT/QaF(g(leu) . V,u dxdt+s/OT/QP"(Q)\VxQPdxdt =0

holds for any time T € [0, T|, with E(0) = Eg .

5.5.3 Limité — 0

Let now ¢ > 0 and n € IN be fixed, and let {05, us}s~0 be the family of weak solutions to
problem (5.5.1)—(5.5.8) as in Lemma 5.5.6. Proceeding as before, we can deduce that

{us}s=0 is unifrmly bounded in L7(0, T; Wé’q(Q; RY)).
As n is fixed and all norms are equivalent on the finite-dimensional space X, we get that
{Vus}s50 is unifrmly bounded in L*((0, T) x ; R?*4),

and therefore, we are ready to perform the limit § — 0. Accordingly, we obtain the following
result.

109



110 GENERAL COMPRESSIBLE VISCOUS FLUID

Lemma 5.5.7. For every fixed e > 0,n € N, and any 0o, € C(Q) such that

1 |mg|?
EO,n ::/ |:2’ O| +P(Q0,n) dx
(9] 00,n

is bounded by a constant independent of n, there exist

0 = 0en € L2((0,T); W'(Q)) N C([0, T]; L*(Y)),
u=u., € C([0,T]; Xy),

such that

(i) the integral identity

t=t1 T
U eqv(t,-)dx] =/ /(Qaf¢+gu-Vx¢—8Vxe-Vx¢) dx (5.5.27)
O =0 0 Q

holds for any T € [0, T] and any ¢ € C'([0, T] x Q), with 0(0,-) = 0o.n;

(ii) there exists
S =S, € L((0,T) x ;R

sym

such that the integral identity

t=t1 T
[/ ou-¢(t,-) dx] = / / [ou-0p+ (ou®@u) : Vi + apdivy @] dxdt
Q t=0 0 JO

—/ /S:ngodxdt—e/ /ng-qu-godxdt
0 Ja 0o Ja

holds for any T € [0, T] and any ¢ € C([0, T); X,.), with (ou)(0,-) = my;

(5.5.28)

(iii) introducing
1
E(r) = Eun(r) = [ [5eluP +P()] () ax
for any t € [0, T|, the integral inequality
T T
o= / / [F(Dyu) + F*(S)] dxdt + ¢ / / P"(0)|Vg? dxdt <0 (5.5.29)
0 Jo 0o Jo
holds for any time T € [0, T], with E(0) = Eg .
5.5.4 Limite —0

In order to perform the limit ¢ — 0, we need the following result.

Lemma 5.5.8. Let n € IN be fixed and let {0¢, ue, S¢ }e~0 be as in Lemma 5.5.7. Moreover, let

f(QS) = \ﬁ vas
g(QSIu€) = \/5 V0e - Viug.
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Then, passing to a suitable subsequences as the case may be, the following convergences hold as e — 0.

0 =@ inL¥((0,T) xQ), (5.5-30)

u > u in L®(0, T; W2 ((; RY)), (5.5.31)

0cu; — ou in L®((0,T) x (;RY), (5.5.32)

0t ®u; — gu®u  in L2((0,T) x O; R9), (5.5.33)
Se —S inL'((0,T) x O; RY9), (5.5.34)

floe) = fle) in L*((0,T) x O RY), (5.5-35)
8(0e,ue) = glo,u) in L*((0,T) x O;RY). (5.5.36)

Proof. Similarly to the preceding section, we can deduce

HuSHM(O,T;Wl'q(Q}]Rd)) sa

for some g > 1 and a positive constant ¢; independent of € > 0, yielding, in view of Lemmas
5.5.2 and 5.5.3,

e o < ge(t,x) <eTg, forall (t,x) € [0,T] x Q0. (5.5-37)
We recover convergence (5.5.30). From the energy inequality (5.5.29), it is easy to deduce
sup [[ue(t, *) [lwreurey < €2, (5.5-38)
t€[0,T]

from which convergence (5.5.31) follows. Combining (5.5.37) and (5.5.38), we can recover
ocue —~m in L*((0,T) x O;RY).
Now, notice that (5.5.30) can be strengthened to
0: = 0 1IN Cyea ([0, T|;LF(QY)) foralll < p < oo

as ¢ — 0, so that, relaying on the compact Sobolev embedding (1.1.10) with k =1 and p = oo,
we obtain

0: ¢ inC([0,TEW™(2))
as ¢ — 0. The last convergence combined with (5.5.31), implies
m=ou ae. in(0,T) xQ,

and thus, we get (5.5.32). Similarly, from (5.5.31) and (5.5.32) we can deduce (5.5.33). Con-
vergence (5.5.34) can be deduced repeating the same passages performed for (5.4.5), manly
using the superlinearity of F* (5.1.11) combined with the De la Vallée-Poussin criterion 1.2.10
and the Dunford—Pettis theorem 1.5.4. Finally, from (5.5.37) we have in particular that

eclT@ _
>1, forall (t,x) €[0,T] xQ,
a(t,x)

and thus, from the energy inequality (5.5.29),

T T
s/ / |Vyo|* dxdt < ¢ eclTQ/ / P"(0)|Vyo|* dxdt < c(o, T).
0 Jao 0 Jo

In this way we get (5.5.35) and, in view of (5.5.38), (5.5.36). O
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Remark 5.5.9. It is worth noticing that the limit density ¢ admits the same upper and lower
bounds as in (5.5.37):

e Tg < g(t,x) <eTg, forall (tx) € [0,T] x Q.

We are now ready to let ¢ — 0 in the weak formulations (5.5.27), (5.5.28); notice in particular
that, in view of (5.5.36), for any T € [0, T] and any ¢ € C'([0, T}; X,,)

s/ /VXQ-qu-(pdxdt:\/E/ /ﬁVxQ-quwpdxdt%O
0 Ja 0 Ja

ase — 0.

Lemma 5.5.10. For every fixed n € N, and any 0o, € C(Q) such that

1 [my|? }
Eo . ::/ { + P(0g,) | dx
0, 012 oon (0o.1)

is bounded by a constant independent of n, there exist

0=0, €L7((0,T) xQ),
u=nu, € C([0,T|; X,),

with
o< ot,x) <eTg, forall (tx) € [0, x ),

for a positive constant c, such that

(i) the integral identity

t=1 T
U eg(t, ) dX] = / / (0dip +u- V) dx (5.5-39)
Q t=0 0 JO
holds for any T € [0, T] and any ¢ € C'([0, T] x Q), with (0, ) = 0o.n;

(ii) there exists
S =5, € L'((0,T) x O;RY:A)

such that the integral identity

t=T1
[/ ou-¢(t,-) dx] = / / [ou-0ip+ (ou®@u) : Vi + agdivy @] dxdt
Q t=0 0 JO

. (5.5.40)
—/ /S:Vx(pdxdt
o Ja
holds for any T € [0, T] and any ¢ € C([0, T}; X,), with (ou)(0,-) = my;
(iii) introducing for a.e. t € [0, T]
1
B0 = Ei(r) = [ |3eluP +P(0)] (x,) d, (5:5.41

the integral inequality

§5+// Dyu) + F*(S)] dxdt <0

holds for any time T € [0, T], with E(0—) = Ey, > E(0+).
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Remark 5.5.11. In the energy inequality (5.5.41) we used the weak lower semi-continuity in L!
of the functions E, F and F*, and thus fora.e. T >0

£—00

/ / Do) + F*(S)] dxdt < lim inf / / Do) + F(S.)] dxdt.

[ [ 3elu+ P@)] () ar < timint [ [ edud+ o)) (5, a,
e—0

5.5.5 Limitn — oo

Let {04, m;, = 0nuy, }nen be the family of approximate solutions obtained in Lemma 5.5.10,
with correspondent viscous stress tensor S, and energy E,. At this stage, as the initial
energies are uniformly bounded by a constant independent of n, we can recycle the same
procedure performed in Section 5.4 to get, passing to suitable subsequences as the case may
be, the following family of convergences as n — co:

0n — @ in Cyear ([0, T; L' (Q0)), (5.5-42)
m, = m  in Cyea([0, T|; L' (4 RY)), (55-43)
u, =~u inL7(0,T; Wg’q(Q; IRd)) (5.5.44)
S, — S in L'(0, T; L} (Q; R*%)), (5.5.45)
m, @m, mm . =
ﬂgn>o% “ o, — InL7(0, T; M(Q;RE)), (5.5-46)
n
E.(t) — E(t) forevery t € [0,00) and in L'(0, T). (5-5-47)

with
m=ou ae. in(0,T) xQ,

as a consequence of Lemma 5.4.2.
We are now ready to let n — oo in the weak formulation of the continuity equation (5.5.39)
and the balance of momentum (5.5.40), obtaining that

t=T1 T
[/ 0¢(t,-) dx} =/ /[Qat(P+m'Vx90] dxdt
@) =0 0 O

holds for any T € [0, T] and any ¢ € C!([0, T] x Q), with ¢(0, ) = o, and

t=T
[/ m - g(t dx] / / [m o1 + ILQ>0 0 : Vi@ +aodivy @ | dxdt
t=0

—//S:Vx(pdxdt—i—/ /quo:df)‘idt
0o Ja 0 Ja

holds for any 7 € [0,T] and any ¢ € C'([0, T]; X,;), with n arbitrary. As clearly explained
by Abbatiello, Feireisl and Novotny [2], Section 3.4, by a density argument it is possible to
extend the validity of the integral identity (5.5.48) for any ¢ € C!([0,T] x Q), @|sq = O.
Finally, notice that

(5-5-48)

Re Lweak(o T; M+(Q Rg;rg))
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appearing in (5.5.48) has been chosen in such a way that

m@m m®m>

where the time-dependent function ¢ is chosen in such a way to guarantee

/Q [;\mj +P(Q)} (t,°) dx+/1\/QdTr[i)‘{(T)] = E(7)

forae. 7€ (0,T).
We proved the following result.

Theorem 5.5.12. Let v =1 in (5.1.6). For every fixed initial data
[00, mg, Eg] € L}(Q) x LY(O;RY) x [0, ),

with

1 |mg|?
/[2| o +0olog oo | dx < E, (5.5-49)
Q 0o

problem (5.1.1)—(5.1.10) admits a dissipative solution in the sense of Definition 5.2.1.

5.6 EXISTENCE OF WEAK SOLUTIONS

Choosing g4 > d in (5.1.5) and ¢ = 1 in (5.1.6), we get the existence of dissipative weak
solutions to models describing a general viscous compressible fluid (5.1.1)—-(5.1.10), or equiv-
alently, the Reynold stress PR appearing in Definition 5.2.1 is identically zero. In particular,
we improve the work by Matus(i-Necasovd and Novotny [62], where existence was achieved
in the framework of measure-valued solutions.

For an arbitrary T > 0, we can repeat the same procedure performed in Section (5.5) until
we get to Lemma 5.5.10. We can now prove the following crucial result.

Lemma 5.6.1. Let g > d in (5.1.5), ¥ = 1 in (5.1.6) and let {0,, M, = 0ny }neN be the family of
approximate solutions obtained in Lemma 5.5.10. Then, passing to a suitable subsequence as the case
may be,

0nu,; ®@u, — ou®u in LY((0,T) x Q; R™*) (5.6.1)

asn — o0.

Proof. Proceeding as in Section 5.4.1 and due to Lemma 5.4.2, we have

0n — 0 in Cyear ([0, T]; L1(QY)),
0nty, — ou  in Cyear ([0, T]; LY(C; R?))

as n — oo, where the sequence {0,u,(t, ) }nen is equi-integrable in L'(Q;R?) for ae. t €
(0,T). Thanks to the De la Vallée-Poussin criterion 1.2.10, there exists a Young function ¥
satisfies the Ay-condition (1.2.1) such that

ontty — ou in L®(0, T; Ly (Q; R?)),
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Moreover, due to the compact Sobolev embedding (1.1.10) with k = 1 and p = g > d, we can
prove that the sequence {0,u, ® u,},eN is equi-integrable in L'((0,T) x Q; R¥*4). Indeed,
let ¢ > 0 be fixed and let the constant ¢ > 0 be such that

||un||L’4(0,T;Wl’q(Q;]Rd)) sc

uniformly in n. Let € = €(¢) > 0 be chosen in such a way that
-1
€< <c T’i’) €.
From the equi-integrability of the sequence {0,u, },cN, there exists 6 = §(€) > 0 such that
/ lonuy|(t) dx <& forevery M C Qs.t. [M| <,
M
for every n € IN. Let (t1,t2) x M C [0, T| x Q) such that

I(h1, £2) x M| < 6.

Then, for every n € IN,

th T
/ / lonuy @ uy,| dxdt < / / lonuy, ® u,| dxdt
o JIM 0 Jm

< |lonun ||qu (0,T;L1(M)) [ || L9(0,T; W11 (M))

T q ql”
<c / (/ |Qnun|(t)dx> dt
0 M
1
<ceT?
< E.

Consequently, we can adapt Lemma 5.4.2 replacing the sequence of densities {0, },en With
the sequence of momenta {0, u, },eN to obtain (5.6.1). O

Letting n — oo in the weak formulation of the continuity equation (5.5.39) and the balance
of momentum (5.5.40), we obtain the following result.

Theorem 5.6.2. Let q > d in (5.1.5) and v = 1 in (5.1.6). For every fixed initial data
[0, mg, Eo] € LY(Q) x LY ((;RY) x [0, 00),

with

1 2
/ []mo\ + 0ologoo| dx < Ey, (5.6.2)
al2 oo

problem (5.1.1)—(5.1.10) admits a dissipative weak solution
[0, 0u, E] € Cueakloc([0,00); L' (€2)) X Cueak toc ([0, 00); L' (4 RY)) x D([0, 00)),
meaning that the following holds.
(i) 0 > 0in (0,00) x Q).
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(i) The integral identity

t=T1 T
[/ QfP(f/')dx] :/ /[QatQD‘f’Qu'Vx(P] dxdt
Q t=0 0 Q

holds for any T > 0 and any ¢ € CL(]0,00) x Q), with 0(0,-) = 0o.

(iii) There exists
S € LL (0,00, L1 (Q; REXE))

sym

such that the integral identity

t=T T
[/ Qu-(p(t,-)dx] :/ / [ou-0p+ ou®@u: Vyp+apdivy | dxdt
0 t=0 Jo Jo

T
—/ /‘S:qu)dxdt
0 Jo

holds for any T > 0 and any @ € CL(]0,00) x O;RY), ¢|aq = 0, with (ou)(0,-) = my.
(iv) There exists a caglad function E, non—increasing in [0, 00), satisfying
1
[ |36+ P@)| (¢, dx = (o)
Q

fora.e. T > 0, such that the energy inequality

B0 — [Ty ars [Ty [ (FDw)+ES) dxdt <o

1 T

holds for any 0 < 7y < 1y and any ¢ € C}[0,00), ¢ > 0, with E(0—) = Eg > E(0+).
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