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This paper explores how firms that lack expertise in machine learning (ML) can leverage the so-called Al
Flywheel effect. This effect designates a virtuous cycle by which, as an ML product is adopted and new user
data are fed back to the algorithm, the product improves, enabling further adoptions. However, managing
this feedback loop is difficult, especially when the algorithm is contracted out. Indeed, the additional data
that the AI Flywheel effect generates may change the provider’s incentives to improve the algorithm over
time.

We formalize this problem in a simple two-period moral hazard framework that captures the main dynam-
ics between machine learning, data acquisition, pricing and contracting. We find that the firm’s decisions
crucially depend on how the amount of data on which the machine is trained interacts with the provider’s
effort. If this effort has a more (resp. less) significant impact on accuracy for larger volumes of data, the firm
underprices (resp. overprices) the product. Further, the firm’s starting dataset, as well as the data volume
that its product collects per user, significantly affect its pricing and data collection strategies. The firm
leverages the virtuous cycle less for larger starting datasets and sometimes more for larger data volumes per
user. Interestingly, the presence of incentive issues can induce the firm to leverage the effect less when its

product collects more data per user.
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1. Introduction

To train ML algorithms, companies often deploy their artificial intelligence (AI)-based
products early and collect usage data from their first customers. As new data are fed
back to the algorithm, the technology improves, enabling further adoptions and thus the

acquisition of additional data. This virtuous feedback loop, sometimes referred to as the
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AT Flywheel effect in the popular press (Trautman 2018), compounds the economic effect
by which quality increases demand, according to the statistics principle whereby data
improves accuracy.

The AI Flywheel effect has many applications, from voice recognition systems (Sarikaya
2019) to self-driving vehicles (Miller 2016), and even explains how certain web search
engines ended up dominating the market. Nonetheless, this virtuous cycle is perhaps most
useful for smaller teams or novel and specialized applications for which data is scarce.
The founders of startup Blue River Technology famously established their first dataset
manually to train an Al system that would distinguish weeds from crops, a crucial step
for the optimal spray of pesticides in farming (Ng 2018, Trautman 2018). This yielded an
algorithm with low performance, but with its adoption by early users, the company could
leverage the effects and significantly improve the algorithm. The company was sold in 2017
for more than $300 million (Golden 2017).

However, despite its apparent simplicity, the Al Flywheel effect is difficult to imple-
ment, especially among the small organizations that would most benefit from it. First, a
firm makes choices, and pricing decisions in particular, that affect demand alongside accu-
racy and hence interfere with the virtuous cycle. More specifically, the Al Flywheel effect
introduces an additional tradeoff between improving algorithms’ accuracy and maximizing
revenue, which the firm needs to consider when setting its pricing strategy.

Second, and perhaps more importantly, many firms lack the expertise to develop ML
algorithms. Indeed, the economy has experienced a significant shortage of skilled data
scientists, which particularly affects start-ups and small organizations (Nicolaus Henke
et al. 2016). This shortage has given rise to a striving outsourcing industry (Research
Nester Pvt. Ltd 2019), and many start-ups have been successful by turning to technology
outsourcing (examples include Skype, Opera and Slack, to name a few; see Cengiz 2015).

However, relying on outsourcing gives rise to incentive issues, which may impair accuracy
and thus again interfere with the Al Flywheel effect. For example, a provider may shirk by
applying standard third-party software that may be suboptimal for the task or expose the
firm to threats (Kendra et al. 2019, Bursztein 2018). If these algorithms are not developed
with care, they learn only surface statistical regularities, which affects their ability to
generalize and thus their accuracy (Jo and Bengio 2017). More generally, the provider may

have an incentive to wait for more usage data before exerting any effort to improve the
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algorithm. In fact, incentive issues such as these may not disappear when the firm does
not outsource the algorithm but instead employs an expert. Indeed, the details of ML
algorithms and their outputs suffer notoriously from a lack of explainability (Lipton 2016,
Ribeiro et al. 2016), rendering the expert’s efforts to improve accuracy difficult to observe
and contract on.

Third, the amount of data to which the provider has access for training the algorithm may
exacerbate the incentive issues. For instance, research in Al has suggested that accuracy
depends less on the specifics of the algorithm and more on the data on which it is trained
as data volume increases (Banko and Brill 2001, Halevy et al. 2009). In this case, the
provider’s effort to develop the machine matters more when data are scarce, i.e., in the
early stages of the AI Flywheel effect. Hence, the intensity of the incentive issues may
change over time as the feedback loop between accuracy and usage data unfolds.

The goal of this paper is to shed light on how firms that lack expertise in ML can
leverage and optimize the Al Flywheel effect. In this context, we seek to understand how
the need to mitigate the incentive issues created by outsourcing the algorithm affect the
firm’s pricing and data collection strategies. To that end, we formalize the problem in a
simple two-period moral hazard framework, which captures the previous three features:
the accuracy vs. the revenue tradeoff, the incentive issues, and the impact of data on the
intensity of these issues.

Our analysis reveals that the firm’s decisions crucially depend on how the amount of
data on which the machine is trained interacts with the provider’s effort. Specifically, if
the provider’s effort has a more significant impact on accuracy for larger volumes of data,
the firm underprices the product in order to acquire more data from the market, retrain
the algorithm and generate more revenues in the future. In contrast, the firm overprices
and collects less data if the provider’s effort is most impactful when data are scarce. In
addition, when effort is most impactful for medium amounts of data, the firm’s pricing
strategy depends on the initial dataset on which the algorithm is first trained. The firm
underprices if the initial dataset is small and overprices otherwise.

This last point reveals the importance of the dataset on which the algorithm is first
trained. In particular, firms with different initial datasets may follow radically different

pricing strategies. In addition, we provide sufficient conditions under which increasing the
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size of this initial dataset reduces the inefficiencies due to incentive issues when the firm
underprices but exacerbates them when the firm overprices.

Our analysis also reveals the key role that the data volume per user has on the firm’s
decisions. Indeed, the firm can sometimes increase the amount of data its product collects
per user. For instance, the firm may rely on third-party services in the case of mobile and
web applications (Deshpande 2019) or increase the capacity of embedded sensors in case
of physical products (McGrath and Scanaill 2013). This, in turn, should provide the firm
with more data overall to retrain and improve the algorithm. We find, however, that this
intuition does not always hold when the firm needs to manage the provider’s incentives. If
the provider’s effort is most impactful when data are scarce, the effect is actually reversed
and the firm collects overall less data when the data volume per user is sufficiently high.

Taken together, these results characterize how the starting dataset as well as the amount
of usage data collected by the product significantly affect the firm’s pricing and data
collection strategies. The key driver for this lies in the type of impact that data has on the
provider’s effort when training the algorithm.

More specifically, we consider a firm (the principal) that outsources the development of
an ML algorithm to a provider (the agent). (See Section 2.) The expected accuracy of the
algorithm increases in both the amount of data on which it is trained and the effort of the
provider. At the beginning of the time horizon, the firm starts with a small initial dataset,
which allows the provider to develop a first version of the algorithm. The firm chooses
a pricing strategy and begins to market this product. Demand for the product decreases
with price and increases with accuracy. At the end of this first period, the realized demand
generates revenues for the firm and additional data for the provider. This additional amount
of data corresponds to the realized demand multiplied by the volume rate, which is the
expected amount of data per user that the product collects. The provider retrains the
algorithm based on the augmented dataset, and the firm markets this second version at
a new price. However, exerting effort to improve the algorithm is costly. Because effort is
non-contractable, the firm faces a moral hazard problem in each period when the provider
trains the algorithm. The firm then seeks to design a contract and a pricing strategy that
maximize its total profit over the time horizon.

A crucial feature of our setup is how effort and data interact with one another to deter-

mine the algorithm’s accuracy. We introduce the notion of data impact (in Section 2.2),
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which maps the size of the available dataset to the normalized effect of shirking on the
probability of high accuracy. The data impact characterizes how data interact with effort
to determine the algorithm’s accuracy. When the data impact is constant in the data size,
effort and data independently affect accuracy. However, when the data impact increases
(resp. decreases), exerting effort increases accuracy relatively more (resp. less) with more
data.

Overall, this setup captures the elementary dynamics of the Al Flywheel effect. Indeed,
demand in the first period generates additional data that improve the algorithm’s accuracy
in the second period, which in turn generates more demand. The model also captures
how the firm’s decisions affect the flywheel effect in a simple manner. Specifically, the
firm faces a price/data tradeoff in which decreasing the price generates more data but
less revenues. Further, the initial data size and the volume rate characterize together the
potential strength of the AI Flywheel effect. The initial data size specifies the firm’s starting
point in the virtuous cycle, while the volume rate influences the speed at which this cycle
unfolds. Finally, the data impact captures how the intensity of the moral hazard problem
changes with data and thus as the AI Flywheel effect unfolds.

In this setup, we begin by solving the first-best problem, that is, the existence of the
AT Flywheel effect but without incentive issues (see Section 3). In this case, we find that
the flywheel effect induces the firm to decrease its price. We then characterize the optimal
contract and equilibrium payments to the provider in the presence of moral hazard. Under
this optimal contract, the firm always prices at the first-best price when the data impact
is constant in the size of the dataset, but always prices below (resp. above) the first-best
price to collect more (resp. less) data when the data impact increases (resp. decreases).
(See Section 5.) This situation implies that when the data impact is unimodal, a threshold
exists for the size of the starting dataset such that the firm prices below (resp. above)
first-best when the starting dataset size is below (resp. above) the threshold. Further, the
firm’s price always increases in the initial data size. In this case, and under additional mild
conditions, the firm underprices less as the initial data increase if the data impact also
increases but overprices more when the data impact decreases. (See Section 6.) Finally, we
show that when the data impact is increases, improving the volume rate also increases the
amount of collected data. In contrast, improving the volume rate has a unimodal effect on

the collected data when the data impact decreases (see Section 7).
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1.1. Literature Review

The advent of the digital economy has recently generated new research on data privacy and
markets in both management science and economics. This new stream of research explores
the impact of data leakage in platform business models (Acemoglu et al. 2019), the issue of
selling data (Bimpikis et al. 2019, Mehta et al. 2019), and the effect of collecting data on
privacy and price discrimination (Loertscher and Marx 2019). In contrast, our work focuses
on the outsourcing of ML algorithms that make use of this data, which creates incentive
issues that dynamically interact with the amount of available data. More generally, ours
is the first study in this stream of research to explore the problem of managing the Al
Flywheel effect.

Our work is also related to the large literature on dynamic pricing with learning. Of
particular interest is the recent stream of research on new experience goods and quality
learning. Yu et al. (2015), for instance, study the dynamic pricing of new experience goods
in the presence of two-sided learning (learning about quality via consumer reviews). In
their setting, the pricing decision affects both revenue and the flow of information. They
show that consumer-generated quality information may decrease the firm’s profit and even
consumer surplus. Feldman et al. (2018) also analyze the pricing and quality design of new
experience goods for consumers who are social learners. They characterize the deviation
of the firm’s optimal policy from a setting without social learning. In these setups, quality
is a decision variable that is set ex ante, and learning concerns either the firm learning
about the consumers or the consumers learning about quality. By contrast, accuracy is
dynamically improved in our setting and learning concerns the training of the algorithm,
i.e., the enhancement of quality. In addition, we consider moral hazard issues, which is not
the focus of this stream of research.

From a more technical point of view, our model is a dynamic moral hazard problem with
binary effort choices and binary outcomes. Different versions of this problem have been
studied, especially in the sales force management literature. Schottner (2016) analyzes a
multi-period setting with different sales probabilities in each period when the firm can
obtain only aggregate information on sales. Despite being different across periods, the sales
probabilities are taken as constant. Krékel and Schéttner (2016) consider a two-period
model with binary effort choices and analyze the optimal contracts. They also study a case

where the second-period sales opportunity randomly depends on the outcome of the first
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period with exogenous probabilities. Schmitz (2005) explore a similar setting, where the
probability of a favorable outcome in the second period takes a larger value in the case of
a success in the first period.

Although these papers explore various configurations of the uncertainty structure, the
probability of observing a favorable outcome in their models is fixed (Schoéttner 2016)
or exogenously depends on the outcome in the first period (Krékel and Schottner 2016,
Schmitz 2005). By contrast, the outcomes in the first period endogenously determine the
probability of success in the second period in our setup. This feature is indeed at the core
of the Al Flywheel effect.

In this stream of research, Dai and Jerath (2019) study a slightly more general dynamic
moral hazard problem with binary effort choices and three possible outcomes. A key aspect
of this model, also introduced in de Véricourt and Gromb (2018, 2019) for more general
distributions of outcomes, is that the firm’s capacity decision interacts with the moral
hazard problem. Indeed, in de Véricourt and Gromb (2018), Dai and Jerath (2019) and
de Véricourt and Gromb (2019), a low capacity level may censor high demand realizations,
which exacerbates the incentive issue. Our work considers a different type of interaction
between the firm’s decision (pricing in our case) and the moral hazard problem through a
monotonic property of the data impact ratio, which is more appropriate in the context of
training an algorithm with data.

Finally, our work also contributes to the rich operations management literature in
entrepreneurship, as our setup is particularly relevant for cash-constrained firms with a
lack of technical skills. The points of focus in this literature widely range from investment
timing (Swinney et al. 2011) and financial capabilities (Tanrisever et al. 2012) to comple-
mentary technologies (Anderson Jr and Parker 2013). By contrast, we provide insight on

how cash-constrained firms can leverage a business model based on the Al Flywheel effect.

2. Model Description

We model the problem of managing the AI Flywheel effect in an elementary two-period
moral hazard framework. In our setup, the firm (the principal) outsources the development
and training of the algorithm to a provider (the agent) in the beginning of each period.
The resulting accuracy of the algorithm depends on both the provider’s effort and the size
of the available dataset. Given this accuracy level, the firm markets the product to users
with heterogeneous accuracy and price sensitivities. At the end of each period, demand is

realized, which determines the profit and the additional generated data for that period.
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2.1. Data, Accuracy and Revenue

At the beginning of period t =1, 2, the size of the available dataset to train the algorithm
is equal to d;_;. In particular, dy denotes the size of the firm’s initial dataset. In each
period ¢, the provider can either exert effort e = w at cost k> 0 or shirk e = s at no
cost. We denote by a4, the resulting algorithm’s accuracy, which can be either high or
low with o € {ay, a}, where oy, > ay. Given data size d;_; and effort e, the probability
of high accuracy (o = o) is equal to m.(d;_1) with m,(d;—1) > ms(ds—1). Probabilities
Te * [dmin, dmax] — [0, 1), e € {s,w}, are twice-differentiable and increasing functions with a
continuous second-order derivative. Moreover, m,, is concave. In other words, the accuracy
of ML models increases with data, but the marginal effect of additional data is decreasing
(see Banko and Brill 2001, for instance). The further lower bound d,,;, > 0 is the minimum
size required for the development of a functioning ML model, and d,,,x < oo is the largest
possible total data size on which the algorithm can be trained.

Given accuracy ay, the firm then prices and markets the product. The market in period ¢
corresponds to a continuum of buyers of total mass normalized to one, a common framework
in the pricing literature (e.g., Aflaki et al. 2019, Feldman et al. 2018, Yu et al. 2015).
Each buyer has a private accuracy sensitivity v that is drawn from the standard uniform
distribution with c.d.f. F, p.d.f. f, support [0,1], and a virtual value function ¢(v) =
v—F(v)/f(v), where F(-) =1— F(-). Hereafter, we use the notation # to denote 1 — z for
an arbitrary term x. A buyer with sensitivity v purchases the product with accuracy « and
price p if av — p > 0. Given accuracy-price pair (p, ), demand is equal to F(p/a), which
yields revenue pF(p/a). Equivalently, the firm may choose demand quantity ¢ instead of
price p, with p = aF~'(g) and, hence, pF(p/a) = qaF~'(g), where F~! is the inverse of
the c.d.f. F.

One key feature of our model is that demand generates data that can be used to improve
the algorithm. We denote by volume rate v > 0 the average amount of usage data that the
product can collect, i.e., the marginal data generated per user. Given demand ¢, therefore,
the total amount of collected data ¢ in the period is equal to d = vq. Thus, at the end
of period t = 1,2 the size of the available dataset is equal to d; = d; + d;_;. Further, the
firm’s revenue can be expressed in terms of volume rate v, collected data § and accuracy

a. Specifically, we define this revenue as R, (,a) with R,(§,a) = ad/vF~ ((1—6/v)).
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Thus, decreasing price increases demand and hence the amount of collected data but
may also decrease revenue R,. In this sense, our model captures the tradeoff associated
with the Al Flywheel effect between maximizing revenue and collecting additional data. In
addition, parameters (dy,v) characterize the potential strength of the AI Flywheel effect
in our setup. Indeed, we have d; = vq + dy; hence, data size dy specifies the firm’s starting
point in the virtuous cycle, while volume rate v influences the speed at which the firm can
leverage this cycle.

Figure 1 depicts the timing of the events corresponding to our setup.

Period 1a - Initial Algorithm Development. The firm starts with an initial dataset of size
dy. Based on this dataset, the provider chooses effort e € {s,w} to develop a first version
of an ML algorithm. The algorithm’s accuracy «; is then realized according to probability
Te(dp).

Period 1b - Pricing and Data Collection. Given accuracy «;, the firm prices and markets
the product. The firm collects d; such that the total size of the dataset becomes d; = dy+ 6,
and generates revenue R, (07, aq).

Period 2a - Algorithm retraining and improvement. If a; = ay, the provider retrains the algo-
rithm with an augmented dataset of size d;. (Otherwise, the maximum possible accuracy
level ay, is achieved and the firm does not need the provider to improve accuracy further.)?
The provider again chooses effort e to retrain the algorithm, which yields accuracy s
according to probability m.(d;). The probability of achieving high accuracy «y, increases in
this period, i.e., m.(d;) > m.(dy), because of the dataset increase d; > dy, and since more
data improves accuracy, m.(-) for e € {s,w} are increasing functions.

Period 2b - Pricing. Finally, given accuracy as, the firm prices and markets the product,
which determines §, and generates revenue R, (02, ).

At the end of the time horizon, the firm has no further incentive to retrain the algorithm
using additional data ds, which also means that d; corresponds to the size of the largest
dataset on which the algorithm is ultimately trained. The maximum possible size of this
dataset is then equal to dy. = v+ dp (recall that the market size is normalized to one). In
the following, we thus take dpi, < dy < dpax/2 and 0 < v < dyax/2.

! Our model and results easily extend to the case where accuracy is cumulative, that is, in situations where accuracy
can be further improved when a1 = a,.
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Figure 1  Sequence of events.
Data: do Accuracy: ai Data: di =do + 61 Accuracy: as
Algorithm Development Pricing and Algorithm Retraining .
. Pricing
(Contract) Data Collection (Contract)
Period 1a Period 1b Period 2a Period 2b

2.2. The Data Impact

Thus far, we have ignored the incentive issues that outsourcing the development of the
algorithm creates. In particular, the accuracy level depends on the available data and the
provider’s effort. Thus, the availability of data may interact with the intensity of the moral
hazard problem that the firm faces in each period. To characterize this interaction between
effort and data, we introduce the notion of the data impact, which we denote by p(d). The
data impact maps dataset size d to the normalized effect of shirking on the probability of

high accuracy, i.e.,
A 7Tw(d) - WS(d)

We further assume that 1/p(d) is convex in d, which essentially requires data impact p(-)

p(d)

not to be too convex. This technical restriction is milder than log-concavity, and hence
concavity.

Overall, when data impact p(d) is constant in d, the effect of shirking on accuracy is
independent of the data size on which the algorithm is trained. However, when the data
impact increases (resp. decreases) in d, exerting effort increases the probability of high
accuracy more (resp. less) with more data.

Figure 2 depicts different examples corresponding to these three regimes. In all examples,
probability m,(-) (the dotted black curve in Figure 2a) is the same, while probability (-)
takes different forms, inducing different properties for data impact p. In the first regime
(Case 1 in Figure 2), the effect of shirking 7, (d) — 7s(d) (when 7¢(d) is the blue dashed
curve in Figure 2a) is directly proportional to the probability of high accuracy m,,(d), which
yields a constant data impact (the straight dashed line in Figure 2b). By contrast, the
data impact increases in the second regime (the red dashed-dotted curve in Figure 2b) but
decreases in the third one (the yellow plain curve in Figure 2b).

The monotonicity of the data impact is related to the monotone likelihood ratio property

(MLRP), which is commonly assumed in the moral hazard literature. In our setup, the
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Figure 2 The different regimes of the data impact.
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Note. In all cases, the probability of high accuracy is m,(d) =1 —exp(—3d/4). We set m4(d) = 7w (d) exp(—cd — y),
and p(d) =1 — exp(—cd — y), where the pair (c,y) is taken as (0,log4/3) in Case 1 (constant p), (1/6,0) in Case 2
(increasing p) and (—1/4,log2) in Case 3 (decreasing p).

MLRP property corresponds to m,,(d)/ms(d) > 7, (d)/7s(d) for a given d and holds for all d
since effort always improves accuracy m,(d) > 7s(d) (see Dai and Jerath 2019, for instance).
Loosely speaking, the property guarantees that high accuracy is more indicative of high
effort ex-post. The monotonicity of the data impact determines the magnitude of this effect

ex ante for the amount of available data to train the algorithm.

2.3. Contracts

The firm faces a moral hazard problem in each period but do not have commitment
power across periods. Thus, the firm needs to offer two different contracts, one per period.
These contracts are nonetheless linked since the second contract determines the provider’s
expected payoff in the second period, which affects the provider’s incentives to exert effort
in the first period.

Accuracy realizations «y, t = 1,2 are contractable but effort is not. Thus, the contract
in each period offers payments that depend on the public history and are contingent upon
the accuracy realizations. Specifically, the history in Period la reduces to dy and the first
contract consists of payments z14(dy) and z1,(dp) that are made if oy = oy and ay = ayp,
respectively. Given realization aq, the firm collects additional data, which yields size d; at
the end of the period. The history in Period 2a is then (di, 1), and the second contract

consists of payments xo.(dy, ) and xoy(dy, ), which again correspond to high and low
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accuracy levels, respectively.? The provider is further protected by its limited liability;

thus, x4, 215, To¢ and x9), are all non-negative.

2.4. The Firm’s Problem
The firm’s problem is to maximize the total expected profit, which is the expected revenue
net of payments over both periods, subject to incentive compatibility constraints. We
assume that the firm prefers the provider to exert effort in both periods and that the
optimal price neither covers nor excludes the entire market. (These assumptions are made
for the sake of simplicity; see, for instance, Laffont and Martimort 2009 and Feldman
et al. 2018, Choudhary et al. 2005, respectively. We provide formal conditions for these
assumptions in Appendix B).

We formulate this problem via backward induction starting from the second period (see
Figure 1). Denote then by Jo,(aw,d;) the firm’s optimal expected profit in Period 2b given
accuracy «s and data size d;, such that

Jop(az,d1) = max R, (62, 2) (2)

d2€0,v]

The firm chooses the amount of collected data (or equivalently the price) so as to maximize
the expected revenue in the current period. As there is no continuation, we refer to this
problem as the myopic problem. In particular, size d; does not play any role in this problem,
which corresponds to situations where both the AI Flywheel effect and the moral hazard
problem are absent. We denote by " the value of §, that solves Problem (2).

Similarly, we denote by Ja, (a1, d;) the firm’s optimal expected profit in Period 2a, given

accuracy «; and data size d;, such that

Joa(ap, dy) = pmax T (d1) [Jap(an, di) — @op] + T (di) [Jap (e, di) — 2] (3)
S.t. .
T (d1)Ton + T (dr)Toe — K > T5(dr) T + Ts(dr) Tas (4)
Joo(ap,dy) = Jop(aup, dy). (5)

When a; = ay, the firm needs to set payments such that the provider has enough incentives

to exert effort, as formalized by incentive constraint (4). These payments are then deduced

2 Recall that these last payments are only meaningful when o = av, as no contract is required in the second period
when a1 = o,
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from the firm’s expected revenues in Period 2a. Here, data size d; affects the chance of
improving accuracy in the next period via probabilities 7.(-), e € {w,s}. When ay = ay,
recall that the firm does not need nor pay the provider. We thus refer to z3, and x3, as
the optimal payments solving Problem (3).

Moving to the first period, we denote by Ji,(,dy) the firm’s optimal expected profit
in Period 1b given accuracy «; and data size dj, such that

Jlb(Oél,dQ) = Imax Ry(dl, 041) + Jga (Oél,d(] + (51) for oy € {Oéh,Oég}. (6)

516[0,1/}

In contrast to Problem (2), the firm needs to balance the revenues in the current period
with the expected profit in the next one when the algorithm is of low accuracy. When
ay = ay, the choice of data d; (or equivalently price) affects current revenues directly and
future ones indirectly by increasing the dataset size to dy+ ;. We refer to 6* as the optimal
solution of Problem (6) for ay = ay, and to p* as the price that yields data size §* (see
Section 2). When a1 = a4, no retraining is required and the optimal price is equal to the
myopic price, as we make clear in Section 4.
We are now ready to define the overall firm’s problem. Given initial data size dy, we
denote by Ji,(dp) the optimal total expected profit in Period la, such that
Jia(do) = max 7, (do)[J1e(an, do) — T1n] + T (do) [J1s(ae, do) — 214] (7)

Z1p,21¢>0

s.t.
Tw(do)T1n + Tw(do) [T10 + Jp(do)] — k > ws(do) 1 + 7Ts(do) [x10 + Jp(do)]  (8)
Jp(do) = (do +6") 2%, + T (do +07) 23 — K. (9)

The firm faces a similar trade-off as in Period 2a. The difference, however, is in the incentive
compatibility constraint (8). Indeed, the expected payments that the contract of the second
period brings about affect the provider’s incentives in the first period. Specifically, J,(-)
in (8) corresponds to the provider’s expected continuation profit, which is equal to the
expected optimal payments in the second period net of the effort cost; see (9). A key
aspect of our setup is that the distribution of these future payments, m,(d;), depends on
the choice of §; since d; = dy + ;. Thus, the choice of §; (or equivalently price) not only
makes the tradeoff between present and future revenues as in (6) but also determines the

intensity of the incentive issue.
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3. First-Best Benchmark
We first consider the first-best setting in which the firm has the capability to develop the
algorithm and does not face any incentive issues. The first-best problem then corresponds
to Problem (7) without incentive constraints (8) and (4), but where the firm directly incurs
cost k. Again, we solve the first-best problem using backward induction.

Specifically, the firm’s problem in Period 2b still corresponds to the myopic problem

in (2). Straightforward calculations then the following result.

LEMMA 1. Given accuracy os and dataset size dy, the optimal collected data size O™ and
expected profit Joy(an,dy) are equal to " = vF(¢71(0)) and Jy (o, dy) = aaT, respectively,
where 7= ¢~ (0)F(¢~(0)) and ¢~'(-) is the inverse of virtual value function ¢(-).

The proof of Lemma 1 are provided alongside all other proofs in Appendix A. The corre-

sponding myopic price that yields data size 0 is then equal to, per Section 2,

pM - a2¢_1 (0)7

and quantity 7 is equal to p"(0"/v)/ag, which is the marginal revenue per unit of accuracy
under optimal myopic pricing. Note that data size 0" does not depend on accuracy, but
optimal price p" and profit .Jy;, do.

In period 2a, no contract is required at first-best, but the firm incurs the effort cost.
The corresponding expected profit, JE? is then given by equation (3) without payments
but with cost k. Given data size d;, expected profit Ji° is thus equal to, where the future

expected profit is equal to a7 per Lemma 1,

T2 (g, dy) = 7o (dy)anT + T (dy) e — K (10)

J52(ap,dy) = apT. (11)

The optimal expected profit Ji7 in Period 1b then corresponds to (6), where the future
expected value is given by (10), i.e.,

Jit(a1,dy) = max R,(61,0q)+ Joo (al,do + (51) for oy € {an, ay}. (12)

61€[0,v]
We denote by 68 the optimal value of §; maximizing (12) for a; = ay. We also refer to p™
as the corresponding price that yields data size 6*®. When a; = ay,, no training is required

and the first-best price is equal to p", as we show later in this section.
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Finally, no contract is required at first-best in Period la. The firm does not need to
specify any payment but nonetheless incurs the effort cost (recall that we assume that
exerting effort is always optimal; see Section 2.4). Given initial dataset size dj, the total

expected profit at first-best is equal to
Tia (do) = T (do) J1y (ctn, do) + T (do) Jiy (v, do) — K- (13)
The following proposition characterizes the firm’s optimal decision at first-best.

PROPOSITION 1. The optimal solution to Problem (12) is unique and such that ¥ > ™

if ap =ay and M if oy = .

If the firms succeeds in developing a first algorithm of high accuracy («; = ay,), no further
improvement is necessary and the firm charges the optimal myopic price p", inducing "
over the remaining time horizon. If this accuracy is low (a; = ay), however, the firm faces a
tradeoff between maximizing revenues in the current period or acquiring additional data to
leverage the AI Flywheel effect. In this case, the firm underprices with p™® < p" and forfeits
the optimal myopic revenue to collect more data, i.e., 6 > §, increasing the probability
of high accuracy and hence expected profit in the next period.

This scenario has further implications for the effect of the initial dataset on the firm’s
pricing strategy. Specifically, the firm may put more emphasis on increasing its initial
dataset size before developing the algorithm, for instance, by purchasing or manually col-
lecting additional data (see, e.g., Brown 2015 and Roh et al. 2019). The next proposition

characterizes the ensuing effect on the firm’s decisions.
PROPOSITION 2. The first-best data size 0 is monincreasing in initial data size dy.

In other words, the first-best price p™® increases with the initial data size dy. Per Proposi-
tion 1, the first-best benchmark %8 is always larger than myopic data size é". Increasing d,
allows for a higher m,(dy) without affecting the first period revenue, thereby diminishing
the need for deviating the price away from myopic price p".

Instead of acquiring a larger initial dataset, the firm may also consider designing a
product that collects more data per user. This may be done, for instance, by using third-
party services in the case of mobile and web applications or increasing the capacity of
embedded sensors in the case of physical products (McGrath and Scanaill 2013). In our
setup, collecting more data per user corresponds to increasing volume rate v, the effect of

which is characterized by the next result.
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PROPOSITION 3. The first-best data size 0™ is nondecreasing in data volume rate v.

In other words, as the volume rate increases, the firm collects even more data (6*® is non-
decreasing). Recall that § = vq and thus increasing v provides an opportunity to increase
data size ¢ to improve the algorithm in the next period while maintaining quantity ¢ and
hence revenues in the current period. Finally, note that parameters dy and v have opposite

effects on the firm’s decisions.

4. Optimal Decisions of the Firm with Incentive Issues
We now characterize the optimal decisions of the firm when it needs to outsource the
development of the algorithm. These decisions correspond to the amount of collected data
0* (and the corresponding price p*) as well as all payments z7,, z},,z5,, and x3,. As in the
previous sections, we study this problem using backward induction.

The optimization problem of J, in (3) corresponds to minimizing the expected payment
while motivating the provider to exert effort. The following proposition (based on Laffont

and Martimort 2009, Proposition 4.2) provides the corresponding optimal payments.

PROPOSITION 4. Given dataset size di, the unique optimal payments for Problem (3)

are x5, =0 and 3, = k/[mw(d1) — 7s(dy)]. The firm’s optimal expected profit is then

Toa(ug,dy) = T (di )T + T (dy )Tt — ﬁ and Joq(an, dy) = Tup - (14)
1

where k/p(dy) is the expected payment to the provider.

MLRP ensures that under the optimal contract, realizations of higher value (cy, in our
setup) are more rewarded (z3, > z7;). Thus, MLRP concerns the ex post payments to the
provider. In contrast, Proposition 4 shows that data impact p(-) determines the ex ante
provider’s rent k/p(d;).

The optimal expected continuation profit Ji,(cu,dp) in Problem (6) is then obtained
by using expected profit Jy,(c,dy + 6) from (14) in Proposition 4. We show next that
the optimal data size solving Problem (6) and hence the corresponding optimal price are

unique.

PROPOSITION 5. The optimal solution to Problem (6) is unique and equal to 6" if oy =

.
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If the first version of the algorithm is already highly accurate (a3 = ay,), no further
improvement is necessary and the firm does not need to deviate from the first-best price,
which is also the myopic price (p™ = p" from Proposition 5). In the next section, we explore
in detail the deviations from first-best that a low accuracy (a; = ay) creates.

Finally, the next result characterizes the optimal payments in Period 1a.

PROPOSITION 6. Given initial data size dy, the unique optimal payments for Problem (7)

are

* * K K
T =0 and = S o) <p<do ) ) |
Contrary to the payments in Period 2, the firm now needs to account for the provider’s
future expected profits. Specifically, optimal payment z7, corresponds to i) bonus payment
taken at dy but augmented by ii) the provider’s rent of the second period net of effort cost
because in our setup, the firm cannot easily replace the provider across periods. In this
sense, the second term of =}, captures the cost due to the scarcity of Al service providers

in the market.

5. Overpricing, Underpricing and Optimal Data Collection
To alleviate the moral hazard issue, the firm may need to incur costly deviations away
from first-best decisions. The next result shows that the monotonicity of data impact p(-)

is sufficient to determine when the firm overprices and when it underprices.

THEOREM 1. We have

1. if p(-) is constant, then §* = 6B,
2. if p(-) is increasing, then 6* > 68,
3. if p(+) is decreasing, then 0* < §F8.

In essence, the monotonicity of the data impact defines three distinct regimes. If the relative
impact of shirking is independent of the dataset size (p is constant), then no deviation from
first-best is required. By contrast, if this impact intensifies with more data (p is increasing),
the firm needs to underprice p* < p in order to collect more data 6* > §*®. Finally, the
firm needs to overprice p* > p™ when the relative impact of shirking diminishes with more
data (p is decreasing).

Figure 3 depicts examples of these three regimes for different initial dataset sizes (d).
The data impacts corresponding to these examples are depicted in Figure 2b. The resulting

data sizes 0* and optimal prices p* are depicted in Figures 3a and 3b, respectively.
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Figure 3 Optimal data and pricing decisions of the firm.
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Note. The data impacts for Case 1, 2, and 3 are given by the corresponding cases in Figure 2b. For Case 1, §*® = 6*

and p™ =p* are in Figure 3a and Figure 3b, respectively.

In the first regime, the data impact is constant and the net effect of shirking m,,(d) —m4(d)
is proportional to the probability of high accuracy m,(d) (see Figure 2, Case 1). In this
case, the dataset size does not affect the intensity of the incentive issues. The firm only
faces the tradeoffs that the Al Flywheel effect brings about and thus charges the first-best
price (but still incurs the payments to the provider). This corresponds to the blue dashed
curve in Figure 3, which depicts the firm’s decisions in both the first regime and first-best.

In the second regime, the data impact is increasing and the net effect of shirking increases
faster than the probability of high accuracy (see Figure 2, Case 2). This regime is depicted
by the red dashed-dotted curve in Figure 3. In this case, high accuracy is more indicative
of efforts at higher data volumes, and the rent is decreasing in data size 6. Thus, the firm
underprices with p* < p™ (the red dashed-dotted curve is below the blue dashed one in
Figure 3b) in order to collect more data with §* > 6*® (the red dashed-dotted curve is above
the blue dashed one in Figure 3a). In this sense, the incentive issues induce the firm to
leverage the Al Flywheel effect even more. In particular, the expected revenue in the first
period is lower than first-best due to incentive issues, but the expected revenues in the
second period are higher since with more data, the probability of high accuracy is higher.

Finally, the data impact is decreasing (see Figure 2, Case 3) in the third regime, which is
depicted by the yellow plain curve in Figure 3. In this case, high accuracy is less indicative
of efforts at higher data levels and the rent is increasing in data size §. Thus, the firm

overprices with p* > p® so as to collect less data with 6* < 6F8. The firm’s expected revenues



de Véricourt and Gurkan: A Flywheel Effect 19

Figure 4 Unimodal data impact.
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Note. Probabilities m,(d) = +/d/3 and 7s(d) = mw(d)(1 — 0.2(3 — d)d) are depicted in Figure 4a and induce data
impact p(d) =0.2(3 — d)d is depicted in Figure 4b.

in the last period decrease compared to first-best since the probability of high accuracy
is lower. The revenues in the first period, however, might actually increase compare to
first-best. This situation happens, for instance, when p" > p* > p®. Overall, the incentive
issues prevent the firm from fully leveraging the AI Flywheel effect in this regime.

An important consequence of Theorem 1 is that the initial dataset does not determine
whether the firm overprices or underprices, as long as the data impact is monotone. This is
not the case, however, when the data impact is unimodal, as demonstrated by the following

corollary.

COROLLARY 1. If data impact p(-) is unimodal, then threshold d exists such that
1. if dy=d, then &* = 6%,
2. if dy <d, then &* > 6%®,
3. if dy>d, then 6* < 6%®.

Thus, the size of the initial dataset determines whether the firm underprices or overprices
when the data impact is unimodal. Specifically, the firm underprices when the dataset is
small but overprices otherwise. In this sense, the size of the initial dataset may reverse the
firm’s overall pricing strategy.

The data impact is unimodal when the relative effect of shirking is highest for datasets
of medium size. Figure 4 provides an example of probabilities 7,, and 7, (Figure 4a) that

yield a unimodal data impact (Figure 4b), which corresponds to the situation where the
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Figure 5 Effect of the initial dataset on the optimal data collection and pricing decisions when p is unimodal.
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Note. The corresponding data impact is depicted in Figure 4b.

sheer volume of data, rather than the algorithm’s refinements, determine the algorithm’s
accuracy for large datasets, while the lack of data limits the effect of any effort levels for
small datasets.

Figures 5a and 5b depict the effect of initial size dy on the firm’s data collection and
pricing strategies, respectively. The data impact corresponding to this example is depicted
in Figure 4b. The optimal data size §* (resp. price p*) is above (resp. below) the collected

data size 6F® at first-best when d, is less than threshold d & 0.7 and below it otherwise.

6. Impact of the Firm’s Initial Dataset
The previous results show that the data impact’s monotonicity determines the firm’s pric-
ing and data collection strategies. These results also suggest that the size of the initial
dataset sometimes plays a key role in the firm’s decisions. We explore this role further
below.

In our setup, initial dataset size dy determines the firm’s starting point in the virtuous
cycle of the Al Flywheel effect. The firm can increase this dataset by manually collect-
ing more data or purchasing existing datasets. This scenario, however, affects the firm’s

decisions, as shown in the following result.
PROPOSITION 7. The optimal data size 6 is nonincreasing in dy.

Hence, the larger the initial dataset is, the higher the price charged by the firm and thus
the less data are collected across periods. Interestingly, this result does not dependent on

the monotonicity of the data impact, as illustrated by Figures 3 and 5.
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Further, recall that an increase of initial size dy also increases collected data 6* (see
Proposition 2). Thus, whether an increase in the initial dataset exacerbates or reduces
the distortions away from first-best remains unknown in general. Nonetheless, the next
result provides different sufficient conditions, under which absolute distortion [§* — 6™®|

may increase or decrease.

PROPOSITION 8. The absolute deviation away from first-best is such that
o |6* — 0B is nonincreasing in d if p(-) is increasing and 7w (-) is nonincreasing.

e |6* — 08| is nondecreasing in d if p(-) is decreasing and w!'(-) is nondecreasing.

Hence, under third-order conditions on probability m,,, an increase in the initial data size
reduces the distortions away from first-best (p* and 0* approaches p™ and 6%, respec-
tively) when the data impact is increasing but exacerbates them when the data impact is
decreasing (p* and §* move away from p and 0™, respectively). The monotonicity of the
data impact determines whether or not §* is larger than 6 (see Theorem 1). Furthermore,
Propositions 2 and 7 show that both 6" and §* are decreasing in initial size dy. The con-
dition on probability of high accuracy m, then ensures that optimal data size 0* decreases
faster than 6™ in dg. When the data impact is decreasing (resp. increasing), this condition

states that the probability becomes more (resp. less) concave with data.

7. Impact of the Data Volume Rate

Besides using its initial dataset, the firm may also seek to design a product that collects
more usage data per user. In our setup, this scenario corresponds to improving volume rate
v. Without incentive issues, a higher volume rate induces the firm to collect even more
data under the AI Flywheel effect per Proposition 3. The need to mitigate incentive issues,
however, sometimes reverses this effect and pushes the firm to collect less data when the

volume rate is higher. The next theorem, one of our main results, formalizes this finding.

THEOREM 2. We have the following:
1. If p(-) is increasing, 0* is nondecreasing in v.
2. If p(-) is decreasing, a unique threshold U exists such that 6* is nondecreasing in v if

v <7V and is nonincreasing otherwise.

When the volume rate increases, the firm has an incentive to collect more data to benefit

more from the Al Flywheel effect, as discussed in the first-best benchmark (see Proposition
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Figure 6 Effect of volume rate on the optimal data collection decision.
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3). When the data impact is increasing, collecting more data also reduces the intensity
of the moral hazard problem and hence the agency costs in the next period. Both effects
are aligned in this case, and the firm increases ¢* as a result. By contrast, collecting more
data intensifies the moral hazard problem in the next period when the data impact is
decreasing. The firm then faces a tradeoff between leveraging the AI Flywheel effect or
reducing future agency costs. When the volume rate is small, the amount of collected data
0 = vq remains small for any quantity ¢, which yields low agency costs. As the volume rate
increases, boosting the AI Flywheel effect dominates the increases in agency costs, and
data size §* increases as a result. When the volume rate becomes large enough (i.e., when
v > 1), however, the agency costs dominates the revenues due to the AI Flywheel effect.
The firm then focuses on reducing these agency costs by decreasing §*.

Figure 6 illustrates the second item of Theorem 2 with an example. While the first-best
benchmark 0¥ (the red dashed curve in Figure 6) increases as suggested in Proposition 3,
the optimal data §* demonstrates a nonmonotone behavior in the volume rate v. Threshold

v corresponds to the straight black line in Figure 6), with o~ 4.9.

8. Concluding Remarks

This paper proposes a simple dynamic framework to study how firms that outsource the
development of their ML algorithm can leverage the Al Flywheel effect. Our setup accounts
for the three main features of this problem: i) the tradeoff between improving algorithms’

accuracy and maximizing revenues due to the AI Flywheel effect, ii) the need to manage
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the incentive issues that outsourcing the algorithm brings about, and iii) the interaction
between the amount of data on which the algorithm is trained and the efficacy of the
provider’s effort. We further introduce the notion of data impact as a framework to repre-
sent the interaction between data and effort.

Taken together, our results identify three different regimes, which depend on the nature
of the data impact. These regimes determine whether the firm overprices or underprices
and the impact of both the starting dataset and the volume rate on the firm’s decisions. In
particular, when the data impact decreases, the firm sometimes acquires less data overall
if the firm increases the data volume that its product collects. This effect stems directly
from the need to manage the incentive issues that outsourcing the algorithm creates.

These results further provide predictions that future work can empirically test. In par-
ticular, given that the existing literature points to the importance of collecting a large
amount of data over improving algorithms (Banko and Brill 2001, Halevy et al. 2009), we
expect the data impact to decrease in many practical contexts. Our work thus provides
theoretical support for the hypothesis that firms set higher prices for a new AI product
when the product’s algorithm is outsourced (per Theorem 1). In addition, we predict that
a significant increase in the product’s capacity to generate usage data induces firms to
collect less data to improve the algorithm (per Theorem 2).

More generally, we believe that our work opens up new research directions and questions
for the management of data-driven business models. Specifically, our paper considers a
problem in which the provision of data interacts with incentive issues. Indeed, the key
aspect of our setup is that the principal can regulate the intensity of the moral hazard
problem she faces by controlling (through pricing in our setting) the data to which the
agent has access. We believe that this interaction between data and incentives is present in
many other contexts than the outsourcing of the Al Flywheel effect. Our framework offers
a fruitful starting point to model and study these issues.

To the best of our knowledge, these results provide the first insights on how firms can
leverage the Al Flywheel effect. In addition, ours is the first paper to consider the prob-
lem of contracting ML algorithms. Given the shortage of data scientists and the growing
outsourcing industry in this domain, we expect the issue to gain importance in the coming

years.
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Appendix

A. Proof of Results
Proof of Lemma 1. Recall the definition R, (6,a) =ad/vF~*((1—4/v)) in Section 2, and F is the c.d.f.

of the standard uniform distribution. Therefore, it can be verified that R, (d,«) is concave in d, and the
following first-order condition is sufficient for optimality.

1 1) 1) 1
P 1) = =0. 15
v < y> v2f(F-1(1-2)) (15)

v

Let £=F1 (1 — §), hence §/v = F(€£). We first multiply both sides of the equality with v and then use this

v

new notation £. Using the definition of the virtual value function ¢, we have

$(§)=0. (16)

Because the virtual value function of the uniform distribution is increasing, and crosses 0 at 1/2, we conclude
that the unique optimal solution " to Problem (2) is equal to vF(¢~1(0)). Evaluating the objective function
at the optimal solution and using the fact that 7= ¢~1(0)F(¢~1(0)), we conclude that

JQb(OéQ, dl) = Q2T .
Proof of Proposition 1. Using the expected profit J5¢ in (10), we write Problem (12) as follows.

max] Ry((sl, Oél) + 1{(11 = Oég} I:T('w(do + (51)Oéh7' +7T('w (do =+ (51)0&[7’ — K:I (17)

51€[0,v
where 1{-} is the indicator function.
If iy = vy, the objective function in (17) becomes R, (1, ;). Lemma 1 implies the unique optimal solution

in this case is §". Otherwise, the optimal solution 6 solves the following problem

I'IlaX]Ry(él,a3)+7rw(d0+(51)(ah—Oég)T—f—agT—KJ (18)

51€[0,v
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Because 7, R, are concave and dy + d; is a linear function of d;, the objective function in (18) is concave
in 0;. This implies that the optimal solution ¢ is unique.

We next prove 6™ > ¢". Recall that ¢" is the unique optimal solution to maxs, ejo,,] R, (01, ) and R, (91, )
is concave (see Lemma 1), and 7, (do + 1) is increasing in d;. Marginal revenue of R, (d1,,) at §; =" is 0
while 7/, (do + 0") is positive. Therefore, it follows that

8R,,(5170zg) + 87rw(d0 + (51)(C¥h — OZZ)T
8(51 861

Because the objective function in (18) is concave in dy, its derivative with respect to d; is decreasing and

:| |51:5M >0

equal to 0 at 6; = ¢™. (Note that we consider interior solutions for 6™, see Proposition 10 in Appendix B.)
These observations imply that 6™ > ™. Q.E.D.
Proof of Proposition 2. Proposition 1 implies that 0™ satisfies the following first-order condition.

|:8Rl,<(51, Oég) + aﬂ'w(do + (51)(0{h — Oé[)
851 851

Note here that the left-hand side of (19) is a continuously differentiable function of 6 because R, (9, )

T
|51=6FB :0 (19)

and 7, (do + 9) are twice-differentiable with a continuous second-order derivative w.r.t. 4, thus we can use
BéFB

the implicit function theorem. Using the implicit function theorem, we know r has the same sign with
Whl:m. Because T, is concave and dgy + 0™ is linear in dy, it follows that g‘i;: <0. Q.E.D.

Proof of Proposition 3. As in the proof of Proposition 2, we use the same first-order condition and the

implicit function theorem to prove this result. Differently, %ZB has the same sign with
9?R,(§ 4578
91 (01, 00) :O“Z<—1+ )
s,=57 U2 v

81/861
because we consider monotonicity with respect to v. Recall that we know 6™ > " from Proposition 1 and

M=vF(¢1(0)) =v/2 from Lemma 1. Therefore, 67 is nondecreasing in v.

Proof of Proposition 4. Following Proposition 4.2 in Laffont and Martimort (2009, p. 157), we obtain
the optimal payments for Problem (3) 25, =0 and 3, = x/[m,(d1) — 7,(d;)]. Following Lemma 1, we have
Jop(aa,dy) = apr. Combining these, we get

R
JQa(Olg,dl) :ﬂ'w(dl)TOéh +7_Tw(d1)7'042 — M .

If a; = vy, there are no payments so Jo, (v, dy) = Jop(au, dy) = Tauy,. Q.E.D.

Proof of Proposition 5. Using the expected profit Jy, derived in (14), we write Problem (6) as follows.

maX]RV(517a1)+1{a1 :Oég} Ww(dO—F(Sl)OZhT-i—'ﬁ'w(dQ+61)O{g7— P P (20)

51€[0,v (do+61)
If oy = ay,, it is straightforward to see from (20) that the unique optimal solution to Problem (6) is d".

Otherwise, the optimal solution §* solves the following problem

K
R, (61, w(do +0 - T sy
sy fe O Rl ) = 00T = g

+ oyt (21)
Because 7, R, and —1/p are concave, and dy + d; is a linear function of d;, the objective function in (21)
is concave in §;. This implies that the optimal solution §* is unique. Note also that we consider interior

solutions for §*, see Proposition 10 in Appendix B. Q.E.D.
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Proof of Proposition 6. In Period la, the optimization problem of the firm is

J1a(do) =T (do) J1p (0, do) + T (do) J1p (e, do) — min_ 7, (do) @1 + Tw(do)T1e

T1h,210>0

st. (8), (9)

Using the optimal payments x5, and x5, derived in Proposition 4, we evaluate the expected continuation profit

J,(do) of the provider, and J,(dp) = — k. Characterizing J,(dy), we reduce this problem to a standard

P03
principal-agent model where the cost of effort is « + [m,(do) — m,(do)]J,(do). Therefore, Proposition 4.2

in Laffont and Martimort (2009, p. 157) implies that the optimal solution of the optimization problem in
K

K
Jip(dp) is 7, =0 and z7, = + — K. .E.D.
10(do) Is @i e Tw(do) = 7s(do) ~ p(do +07) " @
Proof of Theorem 1. Note that if p(d) is constant, then the objective function in Problem (12) and the

one in Problem (6) for ay = v, are different from each other by a constant. Therefore, their optimal solutions
are the same, i.e., 0™ = §*.

Next, assume that p(d) is decreasing in d. We prove this item by contradiction. Assume that §* < §*®.
Fix dy and v. The following condition is satisfied by 6™ because 0™ is the unique optimal solution of

maxs, efo,.] R (01, ) + 77, (do 4 01) (e, — @) (see Proposition 1).

R, (6%, ) + 77y (do + 6) (ar, — ap) > R, (8, ctp) + 77 (do + 8) (ay, — ) , V6 € [0, 1] (22)
Because the data impact p(-) is decreasing, the term —ﬁ is an increasing function of 4. Using the
0
assumption of contradiction, we obtain
K K
- > — 23
o+~ pldo +57) =
Inequalities (22) and (23) imply that the objective function R, (01, ) 4+ 77y, (do + 1) (an — ) — ﬁ
Plao 1

evaluated at 6™ is strictly larger than the value obtained by evaluating the same at ¢*. Therefore, the
condition §* < 6™ contradicts with the fact that §* is the optimal solution (see Proposition 5). The last item
of the theorem can be proved by following the same steps with §* > 0 &, Q.E.D.

Proof of Corollary 1. We prove this result in two steps. Fix oy and v. We first prove the following listed
items. In the second step, we prove that m(dy) £ do + 0™ is an increasing function of dy.

Let d be the peak point of p(-).

1. if dy is such that do + 6™ = d, then §* = &%,

2. if dg is such that do + 6™ < cz, then &* > §™.

3. if dy is such that dy + 6™ > CZ, then * < §™.
Step 1. In this step, we follow a procedure similar to the proof of Theorem 1 for the second and third

items: proof by contradiction. Assume that do 4+ 6% < d and 6* < 6. Then the following inequality holds.
K K

R, (6%, ) +7(a, — )y (dg + 0°) — ———— > R, (6%, ctp) + (0, — tp) T (dg + ) — ————

(07, ) e, — ) (do %) = = RS ) e, — o +67)
Here the left-hand side is larger because i) the sum of first two terms at the left-hand side is maximized at

o8, and ii) — ~ > — il
p(do + &™) p(do +67)
This inequality contradicts with the fact that §* is the optimal solution as shown in Proposition 5. Therefore

when do + 0™ < d and 6* < 6™ for unimodal p with peak point d.
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it follows that 6* > 6. The third item can be proved by following the same steps with a reversed inequality

at the contradiction assumption. The first item follows because when do + 6™ = d, we know

K
RV(§FB, O[g) +T(O[h — Oég)'ﬂ'w(do + 5FB) — m

for any 6 € [0,v] and ¢* is the unique optimal solution (see Proposition 5).

K
> _
>R, (0, ap) +7(ap, — c)my, (do + 0) ot D)

Step 2. We next show that dy + 6™ is an increasing function of dy. Using Proposition 2, we obtain the
derivative of 6™ with respect to dy as follows.

Qo™ 7 (do + 6™) 71 (a, — )

ady — RI(6™, ay) + 7 (d+ 6%) (v — )

>—1

The inequality here follows from the fact that R, (d, o) and 7, (do +0) are concave functions. Here the term
7/ in the numerator is actually the partial derivative of m, with respect to ¢ first then with respect to d,
and 7!’ in the denominator is the second derivative with respect to §. Because do + 9 is a linear function,
with some abuse of notation, we use 7/, in both.

If m(dmax/2) < d, then d = Qmax /2. I m(dmin) > d, then d = dyy. If, on the other hand, there exists
W € [dmin; dmax /2] such that m(w) = J, then d = w. Note that the first two cases are degenerate in the sense
that there is no dy crossing the threshold d. Q.E.D.

Proof of Proposition 7. We prove this result using the first-order condition of Problem (6) for a; = ay
as in the proof of Proposition 5 and the implicit function theorem. Note also that 1/p is twice-differentiable
and with a continuous second-order derivative because 7, and m, are so and m,(d) — 7,(d) > 0 for all
d € [dmin, dmax) -

To simplify the notation, define u(dy + 6) = 7(an — ay)my,(do + 0) — K/p(dy + &). We use prime over a
function (e.g., /() to represent the derivative, and double prime to represent second derivative (e.g., 1" (+)).

Using this new notation, we represent Problem (6) for a; = o, as follows

max ] Ry((sh O[é) + /,L(do + (51)

51€[0,v
and the corresponding first-order condition is

831/(51, Oéz)
00, 51=6*

Note here that the left-hand side of (24) is a continuously differentiable function of §* because R, (J, )

+ 4/ (do+6")=0 (24)

and p(do +0) are in twice-differentiable with a continuous second-order derivative w.r.t. d, thus we can use

*

the implicit function theorem. Using the implicit function theorem, we know has the same sign with
0

' (dg + 6*) because R, (8, )+ p(do + ) is concave in ¢. Since i) m,(d) is concave in d, ii) 1/p(d) is convex,

and iii) dp + 0 is a linear function of ¢, it follows that u(dy+ 0) is concave in §. Therefore, 6* is nonincreasing
o™

<0. .E.D.

Odo — Q

Proof of Proposition 8. When p is increasing (decreasing), Theorem 1 implies that |§* — 6| = §* — 6™

(|0* — 68| = 6™ — §*) because 0* > §™ (§* < 6™). In order to show that the absolute distortion is i) nonin-

in do:

creasing when p increasing and ii) nondecreasing when p decreasing, we need to prove

00" < 0o™®
ddy ~ 0dy

(25)
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This is because, Propositions 2 and 7, we show that 6™ and §* are both nonincreasing in d.
) 0
In the proof of this result, we use the fact that R,(d,a,) = ap— [ 1 — ) Using the implicit function
v v

theorem and defining

—2
) TERM; =7 (do + 6") and TERM, = 70” :
k[ (do+0))?  kp"(do+ %) —2a

ii)TERM, =7/ (do + 6*), TERM, = — and TERM, =

v2

[p(do +67))>  [p(do +67)]?
we obtain the following partial derivatives:

00™ TERM;, and 00* TERM, + TERM,
= — 1 - — .
0d TERM; + TERM, 0dy TERM,+ TERM, + TERM,

Here, we denote by p” the second derivative of p. Note that all terms are less than or equal to zero therefore
the partial derivatives are so. We next consider the difference of partial derivatives

_ TERM, + TERM, TERM, _ TERM,TERM, — TERM,[TERM, + TERM,] (26)
TERM, + TERM, + TERM, ' TERM; + TERM, _ [TERM, + TERM,][TERM, + TERM, + TERM,] '

Here, the denominator is nonnegative because it is obtained by multiplying two negative terms. To complete
the proof, we need to show that the numerator is nonpositive, i.e., TERM; TERM, < TERM,[TERM, +
TERM,]. This inequality is equivalent to

TERM, TERM,
TERM, + TERM, — TERM,

By definition, TERM; = TERM, and so TERM,/TERM, = 1.

When §* > 6™ (p increasing) and #”/(+) is nonincreasing, we get TERM; =77/ (dy + ™) > TERM, =7/ (do +
§*). Similarly, 6™ > §* (p decreasing) and 7/ (-) is nonincreasing TERM; = 7/ (dy + ™) > TERM, =7/ (do +
5%).

TERM,
TERM, > TERM, + TERM <1 2
1= at *~ TERM, + TERM, — (27)

Here, the first inequality follows from the fact that TERM, is nonpositive, and the second inequality holds

because TERM, + TERM, < 0. Combining these, we obtain the following inequality and conclude the proof.
a6* Qo™
< .
0dog — 0Odg

Q.E.D.
Proof of Theorem 2. We initially use the first-order condition of Problem (6) for a;; =« and the implicit

function theorem to prove this result. The first-order condition is

ay 20" kp'(do + %)
Sy - ' (do +6%) (cun — 2P0 ) . 28
(12 20) o+ 07— a4 TS (28)
Because the left-hand side of this equation is decreasing in 0* (due to concavity), the implicit function
. . . 0" . Qyp 46*
theorem implies that the sign of is equal to — | =1+ .
v v
We know that if p is increasing §* > 6™ (see Theorem 1), and 6™ > §" (see Proposition 1) and §" =v/2 for
the standard uniform distribution (see Lemma 1). Therefore, it follows that >0.
v

If p is decreasing, it is possible that §* can take values smaller than v/4. If ¢* is smaller than v/4 for

all v € (0,dmax/2], it follows that 0* is decreasing in v therefore  takes the lowest possible v value. If §* is
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larger than v/4 for all v € (0, dmax/2], it follows that 6* is increasing in v therefore ¥ = dpax/2. These two
cases are degenerate in the sense that the monotonicity of 6* does not change in v.

On the other hand, if §* crosses /4 at some point 7 € (0,dmax/2], then 6* has to be increasing first, i.e.,
d* > v/4 for all v € (0,7], and then has to be decreasing, i.e., 6* <wv/4 for all v € [, dyax/2]. This implies
7 = . Note that §* can cross v/4 at most once because 6* is decreasing in v after crossing but v/4 is

increasing. Q.E.D.
B. Optimal Effort and Price Decisions of the Firm

In this appendix, we first show that if x is lower than a threshold, then the firm always finds it optimal to
retrain the algorithm after observing a low accuracy in the first period. This also implies that retraining the

algorithm is profitable in the first-best setting, too. Let A7 2  min  [r,(d) — 7. (d)].

d€[dmin,dmax]

PROPOSITION 9. The firm finds it optimal to retrain the algorithm if Axt(ay, — ay) > K.

Proof of Proposition 9. At the time of algorithm retraining decision, the firm has accuracy «, and the
size of the available dataset is dy. Incorporating the choice of not retraining, we have the new version of

Problem (6) as follows:

J1p(a, dg) = max [ max R, (01,0) + Joy (v, do + 1), max R, (01, 0) + Jog (v, do + 61) } (29)

§1€[0,v] 51€[0,v]

no retraining retraining
Here, the firm may directly proceed to Period 2b (pricing) with the accuracy on hand, a, in case of no
retraining. The second alternative is collecting data for retraining algorithm as in our model. Using the
expected continuation profit Jo, from Lemma 1 and J,, from Proposition 4, we rewrite (29) as follows:
K
T, do) =max | R.(8 W(do+6 ]
1(0v, do) = max |, 5112?)%2] (01, ) + T (do + 1) T (atn, — ) (o +01) + a7
We next show that the second term in the square brackets is larger than a,7 when An7(ay, —ay) > & by finding
a uniform positive lower bound for 7, (d)7 (o, — ) — ﬁ;) for all d € [dmin, dmax]- Let € = An7(ay, — o) — K,
thus € > 0.
(@r(n — a) @ (rten a0 - — ")
Tw T\Op — Qy) — ——< =Ty, T(ay —0p) — ————————
P Tw (d) — T (d)

K\ _ T (dmin)€
Ar)  Arm

Here, the first equality is obtained using the definition of p, the following inequality holds because ,, is

> (dmin) <T(ah —ay) — >0

increasing and Arn <, (d) — 7,(d) for any d € [dmin, dmax)- Using the term %, we show that

K 7Tw(dmin)G
— _ > _— >
Jmax R, (61, 0) + 7y (do + 01)7(c, — ) (do+0) > Inax, R, (61,0) + L

T (dmin)€

A
>0 and maxseo,) R, (0,00) = a7 (see Lemma 1). Q.E.D.

The first inequality follows from the fact that is a uniform lower bound and the second inequality

holds because W
We next show that if the probability of high accuracy m, and the data impact p do not increase
or decrease too fast, the firm’s optimal price and hence the data size decisions take interior values.

’ L / ’ AN ’ ’ .y ’
Let Hmax = MaAXde(dpyiy,dmax] Tw (d) and Hmin = MINge[dpyiy, dmax] Tw (d) and Dmax = MaXde(dpyy,dmax] P (d) and
D’

L s ’ : : ’ . ’ .
tain = MiNge(a, . .. P (d). Because 7, is concave, in fact I/, = 7 (dmin) and I ;= 7 (dmax)-

max
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PRroproSITION 10. We have that
o If T(ay, — ), <20y/dmax, then 67 € (0,v) for v € (0, dmax/2).
o Ifr(ay —a)Il, . + KD, JAT® <20, )/dmax and T(ay — o), + KDLy > —ay /v, then §* € (0,v) for

v € (0,dmax/2].

Proof of Proposition 10. This result follows from the fact that the derivatives of the objective functions
in Problem (12) and Problem (6) for oi; = a, are positive at §; = 0 and negative at 6; = v when the conditions
in the statement of the proposition are satisfied. (Recall that the objective functions in both problems are
concave in d;, see the proofs of Propositions 1 and 5.)

Note that Proposition 1 implies that § > ¢" (and recall that é" > 0 from Lemma 1). Thus, we need to
check the derivative for the first-best data size only at d; = v. Using the definition of R, (d1,«,), we obtain
the derivative of the objective function in Problem (12) when a; = o, as follows:

) (i - 251) + 7(ap — )y (do +01) - (30)
The condition in the first bullet point of the result implies that the term in (30) is negative when evaluated
at 6; =v. Hence, it follows that §* € (0, v).

Next, we consider ¢*. Similarly, the derivative of the objective function in Problem (6) for a; = v is given

as follows:

1 26,

"(do+6
(3= 2 ) e — Lo + 1)+ TR

[p(do +91)]2

The first condition in the second bullet point guarantees that the term in (31) evaluated at §; = v is negative

for any v € (0, dmax/2] because 7/, (do + v) <II

max

: (31)

and p(do + ) > Ax. The second condition in the same
bullet point guarantees that the term in (31) is positive when evaluated at §; = 0. Therefore, it follows that
e (0,v). Q.E.D.

Although the conditions in Proposition 10 are sufficient to guarantee that the optimal solutions §* and
0™ are interior, they are in fact loose because we do not assume any parametric form of functions 7, and
p. For given parametric forms of functions 7, and p, these conditions can be improved. Alternatively, it is
straightforward to check if the optimal solutions §* and 6™ are interior for any given set of parameters as in

the numerical examples provided in the main body of our paper.
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